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Abstract

For a graph G we define a graph T'(G) whose vertices are the triangles in G and two ver-
tices of T'(G) are adjacent if their corresponding triangles in G share an edge. Kawarabayashi
showed that if G is a k-connected graph and T'(G) contains no edge then G admits a k-
contractible clique of size at most 3, generalizing an earlier result of Thomassen. In this
paper, we further generalize Kawarabayashi’s result by showing that if G is k-connected and
the maximum degree of T'(G) is at most 1, then G admits a k-contractible clique of size at
most 3 or there exist independent edges e and f of G such that e and f are contained in
triangles sharing an edge and G/e/f is k-connected.
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1 Introduction

Given a graph G, V(G) and E(G) denote the vertex set and edge set of G, respectively, and
A(G) denotes the maximum degree of a vertex in G. An edge e (respectively, a subgraph K) in a
k-connected graph G is k-contractible if the graph obtained from G by contracting e (respectively,
K), denoted by G/e (respectively, G/K), is still k-connected. For two edges e, f of G, we use
G/e/f to denote the graph obtained from G by first contracting e and then contracting f.

Tutte [10] showed that K, is the only 3-connected graph which does not admit any 3-
contractible edge. Fontet [4] and Martinov [8] proved independently that if a 4-connected graph
contains no 4-contractible edge then it is the square of a cycle of length at least 5 or it is the line
graph of a cyclically 4-edge-connected cubic graph.

For k > 5, it is seemingly difficult to characterize those k-connected graphs that do not
contain any k-contractible edge. However, Thomassen [9] showed that if a k-connected graph is
triangle-free then it contains a k-contractible edge. In fact, Egawa, Enomoto, and Saito [3] showed
that every k-connected triangle-free graph G contains at least min{|V(G)| + 3k? — 3k, |E(G)[}
k-contractible edges.

Let K, denote the graph obtained from K4 by deleting an edge. Recently, Kawarabayashi [5]
proved that when k is odd then every k-connected K, -free graph contains a k-contractible edge.
Kawarabayashi also observed that the same result doesn’t hold when k is even. However, he
proved in [6] that every k-connected K, -free graph contains a k-contractible clique of size at
most 3. Recall that a clique in a graph is a maximal complete subgraph.

It appears that the existence of a k-contractible subgraph is related to the number of triangles
containing a common edge. Also several results are obtained in [1] concerning the existence of
contractible edges by forbidding certain subgraphs involving triangles. Therefore, for a given
graph G, we define a new graph T'(G) whose vertices are triangles in G, and two vertices of
T(G) are adjacent if their corresponding triangles in G share an edge. We are interested in those
conditions on T'(G) which guarantee the existence of small k-contractible subgraphs in G.

The above mentioned result of Thomassen [9] is equivalent to the statement that if G is k-
connected and T(G) = () then G contains a k-contractible edge. Also, Kawarabayashi’s result in
[6] can be stated as follows: If G is a k-connected graph and E(T(G)) = @ then G contains a
k-contractible clique of size at most 3. The squares of cycles of length at least 5 show that when
E(T(GQ)) # 0 it is possible that G contains neither a k-contractible edge nor a k-contractible
triangle. The main result of this paper generalizes the results of Thomassen and Kawarabayashi.

(1.1) Theorem. Let k > 5 be an integer, and let G be a k-connected graph such that A(T(G)) <
1. Then one of the following holds.

(i) G contains a k-contractible clique of size at most 3.

(ii) There exist two independent edges e and f of G such that G[V (e) UV (f)] is isomorphic to
K, and G/e/f is k-connected.

It would be interesting to know whether Theorem (1.1) holds when one relaxes the condition
on A(T(G)). Note that a result of Kawarabayashi [6] states that if a 4-connected graph contains
neither a 4-contractible edge nor a 4-contractible triangle then it is the square of a cycle of
length at least 5. We see that if G is the square of a cycle of length at least 7 then G has two
independent edges e, f such that G[V(e) UV (f)] is isomorphic to K, and G/e/f is 4-connected.



This means that 4-connected graphs can be reduced to K5 or the square of a 6-cycle by a sequence
of contractions of edges, triangles, and independent edges. In fact, Kriesell showed in [7] that
4-connected graphs can be reduced to K5 or the square of a 6-cycle by a sequence of contractions
of one edge or two edges.

Since loops and multiple edges do not affect connectivity, we only consider simple graphs.
A component consisting of only one vertex is said to be trivial, and a nontrivial component is
a component which is not trivial. Let G be a graph. For any x € V(G), Ng(z) denotes the
neighborhood of = in G, and let dg(z) = |[Ng(z)|. We use §(G) to denote the minimum degree
of a vertex in G. In addition, for a subset S of V(G), we let Ng(S) = (U,cg Na(v)) — S. For
any subgraph H of G, we write Ng(H) instead of Ng(V (H)).

An edge is said to be lonely if it is not contained in any triangle. A triangle is said to be
isolated if it shares no edge with any other triangle. (Therefore, an isolated triangle corresponds
to an isolated vertex of T(G).) Two independent edges e, f of a graph G are said to be cohesive
if e and f are contained in a subgraph of GG isomorphic to K , and neither e nor f is contained
in two triangles.

We organize this paper as follows. In Section 2, we define cuts associated with lonely edges,
isolated triangles, and cohesive edges. We then prove a few results about these cuts and their
associated components. In Section 3, we study how such cuts and their associated components
can interact with each other. The results are then used in Section 4 to complete the proof of
Theorem (1.1).

2 Cuts and components

In this section we define a collection of cuts, and investigate their associated components.

For an edge e, we use V' (e) to denote the set of vertices incident with e. Let G be a k-connected
graph, and let e be an edge of G. Define C.(G) := {S : S is a k-cut in G and V(e) C S}. The
following proposition is easy to verify.

(2.1) Proposition. Let k > 5 be an integer, let G be a k-connected graph, and let e € E(G).
Then e is k-contractible if and only if C.(G) = 0.

Let G be a k-connected graph and let T be a triangle. Note that G/T is not k-connected
if and only if there is a cut S’ in G/T such that |S'| < k. Let t denote the vertex of
G/T which corresponds to the contraction of T. Since G is k-connected, S’ must con-
tain ¢, and S := (S' — {t}) UV(T) is a cut in G of size k or kK + 1. Thus T is k-
contractible if and only if no cut in G containing V(T') has size k or k + 1. For conve-
nience, we define C4(G) := {S : S is a k-cut in G containing V(T)} and CE1(G) := {S :
Sis a (k + 1)-cut in G containing V(T)}. If CX(G) # 0 then let C7(G) = CAL(G). If CE(G) =0
then let C7(G) = CETH(G). Note that the cuts in C&™(G) are not necessarily minimal, but the
cuts in Cp(G) are minimal. We have the following observation.

(2.2) Proposition. Let k > 5 be an integer, let G be a k-connected graph, and let T be a
triangle in G. Then T is k-contractible if and only if Cr(G) = 0.

We now describe a collection of cuts associated with two independent edges. Let e and f be
two independent edges of G. We wish to derive necessary and sufficient conditions for G/e/ f to



be k-connected. Since G is k-connected, G/e/f is (k — 2)-connected. So G/e/f is k-connected
if and only if G/e/f has neither (k — 2)-cut nor (k — 1)-cut. Therefore, we shall discuss when
G/e/f has a (k — 2)-cut or (k — 1)-cut. For convenience, denote by e* and f* the vertices of
G/e/ f corresponding to the contractions of e and f, respectively.

Suppose G/e/f has a (k — 2)-cut S*. Then since G is k-connected, e*, f* € S*. Hence
S = (S*—{e*, f*HUV(e)UV(f) is a k-cut in G. That is, G has a k-cut containing V (e) UV (f).
Let Cif’l(G) :={S: S is a k-cut in G containing V(e) UV (f)}.

Suppose G/e/ f has a (k — 1)-cut S* such that e* € S* and f* ¢ S* or f* € S* and e* ¢ S*.
Then S := (S* —{e*})UV (e), or S := (S* = {f*})UV(f), is a k-cut in G. That is, G has a k-cut
S such that V(e) € S and V(f)NS =0, or V(f) € S and V(e)NS = (. So we define C} ; ,(G) :=
{S: S is a k-cut in G such that V(e) C S and V(f)NS=0,0or V(f) CSand V(e)NS =0}.

Now assume G/e/f has a minimal (k — 1)-cut S* such that {e*, f*} C S*. Then S’ :=
(S* —{e*, f*HUV(e)uV(f)isa (k+1)-cut in G. We consider two cases: S’ is not a minimal
cut in GG, and S’ is a minimal cut in G.

Suppose S’ is not a minimal cut in G. Then since G is k-connected and S* is a minimal
(k — 1)-cut in G/e/f, there is a vertex u € V(e) U V(f) such that S := 5" — {u} is a k-cut in
G. Clearly, if {u} is a component of G — S then G — S has at least three components and u is
adjacent to all vertices in (V(e) UV(f)) — {u}. Hence, we define Cf)f_g(G) :={S5:Sisak-cutin
G, SN (V(e)UV(f))| =3, and either G — S has at least three components or (V(e)UV(f)) — S
is not a component of G — S}.

Now suppose that S’ is a minimal cut in G. Then S := 5’ is a minimal (k + 1)-cut in G
containing V(e) UV (f). So we define Cf_JJCl(G) :={S5: S is a minimal (k + 1)-cut in G such that
V(e)UV(f) C S} '

In view of the above discussions, we let Cf_’f(G) = Cf,f.,l(G) UCfo)Q(G) UCf)f_rg(G). We define
Ce r(G) = Cif(G) it Cf)f(G) # 0; and C. ;(G) = Cff}l(G) otherwise. As a consequence of the
above discussion, we have the following result.

(2.3) Proposition. Let kK > 5 be an integer, let G be a k-connected graph, and let e, f be
independent edges in G. Then G/e/f is k-connected if and only if C. ¢(G) = 0.

The following observation will be helpful.

(2.4) Proposition. Let G be a k-connected graph. Then the following statements hold.
(i) If S € Cc(G) for some lonely edge e in G, then |S —V(e)| =k — 2.

(i) If S € Cr(G) for some isolated triangle T in G, then |S — V(T)| = k — 3 when S € Ck(G),
and |S — V(T)| = k — 2 when S € Cx™(G).

(iii) If S € C.,;(G) for some cohesive edges e and f in G, then |S — (V(e)UV(f))| = k—4 when
S e Cf)f_’l(G), |S—(V(e)UV(f))| =k—2 when S € Cf,f,z(G)a and |S—(V(e)uV(f))| = k-3
when S € CF ; 4(G) UCIHN(G).

Since we shall be dealing with lonely edges, isolated triangles, and cohesive edges, we define
C(G) = (U.Ce(G) U (Up Cr(G)) U (U, 4 Ce,(G)), where the first union is taken over all lonely

edges, the second union is taken over all isolated triangles, and the third union is taken over all
cohesive edges. For S € C(G), the following result shows when G — S has a trivial component.



(2.5) Lemma. Let k > 5 be an integer, let G be a k-connected graph, and let S € C(G). Then
G — S has at most one trivial component, and if G — S has a trivial component then S € Cif’g(G)
for some cohesive edges e and f in G and G — S has at least three components.

Proof. Suppose that G — S has a trivial component H, consisting of only one vertex, say x. Let
A=V(e)if S € C.(G) for some lonely edge e in G; A = V(T) if S € Cr(G) for some isolated
triangle T in G; and A =V (e) UV (f) if S € C.,#(G) for some cohesive edges e and f in G. Note
that [Ng(z) N A| <1 when A=V (e) or A=V (T), and |[Ng(z)NA| <2 when A=V (e)UV(f).

First, assume S € C.(G) or S € Cp(G). Then Ng(z) C S and |Ng(z) N A| < 1. Therefore, it
follows from (i) and (ii) of Proposition (2.4) that |[Ng(z)| < |S—A|+|Ng(z)NA| < (k—-2)+1=
k — 1. This contradicts the assumption that G is k-connected.

Now assume S € C* s1(G)or S e Ck‘;l(G) Then |Ng(z) N A| < 2 and it follows from (iii) of
Proposition (2.4) that |Ng( )| < 1S = A|+ |Ng(z)NA] < (k—3)+2=k—1, contradicting the
assumption that G is k-connected.

Suppose S € C§7f)2(G), and by symmetry assume that V(e) C S and V(f) NS = 0. Clearly,
x ¢ V(f). Hence, since e is contained in only one triangle, |Ng(x) N A] < 1. Again it follows
from (iii) of Proposition (2.4) that |[Ng(z)] < |S — Al + |Ng(x)NA| < (k—-2)+1=k—-1,a
contradiction.

Finally, let S € Ck 3(G). By definition, |S N (V(e) UV(f))| = 3. Therefore, V(e) C S or
V(f) € S. Without loss of generality, we may assume V(e) C S. Suppose G — S has another
trivial component consisting of only one vertex, say y. Since G is k-connected and |S| = k,
we have Ng(z) = S = Ng(y). However, this implies that e is contained in two triangles, a
contradiction (since e and f are cohesive). Hence, G — S has exactly one trivial component. It
follows from the definition of Cf) ¢3(G) that G — S has at least three components. O

In later arguments, we need to decide when a certain cut in G belongs to C(G). Hence, we
prove the the following lemma.

(2.6) Lemma. Let k > 5 be an integer, let G be a k-connected graph, and let S € C(G). Let
A :=V(e) when S € C.(G) for some lonely edge e in G; A = V(T) when S € Cr(G) for some
isolated triangle T in G; and A = V(e)UV (f) when S € Ce,;(G) for some cohesive edges e and f in
G. Suppose R is a cut in G such that |R| < |S| and ANS C R. Then R € C.(G)UCr(G)UC, 1 (G),
unless S € Cij»’Q(G) or S € Cf)fﬁg(G), and G — R has exactly two components one of which is
trivial.

Proof. Clearly,if S € C.(G) or S € Cr(G) or S € Ckf (G) then A C S and |S| = k, and therefore
AC R and k < |R| < |S| =k, which shows R € C.(G) UCr(G) UCe r(G).

Now assume that S € CefQ(G) or § € Cejg(G). Then |S| = k, and so, |R| = k (since
k < |R| <|S]). Because ANS C R, we have [ANR| > 2. If [ANR| = 2 then S € C};,(G),
and so, AN R = V(e) and RﬂV(f)—(Z) or ANR = V(f) and RNV (e) = 0; which shows
that R € Ck 12(G), and so, R € C,,¢(G). We may therefore assume [AN R| > 3. If A C R then
we see that R € C¥ 11(G), and so, R € Cc #(G). So we may further assume [A N R| = 3. Since
|R| = |S| = k we see from the definition of Cf_’fyg(G) that either R € C* 13(G) CCep(G)or G-R
has exactly two components one of which is trivial.

Finally, assume S € C¥5'(G). Then |S| = k+1, A= V(e) UV(f) C S, and CF ,(G) = 0
(because S € C(G)). Since ANS C R, we have A C R. Because k < |R| < |S| = k + 1 and



Ck #(G) =0, |R| = k+1. If Ris a minimal cut in G, then R € Ck“( ) C Ce.r(G) (since S € C(G)
and |S] =k +1). So we may assume that R is not a minimal cut Then there is a vertex z € R
such that R — {z} is a cut in G of size k. If z ¢ A then R — {z} € Ck 1(@) cck 1(G), a
contradiction. So xz € A. If {z} is a component of G — (R {z}), then G (R— {z}) has at
least three components, and so, R — {z} € C* 13(G) C C (@), a contradiction. Hence {x} is
contained in a nontrivial component of G — (R {z}). If G’ (R —{z}) has no trivial component,
then again R — {z} € Cej 3(G) C Cfﬁf( ), a contradiction. So G — (R — {z}) has a trivial
component consisting of only one vertex, say y. Without loss of generality, assume z € V(f).
Then V(e) C R — {z}. Since |R — {z}| = k, we have Ng(y) = R — {x}, and this implies that e
is contained in at least two triangles, a contradiction. a

Next, we prove a lemma concerning the size of components associated with cuts in C(G).

(2.7) Lemma. Let k > 5 be an integer, and let G be a k-connected graph such that A(T(G)) <
1. Then for any S € C(G) and any component H of G — S, |V(H)| > k — 2 unless S € nyfﬁg(G)
and V(H) = (V(e) UV (f)) — S for some cohesive edges e and f in G.

Proof. Let H be a component of G— S and assume that if S € Ck 3(G) for some cohesive edges e
and f in G then V(H) # (V(e)UV (f))—S. Note that for each edge xy of G, since A(T(G)) <1,
|Na(z) N Ng(y)| < 2. Therefore, because G is k-connected, |[Ng(z) U Ng(y)| > 2k — 2.

Case 1. S € Co(G) for some lonely edge e, or S € Cr(G) for some isolated triangle T'.

Let A:=V(e) if S € C.(G) for some lonely edge e in G; and let A :=V(T) if S € Cr(G) for
some isolated triangle T in G. Let « € V/(H). Since e is lonely and T is isolated, |[Ng(z) N A| < 1.
Hence, |[Ng(x) N S| < |S — Al + |[Ng(z) N Al < k—1 (by (i) and (ii) of Proposition (2.4)).
Therefore, because G is k-connected, x has a neighbor in H. Let zy be an edge of H. Then
|(Ne(2) UNG(3)) N Al < 2, and so, |(Na(z) UNa(5)) N8| < IS — |+ [(Na(z) UNa(y) N ] < &
(by (i) and (ii) of Proposition (2. 4)) Hence |V(H)| > |Ng(x)UNg(y)| — |(Na(z) UNg(y))NS| >
2k —2) —k =k — 2.

Case 2. S € C..¢(G) for some cohesive edges e and f in G.
First, assume S € nyf’l(G) U Cf}l(G). Then V(e) UV(f) € S. Let x be a vertex of

H. Since G[V(e) UV(f)] is isomorphic to K, and neither e nor f is contained in two triangles,
|[Na(x)N(V(e)UV(f))| < 2. Hence |[Ng(z)NS| < (k—3)+2 < k—1 (by (iii) of Proposition (2.4)).
Therefore, since G is k-connected, x must have a neighbor in H. Let zy be an edge of H. By
a similar argument as for x, we have |[Ng(y) N (V(e) UV (f))| < 2. If |(Ng(z) U Ng(y)) N
(V(e) UV (f))| < 3 then |(Ng(x) U Na(y)) NS| < k (by (iii) of Proposition (2.4)), and hence,
|[V(H)| > |Ng(z) UNg(y)| — [(Ng(z) UNg(y)) N S| > (2k — 2) — k = k — 2. So we may assume
|(Na(£)UNa(m)N(V(©UV()] = 4. Then [No(@)n(V(e) UV ()| = 2 = [Na(m)N(V(€)UV(f)|
and Ng(2) NNg(y)N(V(e)UV(f)) = 0. Tt is easy to check that the triangles in G[{z,y} UV (e)U
V(f)] show A(T(G)) > 2, a contradiction.

Now assume that S € C* 1.2(G). By symmetry, we may assume V(e) C S and V(f) NS = 0.
Let 2 be a vertex of H. If V{e) C Ng(z) then z € V(f) (since e is not in two triangles), and so,
x must have a neighbor in H. If V(e) € Ng(z), then |[Ng(z) N S| < k — 1, and hence, x has a
neighbor in H. In any case, let 2y be an edge of H. Then |V(H)| > |Ng(z) U Ng(y)| —|S| >
2k —2) —k =k —2.

Finally, assume that S € C* .3(G). Then V(H) # (V(e) UV(f)) — S (by assumption). Let u
be the only vertex in (V(e)UV(f)) —S. Suppose u € V(H). Then |V (H)| > 2. Let xy € E(H).



Then |V(H)| > |Ng(z) U Na(y)| — |S| > (2k —2) — k = k — 2. Now suppose u ¢ V(H). Let
x € V(H). Since neither e nor f is contained in two triangles, |[Ng(xz) N (V(e) UV (f))| < 2.
Therefore, |Ng(x) NS| < k —1 (by (iii) of Proposition (2.4)), and so, x must have a neighbor in
H. Let xy be an edge of H. Again, |V(H)| > [Ng(z) UNg(y)| =S| > 2k—2)—k=k—2. O

Our final result in this section says that for k € {5,6}, the bound k — 2 in Lemma (2.7) can
be improved to k — 1. Since the proof we have is similar to that of Lemma (2.7) and involves
detailed case analysis, it is omitted.

)
for any S € C(G) and any component H of G — S, |V(H)| > k — 1, unless S € Cf)f’g(G) and
V(H)= (V(e)UV(f)) — S for some cohesive edges e and f in G.

3 Components of minimum size

In this section, we study the minimum size components associated with cuts in C(G) for a
k-connected graph G. First, we make the following observation.

(3.1) Lemma. Let k > 5 be an integer, let G be a k-connected graph such that A(T(G)) < 1,
and let uv be an edge of G. Then one of the following holds.

(i) uv is lonely.
(ii) wv is contained in an isolated triangle.

(iii) There exist cohesive edges e, f of G such that {u,v} C V(e) UV (f).

Proof. Assume (i) and (ii) fail. Then uv is contained in a triangle which is not isolated.

First, assume that uv is contained in only one triangle, say uvwu. Then uvwu is not isolated.
By symmetry, we may assume that vw is contained in another triangle, say vwzv. If xw is not
contained in two triangles, then e = uv and f = zw show that (iii) holds. So assume zw is
contained in another triangle, say zwyz. Since uv is contained in only one triangle, y # u. Hence
the triangle vwav corresponds to a vertex of T(G) with degree at least 2, a contradiction.

Now assume that wv is contained in two triangles: uvvwu and wvxu. If neither ww nor zv is
contained in two triangles, then e = uw and f = vz show that (iii) holds. So by symmetry, we
may assume that uw is contained in a triangle uwyu. Now, the triangle uvwu corresponds to a
vertex of T(G) with degree at least 2, a contradiction. O

Next we prove an important lemma describing how two cuts in C(G) can interact.

(3.2) Lemma. Let k > 5 be an integer, and let G be a k-connected graph such that A(T(G)) <
1. Let S € C(G) and let H be a nontrivial component of G — S. Then for any S’ € C(G),
V(H)ZS'.

Proof. Suppose for a contradiction that V(H) C S’ for some S’ € C(G). Let H' be a nontriv-
ial component of G — 5, and let W' = G — (S' UV (H')). Also, let W = G — (SUV(H)).
By Lemma (2.5), both W and W' have a nontrivial component, and hence, Lemma (2.7) and
Lemma (2.8) may be applied to W and W’.



Denote V(H N H'),V(H) N S" and V(H N W') by Hiy, Hy and Hj, respectively. Denote
SNV(H'),SNS" and SNV (W’) by Q1,Q2 and Qs3, respectively. Denote V(W NH'),V(W)N S’
and V(W N W') by Wy, Wy and W3, respectively. See Figure 1.

H S w

H' H1 Ql Wl

Sl HQ QQ WQ

W'| Hj (OF} W3

Figure 1: Cuts and components

Since V(H) C S, Hy = H; = ) and Hy = V(H). Therefore, |Hs| > k — 2 when k > 7
(by Lemma (2.7)) and |Hz| > k — 1 when k € {5,6} (by Lemma (2.8)). Note that |Q2 U Ws| =
|S’| — |Hz|. Hence, since |S’| < k4 1, we have |Q2 U Wa| < 3 when & > 7, and [Q2 U Wa| < 2
when k € {5,6}.

We claim that Wy # () or W5 # (). For otherwise, |[Ws| = |[V(W)| > k—2 > 5 when k > 7 (by
Lemma (2.7)) and |[Wa| = |[V(W)| > k—1 > 4 when k € {5,6} (by Lemma (2.8)), a contradiction.

By symmetry, we may assume that Wi # (). Then Q1 U Q2 U W5 is a cut in G. Since G is
k-connected, |Q1 U Q2 UWa| > k, and so, |Q1]| > k — |Q2 UWa|. Hence, |@Q1] > k—3 when k > 7,
and |Q1| > k—2 when k € {5,6}. Therefore, because |Q2 U Q3| = |S| — |Q1], |Q2U Q3] < 4 when
k> 7, and |Q2 U Q3] < 3 when k € {5,6}.

Suppose W3 = ). Then Q3 = V(W'). Hence, |Q3| > k—2 > 5 when k > 7 (by Lemma (2.7)),
and |Qs] > k—1>4 when k € {5,6} (by Lemma (2.8)). This shows |@Q2 U Q3| > 5 when k > 7
and |Q2 U Q3] > 4 when k € {5,6}, a contradiction.

So W3 # (. Then Q3UQ2UWs is a cut in G. Since G is k-connected, |Q3 UQ2UWs| > k. On
the other hand, we know that |Q2UWa|+[Q2UQs| < 7 when k > 7, and |[Q2UWa|+|Q2UQ3| <5
when k € {5,6}. So Q2 = 0, and either k = 5, |Q2 UWs| = 2, and |Q2U Q3| = 3, or k = T,
|Q2 U W2| =3, and |Q2 U Q3| = 4.

Suppose k =5, |Q2 UWs| =2, and |Q2 U Q3] = 3. This, together with |Q1| > k — 2 = 3 and
Q2 = 0, implies that |Q1] = 3 = |Qs]. Thus |S| =k + 1, S € Cr(G) for some isolated triangle
T, and either V(T') C @1 or V(T') C Q3. This shows that either Q1 U Q2 U W5 or Q2 U Q3 U Wa
belongs to Cr(G), a contradiction because both are 5-cuts while S is a 6-cut.

Sok=7,|Q2UWs| =3, and |[Q2UQ3| = 4. This, together with |Q1| > k—3 =4 and Q2 = 0,
implies that [S| = 8 and Q1| = 4 = |Q3|. Thus, S € CET(G) for some isolated triangle T or
S e Cf;il(G) for some cohesive edges e and f, and V(T') or V(e) UV (f) is contained in either
Q3 or Ql. Since both Q2 U Q3 U W5 and Q1 U Q2 U Wy are k-cuts, we derive a contradiction to
the fact that S € C(G). O

In the remainder of this section, we study how cuts in C(G) (and associated components)
interact when one is chosen to minimize a nontrivial component. First, we prove a technical
lemma which will be used several times later to simplify proofs.



(3.3) Lemma. Let k > 5 be an integer, let G be a k-connected graph, and assume that
A(T(G@)) < 1. Let S € C(G) and a nontrivial component H of G — S be chosen so that |V (H)|
is minimized. Let uwv € E(H) and let S’ € C(G) such that S’ € Cyy(G) when wv is lonely, or
S’ € Cr(G) when uv is in an isolated triangle T', or S" € Ces 5/(G) for some cohesive edges €', f'
with {u,v} C V(') UV(f’). Let H' be a nonempty union of components of G — S’ such that
H #G-5". Assume S'"NV(H) #0. Then |[(SNV(H')U(SNS)UV(H)NS)| > |5|+1, or
VH)NV(H') =0, 0r|S'| =k and [V(H)NV(H')| = 1.

Proof. For convenience, let Hy := V(H)NV(H'), Hy := V(H)NS', Q1 := SNV (H'), Q2 := SNS’,
and R := Q1 U Q2 U Hy. Let A" := {u,v} if ' € Cu(G); A" :=V(T") if S’ € Cr/(G); and
A= V(e') @] V(f/) if §' e Ce/7f/(G). Note that A’'N S’ C Q2UHs CR.

If |R| > |S’|+1 or H; = () then the assertion of the lemma holds. So we may assume |R| < ||
and Hy; # 0. Then Risacut in G, and k < |R| < |9'| <k + 1.

First, assume |S’| = k4 1. Then S’ € CH(G) or S’ € CkJrfl (@). Therefore, A" C S’, and
A =T or A=V (/) UV(f). Hence, because |R| < |S’| and A’ = A’ NS’ C R, it follows from
Lemma (2.6) that R € C(G). If |Hy| > 2 then by Lemma (2.5) H; has a nontrivial component
H{, and hence, R and H| contradict the choice of S and H (because S’ NV (H) # 0). So
|Hy| = 1, and let x be the only vertex of Hy. Then Ng(x) C R . Since A’ C R and because
A =T or A =V (e)UV(f'), we see that |[Ng(z) N A’| <1 when A’ =T and |Ng(z) N A'| <2
when A’ =V (e/) UV(f’). This shows that |[Ng(z)| < k —1 (by (ii) and (iii) Proposition (2.4)),
contradicting the k-connectivity of G.

Now assume |S’| = k. If |[Hy| = 1 then the assertion of the lemma holds. So we may assume
|Hy| > 2. Then R ¢ C(Q); for, otherwise, it follows from Lemmas (2.5) that H; has a nontrivial
component, say Hi, and so, R and Hj contradict the choice of S and H (because S'NV (H) # 0).
Hence A" € R, and so, A' ¢ S, which implies that S’ € C¥ r2(G) or S € ck, #3(G). In
particular, A’ = V(e/) U V(f’) and |S' N A’| > 2. Therefore, [RN A'| > 2. If |RN A’| = 2 then
|SNA’| =2, which implies S’ € C* s2(G)and R € Ce, 0 o(G ) and so, R € C(G), a contradiction.
So |[RN A’| = 3. Because R ¢ C(G) and by Lemma (2. 6) G — R has exactly two components one
of which is trivial. However, this is impossible (since |H1| > 2, S'NV(H) # 0, H' # G —5’, and
H#G-S). 0

The next two results show that the cuts in C(G) that we shall work with have size k + 1.
For convenience, if e and f are cohesive edges in a k-connected graph G such that G/e/f is
k-connected, then we say that G has a k-contractible pair of cohesive edges.

(3.4) Lemma. Let k > 5 be an integer, let G be a k-connected graph, and assume that
A(T(G@)) <1. Let S € C(G) and a nontrivial component H of G — S be chosen so that |V (H)| is
minimized. Then |S|=k+1, or G has a k-contractible clique or a k-contractible pair of cohesive
edges.

Proof. Suppose |S| = k. Let W =G — (SUV(H)). By Lemma (2.5), W contains a nontrivial
component of G — S. Since H is nontrivial, let wv € E(H). By Lemma (3.1), let A := {u,v}
if uv is a lonely edge in G; A := V(T) if uv is contained in an isolated triangle T in G; and
A= V(e) UV(f) if {u,v} C V(e) UV(f) for some cohesive edges e and f in G. We may
assume that C.(G) U Cr(G) U Ce ¢(G) # 0; for, otherwise, the assertion of the lemma holds by
Lemmas (2.1), (2.2), and (2.3). Let S’ € Cyuo (G) UCr(G) UCe, s (G).



We claim that we may assume S’ N V(H) # 0. This is true unless S’ € C§7f)2(G) such that
V(e) = {u,v} or V(f) = {u,v}, and {u,v} NS’ = 0. In this exceptional case, we assume by
symmetry V(e) = {u,v}, and let V(f) = {x,y} such that uz,vy,uy € E(G). Then we see that
uz and vy are cohesive edges in G. If Cyg 0y (G) = () then the assertion of the lemma holds. So we
may assume Cyg 0y (G) # 0. Then we can choose S’ € Cyz vy (G), and we see that S’ NV (H) # 0.

Let H' be a nontrivial component of G—5’, and let W = G— (S’UV(H’)). By Lemma (2.5),
W’ contains a nontrivial component of G — S’. Denote V(H N H'),V(H)NS" and V(H NW’)
by Hip, H2 and Hs, respectively. Denote SNV (H'),S NS and SNV (W') by Q1,Q2 and Qs,
respectively. Denote V(W N H'), V(W) N S" and V(W N W’) by W1, W2 and W3, respectively.
See Figure 1. Note that AN S’ C Ha U Qo.

By Lemma (3.2), H;y # 0 # W3 or H3 # () # W;. By symmetry, we may assume that
Hy # 0 # Ws. Then Q1 U Q2 U Hy and Q3 U Q2 U Ws are cuts in G. Since G is k-connected, we
have |Q3 UQq U W2| > k.

Note that |Q1 U Q2 U Ha| < |S’|; for, otherwise, k + |S’| = |S| + |5 = |Q1 U Q2 U Ha| +
|Q2U Q3 UWs| > |S’| + 1+ k, a contradiction. Hence, by Lemma (3.3), |S’| = k and |Hy| = 1.
Therefore, 2k = |S|+ 5| = |Q1UQ2UHs|+|Q3UQ2UWs| > 2k. This implies |Q1 UQ2UHs| = k
and |Q3 U Q2 UWsy| = k. Let Hy = {z}. Note that Ng(z) = Q1 U Q2 U Hs.

Suppose Hs # (. Then |Q3 U Q2 U Ha| > k. First, let us consider the case when |Q3 U
Q2 U Hy| = k. By Lemma (3.3), |H3| = 1. Let y be the only vertex in Hs. By k-connectivity,
Na(y) = Qs U Q2 U Ha. Therefore, AN S’ C Ng(y) N Ng(x). This contradicts the choice of
S’ € C(@) (that uv is lonely, or T is isolated, or e and f are cohesive). So |Q3 U Q2 U Hy| >
[S'] 4+ 1. If Wy # 0, then Q1 U Q2 U W3 is a cut in G, and so, |Q1 U Q2 U Wa| > k. Thus
IS"|+15| = Q1 UQ2UWs|+|Q3UQ2UHs| > |S'|+1+k =1[S5"|+]S|+1, a contradiction. Hence
W1 = @ Since |Q3 @] QQ U H2| Z |S/| +1 Z k—|— 1 and |Q1 @] QQ @] Q3| = k, we have |H2| > |Q1|
This implies |V (H)| > |[V(H')|, and so, S” and H' contradict the choice of S and H.

So Hz = 0. Therefore, |H2| = |V(H)| — 1, and hence, |H2| > k — 3 when &k > 7 (by
Lemma (2.7)), and |Hz| > k—2 when k € {5,6} (by Lemma (2.8)). Because |Q2UWs| =k — |H,|
and |Q1 UQ2| =k- |H2|, |Q2UW2| = |Q1 UQ2| < 3 when k > 7, and |Q2UW2| = |Q1 UQ2| <2
when k € {5,6}. Since |W1| = |[V(H')| - |H1| —|Q1l, [W1| > (k—2)—1—-3 > 1 when k > 7 and
[Wi] > (k—1)—1—2>1when k € {5,6}. Hence Wy # @. This implies that Q1 UQoUWj is a cut
in G, and so, |Q1UQ2UW3| > k. On the other hand, [Q1 UQ2 UWs| < |QaUWa|+|Q1UQ2| <6
when k > 7, and |Q1 U Q2 U W3] < |Q2 UWa| 4+ |Q1 U Q2| <4 when k € {5,6}; and we arrive at
a contradiction. O

(3.5) Lemma. Letk > 5 be an integer and let G be a k-connected graph such that A(T(G)) < 1.
Let S € C(G) and a nontrivial component H of G — S be chosen so that |V (H)| is minimized.
Then either G has a k-contractible clique or a k-contractible pair of cohesive edges, or for each
wv € E(H) there exists S’ € C(G) such that |S’| = k + 1, and either S’ € Cp/(G) for some
isolated triangle T’ with {u,v} C V(TI"), or S8’ € Ce/ ;/(G) for some cohesive edges €', f' with
fu,0} C V() UV(S).

Proof. By Lemma (3.1), let A’ := {u,v} when wv is lonely; A’ := V(T") when uv is contained
in some isolated triangle 77 in G; and A’ := V(e/) UV (f’) when {u,v} C V() UV (f’) for
some cohesive edges €', f/. Suppose G contains no k-contractible cliques or pairs of cohesive
edges. Then Cyy(G) UCr(G) UCer 4/(G) # 0. Therefore, by the same argument as in the proof
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of Lemma (3.4), we may choose S" € Cyy(G) UCr/(G) UCe 1(G) such that S’ NV (H) # 0. If
|S] = k41 then the assertion of this lemma holds. So we may assume |S’| = k.

Let W = G — (SUV(H)). Let H' be a nontrivial component of G — S’, and let W' =
G — (S"UV(H"). By Lemma (2.5), both W and W' have a nontrivial component. Denote
V(HNH'),V(H)NS" and V(HNW') by Hy, Hy and Hs, respectively. Denote SNV (H'),SN S’
and SNV(W’) by Q1,Q2 and @3, respectively. Denote V(W N H'),V(W)NS" and V(W NW’)
by W1, W5 and Wjs, respectively. See Figure 1. Note that A’ NS’ C Q2 U Hs.

By Lemma (3.4), we have |S| = k + 1. Thus, S € C&™(G) for some isolated triangle 7' in G,
orS e C:j;l (G) for some cohesive edges ¢ and f in G. Let A := V(T) if S € CEM(G) and let

A:=V(e)UV(f) when S € C:4'(G). Then A C Q1UQ2, or AC Q2UQs, or ANQ; # P for all
1 <4 < 3. Therefore, we consider two cases.

Case 1. ACQ1UQ2o0r AC Q2UQ3.

By symmetry, we may assume that A C Q1 U Q.

Suppose H; # 0. Then Q1 U Q2 U Hs is a cut in G. Since A C @Q; U Q2 and because
S| =k+1and S € C(G), we see that |Q1 U Q2 U Ha| > k+ 1. Suppose |Q1 UQ2U Ha| =k + 1.
Then since |S| = k+ 1 and S € C(G), it follows from Lemma (2.6) that Q1 U Q2 U Hy € C(G).
Therefore, because |Q1 U Q2 U Ha| = k+ 1, it follows from Lemma (2.5) that H; has a nontrivial
component, say Hj. Then Q1 U Q2 U Hy and H; contradict the choice of S and H (since
S/ N V(H) 75 @) So |Q1 U QQ U H2| Z k + 2. This implies |H2| > |Q3| Thus, if W3 = @ then
[V(H)| > |[W’|, and S’ and a nontrivial component of W’ contradict the choice of S and H.
So W3 # (. Then Q2 U Q3 U Wh is a cut in G, and hence, |Q2 U Q3 U Wa| > k. This shows
2k+1=|S|+1|5| = |1Q1U Q22U Ha| + |Q3 U Q2 U W3] > 2k + 2, a contradiction.

Thus H1 = @ By Lemma (32), H3 7§ @ }é Wl. So Q1UQ2UWQ and QgUQQUHQ are cuts in G.
Since A C Q1UQ3 and because |S| = k+1 and S € C(G), we see that |Q1UQ2UWa| > k+1. Also,
by connectivity of G, |Q3UQ2UH3| > k. Since 2k+1 = |S|+1]5'| = |Q1UQ2UWs|+|Q2UQ3UH2| >
2k+1, we have |Q1 UQ2UWs| = k41 and |Q3UQ2U Ha| = k. Hence by Lemma (3.3), |Hs| = 1.

Therefore, |Hs| = |V(H)| — |H1| — |Hs| = |V(H)| — 1. Hence |Ha| > k — 3 when k > 7
(by Lemma (2.7)), and |Hz| > k — 2 when k € {5,6} (by Lemma (2.8)). Since |Q2 U Ws| =
|S/| — |H2| =k - |H2| and |Q2 @] Q3| =k - |I{2|7 we see |Q2 U W2| = |Q2 U Q3| S 3 when k Z 7,
and |Q2 UWs| = |Q2U Q3] < 2 when k € {5,6}.

If W3 = 0, then since |Q3| > |[V(W')| — |Hs| = |[V(W')| — 1, we have |Q3] > 4 when k > 7
(by Lemma (2.7)) and |Qs| > 3 when k € {5,6} (by Lemma (2.8)), a contradiction. So W5 # 0.
Then Q2 UQ3 UWs is cut in G, and so, |Q2 UQ3 UWs| > k. Hence |Qa UWa|+|Q2UQs| >k >7
when k£ > 7 and |Q2 U Wa| + |Q2U Q3| > k > 5 when k € {5,6}, a contradiction.

Case 2. ANQ; # 0 forall 1 <i<3.

In this case, S € Cf‘}l(G). Without loss of generality, let ANQ1 = {a}, AN Q2 = {b,d}, and
AN Qs = {c}. Then ab,be,cd,da,bd € E(G) and ac ¢ E(G). By Lemma (3.2), Hy # () # Ws or
Hjz # () # W;. By symmetry, we may assume that Hy # () # Ws.

Then Q1 UQ2U Hs is a cut in G containing {a, b, d}, and Q3 UQ2UWs is a cut in G containing
{¢,b,d}. Suppose |Q1 U Q2 U Hs| = k. Then by Lemma (3.3), |H;| = 1. Let « denote the unique
vertex in Hy. By connectivity of G, {za, zb,zd} C E(G), which implies that e or f is contained
in two triangles, a contradiction. So |@Q1 U Q2 U Ha| >k + 1.

If |Q3UQ2UW2| >k+1, then 2k+1 = |S|+ |S/| = |Q1 UQQUH2|+|Q3UQ2 UW2| >2k+2,
a contradiction. So [Q3UQ2UWs| = k. Because [S| =k+1, Q3 UQ2UWs ¢ Cc ¢(G). Hence, by
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the definition of Cf,fﬁ(G)’ G — (Q3UQ2UW3) has exactly two components, one of which consists
of a only. However, this is impossible since W3 # () # H;. O

4 Proof of the main result

In this section, we complete the proof of Theorem (1.1), using an argument similar to that of
[2].
Let k > 5 be an integer and let G be a k-connected graph such that A(T(G)) < 1.
If Cc(G) = 0 for some lonely edge e, or Cr(G) = 0 for some isolated triangle T', or Ce r(G) = 0)
for some cohesive edges e and f in G, then we see that Theorem (1.1) follows from Proposi-
tions (2.1), (2.2), and (2.3).

So we may assume that C.(G) # 0 for all lonely edges e, Cr(G) # 0 for all isolated triangles
T, and C. r(G) # 0 for all cohesive edges e and f in G. Choose S € C(G) and a nontrivial
component H of G — S such that

(1) |V(H)| is minimum.

Let W := G — (SUV(H)). By Lemma (2.5), W contains a nontrivial component of G — S.
By Lemma (3.4), we have

(2) IS|=k+1.

We pick a spanning tree of H and label its edges as g1, . .., gm such that

(3) G{g1,---,9i}] is connected for all 1 < i < m.

By Lemma (3.5), for each 1 < ¢ < m, there is some S; € C(G) such that

(4) |Sil =k+1,and S; € C;fl(G) for some isolated triangle T; with V(g;) C V(T;), or S; €
Cf"’jl (G) for some cohesive edges e; and f; with V(g;) C V(e;) UV (f;). (Hence, S;NV(H) # 0.)

Let A; = V(T;) if S; € CEM(G); and let A; = V(e;) UV(f;) if S; € CET}(G). Let H be a
nontrivial component of G — S;, and let W = G — (S; UV (H?)). By Lemma (2.5), W? contains
a nontrivial component of G — ;. Write Hi = V(HNH"), Hy =V (H)NS;, Hi = V(HNW?),

t=SNV(HY), Qs =5NS;, Qs = SNV(WH, Wi =V(WnHY), Wi =V(W)NS;, and
Wy = V(W NnW?). Then by (4) and by the definition of C¥'} (@) UC}™(G), we have

(5) A; € H3U Q5.

Since S € C(G) and |S| = k+1, S € C&T(G) for some isolated triangle T'in G, or S € Cf}l(G)
for some cohesive edges e and f of G. Let A = V(T) if S € CE™(G), and A = V(e) UV (f) if
S e Cf_}l(G). We claim that

(6) AC Qi UQS, or AC Q5 UQL _

Suppose (6) fails. Then S € Ci’;l(G) and ANQ% # D for all 1 < j < 3. Hence A = V(e)UV (f),
and we may write ANQY = {a}, ANQ} = {b,d}, and ANQ} = {c}, where ab, b, cd, da,bd € E(G)
and ac ¢ E(G).

By Lemma (3.2), H{ # 0 # Wi or Hi # () # W}. By symmetry, we may assume that
Hi#0# W2 Then QI UQSU HS is a cut in G containing {a, b, d}, and Q4 U Q%4 UWS is a cut in
G containing {c,b,d}. Since |S;| = k+1, it follows from Lemma (3.3) that |Q{ UQ4UHS| > k+2.
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We claim that |Q% U Q% UWi| > k + 1. Suppose |Q5 U Q% U Wi| = k. Then by (2) and since
S € C(G), Q5UQLUWE ¢ C. £(G). So by the definition ofoﬁfyg(G), G—(QUQLUW) has exactly
two components, one of which consists of a only. But this is impossible since Hi # 0 # Wi.

Hence 2k +2 = |S|+ || = |Q} UQ4 U Hi| + |Q4 U Q4 UWi| > 2k + 3, a contradiction. Thus
(6) holds.

By (6) and by symmetry, we may assume (by relabeling H? and W if necessary) that A C
Qll U QZQ for all 1 <47 <m. Next we show

(7) Hj = 0, 1Q} UQy U Hj| = k+2, and |Q} UQy UW]| =k . -

Suppose H: # (). Then since |S;| = k + 1 it follows from Lemma (3.3) that |Q4 U Q% U Hi| >
k + 2. First, assume W{ # (. Then Q% U Q% U W4 is a cut in G containing A, and hence
QY UQSUWE > k+1 (because S € C(G) and |S| = k + 1). This shows 2k +2 = |S| + |S;| =
QI U Q5 U Wi + |Q4%U Q4 U HY| > 2k + 3, a contradiction. Now assume W{ = (). Since
QEUQLUHS > k+2and [QUQLUQL = k+1, |HY > |Qi +1. This implies that
|[V(HY)| = |Q} UH}| < |HiUH{| <|V(H)|, and S; and H® contradict the choice of S and H.

So Hi = (). Therefore, it follows from Lemma (3.2) that H{ # () and W3 # 0. So Q1 UQ%U H}
is a cut in G. Since |S’| = k + 1, it follows from Lemma (3.3) that |Q% U Q% U Hi| > k + 2. Since
G is k-connected, |Q4 U Q5 U W4| > k. Therefore, 2k + 2 > |Q4 U Q% U Hi| + |Q% U Q% U Wi| =
|S| + |Si| = 2k + 2. Hence, |Q} UQ5U Hi| =k + 2 and |Q4 U Q4 U W4i| = k. This completes the
proof of (7).

(8) [V(H)| > k.

Since |Hi| > 2 and HE = 0 (by (7)), it suffices to prove |H:| > k — 2 for some 1 < i < m.
Suppose |H%| = 1 for some 1 < i < m, and let x denote the only vertex in H{. Note that
|A; N A] < 2. First, assume |A; N A| < 1. Then z has at most two neighbors in 4; U A when
A; =V(T;) and A = V(T); x has at most three neighbors in A;UA when A; = V(e;) UV (f;), and
A=V (T)or A, =V(T;) and A=V (e)UV(f); and = has at most four neighbors in A; U A when
A; =V(e;)) UV (f;) and A =V (e) UV (f). Therefore, since |Qi UQ} U Hi| = k + 2, we see that
the number of neighbors of z in G is at most (k+2)—5+2,0or (k+2)—6+3,0r (k+2)—7+4.
This shows dg(z) < k — 1, contradicting the assumption that G is k-connected. So |[4; N A| = 2,
and 4, = V(e;) UV (f;) and A = V(e) UV(f). Hence x has at most three neighbors in A; U A,
and we see that the number of neighbors of z in G is at most (k +2) — 6 + 3, a contradiction. So
we have (8).

(9) IN(U)NV(H)| > |U| + 1 for all nonempty subsets U of S — A.
Suppose that there is a nonempty set U of S — A such that |[N(U) N
INUNV(H)| <|U <|S—A <k-2<k<|V(H). So H—N(U) # 0. Hence S* :=
(S—=U)U(NU)NV(H)) is a cut containing A and separating H — N(U) from W UU. Since
Seck(G)or Se Cf_JJCI(G), we see that S* € CET1(G) or S* € Cf‘}l(G). Hence H — N(U) has
a nontrivial component H*. Because |H — N (U)| < |V(H)|, S* and H* contradict the choice of
S and H.

(10) Uiy (N(Q5) N VH))| < [Ui_; Q3]+ 1 forall 1 < j < m. ‘

We prove (10) by induction on j. Since |Q} UQ5U Q4| = |S| =k + 1 and |HY| > 2, it follows
from (7) that |Hi| = |Q%4] + 1 and |Q%] > 1. Since N(Q%) NV (H) C Hi, it follows from (9) that
N(Q4) NV(H) = Hi. Hence (10) holds when j = 1.

V(H)| < |U|. Then
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Assume j > 2. Let P; = (N(Q}) nV(H)) N (U/Z] N(Qi) NV (H)). Since G[{g1,...,g;}] is
connected for all 1 < j < m, we have P; # () for all 2 < j < m. Let R; = Q4N (Uf;ll Q). If
R; = 0, then clearly |P;| > |R;| + 1. If R; # 0, then since N(R;) NV (H) C P;, it follows from
(9) that |P;| > |R;| + 1. Hence we have | Ui, (N(Q4) N V(H)| < (U= Qb1+ 1)+ (@41 +1) -
(IRj| +1) = |\ U_, Q4| + 1. This proves (10)

Since G[{g1,-..,9m}] is a spanning tree of H and because for each 1 < j < m, V(g;)

A; NV(H) € Hj, we have ;) (N(Q5) NV(H)) = V(H). By (10), [V(H)| < |UZ, Q3] +1
|S — Al +1 < k—1, contradicting (8). This completes the proof of Theorem (1.1).
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