Better bounds for k-partitions of graphs
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Abstract

Let G be a graph with m edges, and let k be a positive integer. We show that V(G)
admits a k-partition Vi,...,V} such that e(V;) < &m + 5 (\/2m+1/4 —1/2) for i €
{1,2,...,k}, and e(V3,..., Vi) > %m—i— %\/Qm +1/44 O(k), where e(V;) denotes the
number of edges with both ends in V; and e(Vi,..., Vi) =m— Zle e(V;). This answers a
problem of Bollobds and Scott [2] in the affirmative. Moreover, (k;rl)e(Vi)—&—g > izi€(Vj) <
m + O(k?) for i € {1,2,...,k}, which is close to being best possible and settles another
problem of Bollobés and Scott [2].
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1 Introduction

The problem of finding a maximum bipartite subgraph in any graph is NP-complete. On the
other hand, it is easy to show that every graph with m edges contains a bipartite subgraph
with at least m/2 edges. Edwards [4,5] improved this lower bound to m/2 + h(m)/4; where

here and throughout
1 1
h =4/2 - ——.
(m) =1/2m + 173

The complete graphs Ko, 1 show that this bound is best possible.
In [3] (also see [2]), Bollobds and Scott extend Edwards’ bound to k-partitions of graphs

and prove that the vertex set of any graph with m edges can be partitioned into Vi,...,V}
such that
Vi V)= 3 e Vi) > 2 B Lny ogh) (1.1)
1---5VE) -— L i Vi) Z A 2k m ) .
1<i<j<k

where e(V;, V;) is the number of edges with one end in V; and the other in V}. The inequality
in (1.1) holds with equality when G is the complete graph of order kn + 1, and the O(k) term
is determined in [3] as (—k? + 4k — 4)/(8k).

In many situations, one often needs to find a partition of a graph that optimizes several
quantities simultaneously; see [2,6] for extensive discussions of such problems which are usually
called Judicious Partitioning Problems. For example, Bollobds and Scott [1] showed that for
any integer k > 1 and any graph G of size m, V(G) admits a partition Vi,..., V) such that
for i € {1,2,... k},

m k-1
e(V;) < 2 + oR2
The complete graphs Kj, 1 are the only extremal graphs (modulo isolated vertices).

Another example is the following result of Porter [7]: If k is a power of 2 then every graph

G with m edges has a partition of V(G) into Vi, ..., Vj such that

h(m). (1.2)

k—1
eV, ..., Vi) > ——

L fm
S

Porter’s result was improved by Bollobas and Scott [1] to e(V;) < m/k% + (k — 1)h(m)/(2k?).
When k£ = 2, Bollobas and Scott [1] obtained the following stronger result, where N(z)
denotes the neighborhood of the vertex x in a graph.

ol

and for i € {1,...,k},
e(Vi) <

o

Theorem 1.1 (Bollobds and Scott [1]) Let G be a graph with m edges. Then there is partition
Vi, Vo of V(G) such that

(1) IN(x) N Va| > |N(z)NVi| for all x € Vi,
(2) e(V;) < 2+ th(m) fori=1,2, and



(3) e(V1,Va) > 2 + 1h(m).

Condition (1) is essential in the proof of Theorem 1.1, as it allows one to move a vertex from V;
to Va so that the new partition also satisfies (1). The bounds in (2) and (3) are (individually)
tight; and the complete graphs Ko, 1 are the only extremal graphs (modulo isolated vertices)
for Theorem 1.1. Bollobas and Scott [2] asked whether this can be extended to k > 3.

Problem 1.2 (Bollobds and Scott [2]) Does any graph G of size m have a partition of V(G)
into Vi, ..., Vi that satisfies both (1.1) and (1.2)?7

A weaker version of Problem 1.2 is resolved in [8] by the authors, which we shall use in
this paper to deal with small graphs.

Theorem 1.3 (Xu and Yu [8]) Let G be a graph of size m, and let k > 1 be an integer. Then
V(G) admits a partition Vi, ...,V such that

(1) for eachi€ {1,...k—1} and for every x € V;, ]N(x)ﬁ(Uf i1 Vi)l = (k—14)|[N(z) NV,
(2) e(V;) < ka—i—l;k%h( ) forie {1,2,...,k}, and
(3) e(Vi,..., Vi) > ELm + Lh(m).

This result is stronger than the previous results when k is restricted to powers of 2, and
implies Theorem 1.1 when £ = 2 . The main result of this paper is an affirmative answer to
Problem 1.2.

Theorem 1.4 Let G be a graph of size m, and let k > 1 be an integer. Then V(G) admits a
partition Vi, ..., Vi such that

(1) foreachie {1,...k—1} and for every x € V;, |N(x)ﬁ(U§:i+1 Vi)l > (k—1)|N(z)NVi,

(2) e(V;) < am + ];kglh( ) forie{1,2,...,k}, and

(3) e(Vi,..., Vi) = Btm+ B h(m) — 12k

The complete graphs Kj,4+1 show that this is best possible, up to the O(k) term. (We
have not made an effort to optimize the O(k) term.) Theorem 1.4 is closely related to another
problem of Bollobas and Scott [2].

Problem 1.5 What is the largest c(k) so that every graph G with m edges admits a partition
of V(G) into Vi,..., Vi such that for each i € {1,...,k},

k+1
("3 1)+ et S etvp < m
J#i
Bollobés and Scott note in [2] that ¢(k) = k/2 (if true) would be best possible. In Section
3 we shall see that for large complete graphs we must have ¢(k) < k/2. On the other hand,

c(k) can be arbitrarily close to k/2 for sufficiently large graphs. More precisely, we shall prove
the following in Section 3.



Corollary 1.6 Let G be a graph with m > 1 edges, and let k > 1 be an integer. Then there
is a partition of V(QG) into Vi, ..., Vi such that fori € {1,... k},

k+1 k 17k?
Dt > e(V) <Smt— .
( 5 )e(Vl)—l—Qj#e(V])_m—i- 16 (1.3)

2 Proof of Theorem 1.4

The main idea of the proof is the same as that used in [8]. That is, we work with a partition
Vi,..., Vi of V(G) that satisfies (1) of Theorem 1.4 (called the property P(k) in [8]), and
the property that e(Vy) > e(V;) for all i € {1,...,k}. Such a partition may be produced
by maximizing e(V1,...,Vg). If e(V}) < k%m + %h(m) then we have the desired partition.
Otherwise, we move a vertex from V; to V; := V(G) — V4, and (inductively) partition G[V]]
(the subgraph of G induced by V7) into k — 1 sets satisfying the property P(k — 1).

We need the following simple observation, proved in [8].

Lemma 2.1 (Xu and Yu [8]) Let G be a graph and k > 2 an integer, and let Vi,...,Vj
be a partition of V(G) such that for each i € {1,...k — 1} and for every x € V;, |[N(xz) N
(Ujzis1 Vi)l = (k = D)IN(2) N Vi|. Then

(1) e(Vi, V1) > 2(k — 1)e(V1), and
(2) for anyv € Vi, e(Vi — v, Vi +v) > 2(k — 1)e(V1) — (k — 2)|N(v) N V4.

In (2) above, V1 —v = V3 \ {v} and Vi +v = V] U {v}. We also need the following, which
shows that Theorem 1.4 holds for small graphs.

Lemma 2.2 Theorem 1.4 holds when m < 2k —1/8.

Proof. Note that h(m) < 2k — 1/2 when m < 2k* — 1/8. By Theorem 1.3, V(G) admits a
partition Vi,..., Vj such that (1) and (2) hold. In particular, for 1 <i <k,

1 k—1
1 k—1 k-1
< 2——4+— = — i <2k* -1
< 8k2+ k: T (since m < 2k /8)
< 3.

Therefore, we have e(V;) <2 for i = 1,..., k. Hence, e(V1,...,Vx) > m — 2k, and so

k—1 k—1 17k m k-1 k k-1

Vi) — A . AT

eWVi,..., V) ( k: m+ % h(m) 8>_k: ok 2m+1/4+8+ 1
Consider r1 r o E1
m — —



as a function of m over the interval [0,2k% — 1/8]. Differentiating with respect to m, we have

1 k—1
ko 2ky2m+1/4

g'(m) =

So g(m) has a unique critical point at m = (k? — 2k)/8 in (0,2k? — 1/8). Since ¢"(m) > 0 on
[0,2k2 — 1/8], we see that

k=2 k-1 [R2-2k+1 &k k-1 k-1
g(m) = g((k" = 2k)/8) = —¢ 2% I T o

Hence, (3) holds for Vi,...,Vj. |

We now prove Theorem 1.4 by applying induction on k. For k = 1, Theorem 1.4 holds
trivially, and for & = 2 it follows from Theorem 1.1. So we may assume k > 3.

As induction hypothesis, we assume that the assertion of Theorem 1.4 holds when parti-
tioning any graph into k£ — 1 sets. By Lemma 2.2, we may assume

1
m > 2k? — 3 (2.4)

Next we prove
Claim 1. V(@) admits a partition Vi, ..., V} such that
e (1) and (3) of Theorem 1.4 hold for Vi,...,V,
e ¢(V1) > maxo<i<i{e(V;)}, and
e subject to the above conditions, e(V}) is minimal.

To see this, let Vi,..., Vi be a partition of V(G) maximizing e(Vi, ..., V). Then by (1.1), the
partition Vi,. .., Vj satisfies (3) of Theorem 1.4. Moreover, for any 1 < ¢ # j < k and for any
u € Vi, IN(u) NV;] < |N(u)NVj|. So the partition Vi,...,V} satisfies (1) of Theorem 1.4.
Without loss of generality, we may assume that

e(V1) = max {e(V;)}.

2<i<k
So we have Claim 1.

Let e(Vi) =3 +a. f a < g—;%h(m), we are done. So we may assume that

a > —h(m). (2.5)

Let H := G[V1], § the minimum nonzero degree in H, and v a vertex of H with degree §.

Let Wy := Vi —v; s0 Wi = Vi +v and e(W) = e(V1) — 6 = m/k? + a — 6. Moreover, for every
u € Wy,

IN(w) VW] = [N (u) NVA] = (k= D)IN(w) N Vi| = (k= 1IN (u) 0 Wil. (2.6)



For convenience, write z := e(Wy, W) and m’ := e(W7) = m—e(W1)—z. By (2) of Lemma 2.1,

2> 2k — D)e(Vi) — (k — 2)8 = 2(k — 1) (% + a) ~ (k- 2)6. (2.7)
Therefore, since e(W1) = e(V1) — 0 = 15 + a — J, we have
—1)2
m' < (ka)m — (2k —1)a+ (k—1)6. (2.8)

By induction hypothesis, W; admits a partition Ws,..., W} such that for every i €
{2,...,k — 1} and for every w € W},

k
N@w)n | J Wi || = (k=0IN(w)nWil, (2.9)
j=i+1
where the neighborhood is taken in G[W1], and such that

m’ k—2

e(W;) < e + = 1)2h(m/) for i€ {2,...,k}, (2.10)
and k—2 k—2 17(k —1
e(Wa, ..., W) > kilm' 2(k_— 1)h(m’)—(8_). (2.11)

We wish to show that W1,..., Wy gives the desired partition of V(G) for Theorem 1.4. By
(2.6) and (2.9), we have

Claim 2. The partition W1y, ..., Wy satisfies (1) of Theorem 1.4.
Next, we prove

Claim 3. Wy, ..., Wy, satisfies (3) of Theorem 1.4.
From (2.11), we see that

e(Wh,...,Wg)
= 6(W1,W1)+€(W2,...,Wk)
k-2 k—2 17(k — 1)
> —m + ——h(m) - ———=.
z et gt 8
We now prove that this lower bound on e(W7y,..., W) is at least %m + %h(m) - %. Let
k-2 , k-2 ., 17k-1) k-1 k-1 17k
f@) =2+ st 8 T o MM+ g

Recall that m’ = m —e(W;) —x and e(W;) = m/k*+a—6. Som' =m —z —m/k* —a+ 9,
and f(z) becomes

_r 2m k2 skt o Ly ko2 \/2k2_2m—2x—2a+25+1+17+
k—1 k2 k-1 ok 12k -V k2 1478 k(1)

6
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Since z < m —e(W7) = %m — a+ ¢ and because of (2.7), we have

a<z<b, (2.12)

where a :=2(k—1) (% + ) — (k—2)0 and b := ’“Z;lm — a + 9. Therefore, to prove Claim 3,
it suffices to show that f(z) > 0 for = € [a, b].

Note that ) k_9 1
fl(z) = —
kol 2(k_1)\/2k,j;2m—2x—2a+25+i
and 3
E—2 [2k%2-2 1\ 2
") = — — 22— 20+ 20 + - 0.
[ (x) 2(k—1)< M2 —2a+ +4) <

So f’(x) = 0 has at most one solution in [a, b] at which (if exists) f(x) reaches a local maximum.
Thus, to prove f(z) > 0 for x € [a, b], it suffices to show f(a) > 0 and f(b) > 0.

First, we prove f(b) > 0. Suppose, to the contrary, f(b) < 0. Then substituting x with

b= k;lm —a+ 46 in f(x) and solving for « in f(b) < 0, we obtain

O¢>Em+5—u 2m+1+g+ ko2 + !
k2 2k 478 Tak—1) " ak(k—1)

(2.13)

Recall that e(W1) = e(V1) =6 = 15 +a — 4. So

m > x+e(W)
> 2(k—1)<%+a)—(k—2)6+%+a—5 (by (2.7))
2k —1

2 m+ 2k —1)a— (k—1)0

2k — 1 k—1 k—1 | 1

E—1 2k -1 1
> m+<m—() 2m—|—>

k 2 4
> m.
The final inequality holds because m > 2k? — 1/8 by (2.4), the function I(m) = m —
@\/%ﬁi is increasing when m > 2k* — 1/8, and [(2k%> — 1/8) > 0. But this is a

contradiction. So f(b) > 0.



Next we show f(a) > 0. Substituting 2(k — 1) (13 + o) — (k — 2) for a in f(a), we get

g(a) = f(a)
1 <z(k—1)m+2(k_1>a_(k_2)5)_%_:j(a_a

k—1 k2 k2
k=l 2m+1+5+71
2%k 178 T4k -1
k-2 [2(2—1) Ak —1) 1
20 +20 — 4k — Da+ 2k —2)6 + -
+2(k—1)\/ o m a+20 M (k—1)a+2(k )5+4
L NN ek Y S S AT S
k-1 2k 4 8  4k(k-1)
k-2 [2(k—1)2 1
— (4k — 2 2(k—1 —.
+2(k—1)\/ 2 m (4k —2)a+ 2(k )5+4
Note that o must sautlsfyM — (4k — 2)ar + 2(k — 1)6 4+ § > 0, from which we deduce
—1)? -1 1
a<fi= (k—1) mt 2 Ls

22k—-1) " 2k—1" " 82k—1)

By (2.5),

We now prove that g(a) > 0 for a € [0,5].
Note that g(3) = kiﬁ \/2m + 1/4 4+ 17 + 4k:(k: HEoD)- Hence,

k (k—1)2 k—1 1 k—1 117

9(8) > k—1(H@k—mm+2k—ﬁ+®@k—n>_2k—1v2 mtity
> kol m — ho1 2m —i—l—i-g
kek—1" 2k —1VT e R

k—l(m 1) 17

= — 2m+, + —

2k—-1 1\ k 4
> 0.

m
k

The last inequality follows from (2.4) that m > 2k? — 1/8, since the function I(m) :=
\/2m + 1 is an increasing function when m > 2k? — 1/8 and 1(2k* — 1/8) = —1/(8k).



On the other hand,

) = L W—l LIS S U
= 9 172 ok VTS T ak(k— 1)

k—2 |2k—1)2m (k—1)(2k —1) 11 1

- omt - — | 420k —1)0+ >

+2(/<;1)J k2 k2 mtg g | FAR-Lo4g
T T VT T8 Tk -

DL S k-1 [ "L 2k o 2k
k=21, _ —
2%k Ak—12 k-1 1T k=D T 20k—1)
. iJr—k_z 2 +1 2]'6_1\/2 +1 \/2 +1

8 4k | 2k My T k= VT g mTy

k—
17 1 k-2 —2h/2m+

78 1k 2% k-1
> 0
Since
1
k (k—2)(2k — 1) [(2(k —1)? 1\ 2
/ —_— J— J— J— J— —
g(oz)—k_1 5k —1) 2 m (4k — 2)a + 2(k 1)5+4 ;
¢'(a) = 0 has at most one solution in [f, §]. Since
g = 20k — 1) 2o “ 4 ’

g(0) > 0 and g(B) > 0 imply that g(«) > 0 for a € [0, §]. Therefore, f(a) > 0. This together
with f(b) > 0 shows that f(z) > 0 for x € [a,b], and hence the partition Wy, Wy, ..., W
satisfies (3) of Theorem 1.4, completing the proof of Claim 3.

If the partition W1,..., Wy also satisfies (2) of Theorem 1.4, then by Claims 2 and 3,
Wh, ..., Wy is the desired partition of V(G) for Theorem 1.4. So we may assume that
m k-1

The rest of the proof of Theorem 1.4 is exactly the same as that in Section 3 of [8], starting
from (3.9) in [8]. ]



3 Corollary 1.6

Before we prove Corollary 1.6, we show that for large complete graphs one needs c¢(k) < k/2
for the constant in Problem 1.5. Note that for any partition Vi, ..., Vi of a graph G, we have

DO |

("5 )e+ 5 e = § |+ 0en+ L ey
i i

(ke(Vi) + m —e(Vi,....; Vk)).

N N

Let Vi,..., Vi be a k-partition of Kj,1 that maximizes e(V1,..., V). Then we must have
Vil = |Vj| € {—1,0,1}. So we may choose notation so that |Vi| =n + 1. Then

1 k-1 k—1 k—1 k? — 4k + 4
e(%)—ﬁm—i-wh(m) and e(Vy,..., V) = - m + o h(m)_T'

Now let W1, ..., Wy be an arbitrary k-partition of Kj,1, and we may choose notation so
that e(W7) = max{e(W;)}. Then, e(W7) > e(V;) and e(W1, ..., W) < e(V1, ..., V). Hence,

k
("5 )em + 5> emy
=2
= g(ke(Wl) +m —e(Wi, ..., Wy))
> g(ke(vl)er—e(Vh---,Vk))
_ (k —2)?

Therefore, the term c¢(k) in Problem 1.5 must satisfy ¢(k) < k/2. However, Corollary 1.6
shows that lim,, o c(k) = k/2. Thus, in this sense, we have answered Problem 1.5.

Proof of Corollary 1.6. By Theorem 1.4, there is a partition Vi,..., Vi of V(G) such that
for each i € {1,... k},

m k-1
(V) < 15 + o h(m),

and

10



Then

= 3 (ke(V;) + m —e(V1,..., V1))

k m k-1 k—1 k—1 17k
17k2

LR

IN

It is an interesting question to characterize the graphs G such that for every k-partition

Vi,..., Vi of V(G) there exists some i € {1,2,...,k} such that

(5 e+ § ety > m
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