A note on balanced bipartitions
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Abstract

A balanced bipartition of a graph G is a bipartition Vi and Vo of V(G) such that
—1 < |Vi] — |V2] < 1. Bollobds and Scott conjectured that if G is a graph with m edges
and minimum degree at least 2 then G admits a balanced bipartition Vi, V5 such that
max{e(V1),e(Va)} < m/3, where e(V;) denotes the number of edges of G with both ends
in V;. In this note, we prove this conjecture for graphs with average degree at least 6 or
with minimum degree at least 5. Moreover, we show that if G is a graph with m edges and
n vertices, and if the maximum degree A(G) = o(n) or the minimum degree §(G) — oo,
then G admits a balanced bipartition V7, V5 such that max{e(V4),e(V2)} < (14 0(1))m/4,
answering a question of Bollobds and Scott in the affirmative. We also provide a sharp
lower bound on max{e(V1,Vz) : V1, V5 is a balanced bipartition of G}, in terms of size of
a maximum matching, where e(V7,V3) denotes the number of edges between V7 and V5.
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1 Introduction

A classical example of bipartition problems is the Mazimum Bipartite Subgraph Problem which
asks for a partition of the vertex set of a graph into V7, Vo maximizing e(V1, V3), the number
of edges between V; and V5. Edwards [7,8] proved that every graph with m edges admits a

bipartition Vi, V5 such that e(V,Va) > 5 + i\/Zm + % — %. This bound is best possible for
the complete graphs Ko, 1. For special classes of graphs, the main term in this bound may
be improved. For example, Thomassen [12] improved the bound to %m — % for 3-connected,
cubic, triangle-free, planar graphs. Generalization of Edward’s result to k-partitions are given
in [4] (also see [3]) by Bollobas and Scott.

Judicious partition problems ask for a partition of the vertex set of a graph G so that several
quantities are optimized simultaneously. The Bottleneck Bipartition Problem introduced by
Entringer (see [11]) is such an example: Given a graph G, find a partition Vi, Vs of V(G)
that minimizes max{e(V1),e(V2)}, where e(V;) denotes the number of edges of G with both
ends in V;. Székely and Shahrokhi [11] showed that this problem is NP-hard. Porter [9]
proved that for any graph G with m edges there is a partition V;,V5 of V(G) such that
max{e(V1),e(V2)} < m/4+ O(y/m), establishing a conjecture of Erdds. (A matrix version of
Erdos’ conjecture was raised by Entringer and was solved by Porter and Székely [10].)

The Bottleneck Bipartition Problem was also studied by Bollobés and Scott [1], who prove
in [2] that for any graph G with m edges there is a bipartition V;,V2 of V(G) such that

e(Vi,Vo) > Z + 2\ /2m + 1 — 1 and max{e(V1),e(Va)} < 2 + £,/2m + 7 — 1=. This result
has recently been extended to k-partitions by Xu and Yu [13].

In this paper, we study the Bottleneck Bipartition Problem with the additional requirement
that the bipartition Vi, Vo be balanced, that is, —1 < V4| — |V5| < 1. In general, a k-partition
Vi,..., Vi of V(G) is said to be balanced if —1 < |V;| —|V;| <1 for 1 <i,j < k. (The classical
Min k-Section Problem asks for a balanced k-partition of a weighted graph that minimizes the
total weight of edges joining different sets.)

A matching M of G is called a symmetric matching if for each edge uv € M, v and v have
the same degree in G. The main result of this paper is the following, where A(G) and 0(G)
denote the maximum and minimum degree of the graph G, respectively.

Theorem 1.1 Let G be a graph with n vertices and m edges, and let M be a symmetric
matching in G of mazimum cardinality. Then, G admits a balanced bipartition Vi, Vy such
that e(V1,Va) > (m+ |M|)/2 and

(1) max{e(V1),e(Va)} < [(m — |M|+ A(G) — §(G)) /4] if n is even;
(2) max{e(V1),e(Va)} < [(m — |M|+ A(G))/4] if n is odd.

This result is best possible for K1 ,_1, n > 2. Since a maximum matching can be found in
polynomial time [6], a maximum symmetric matching can also be found in polynomial time
(by considering the subgraph induced by the edges whose ends have the same degree). Our
proof of Theorem 1.1 implies a polynomial time algorithm for finding such a partition in any
given graph.

This work was also motivated by the following problem of Bollobds and Scott [3]: Given a
graph G, find a balanced partition Vi,...,Vj of V(G) that minimizes max{e(V1),...,e(Vi)}.
In particular, Bollobéds and Scott [3] made the following



Conjecture 1.2 Fvery graph with m edges and minimum degree at least 2 admits a balanced
bipartition Vq, Vo such that max{e(V7),e(V2)} < m/3.

The complete graph K3 shows that the bound m/3 is sharp. Indeed, the graphs obtained
from disjoint triangles by identifying one vertex from each triangle also show that m/3 is sharp.
The star K1, shows that the requirement on minimum degree is necessary.

Bollobéds and Scott [5] proved Conjecture 1.2 for regular graphs. In fact, they proved
that almost every regular graph with m edges admits a balanced bipartition V7, V5 such that
max{e(V1),e(Va)} < m/4. In [15], Yan and Xu proved that every graph G with m edges
and A(G) — §(G) < 1 admits a balanced bipartition Vi,V such that max{e(V1),e(V2)} <
m/4+ O(n). Xu, Yan and Yu [14] proved Conjecture 1.2 for graphs G with A(G) < %5(G).

We prove Theorem 1.1 in Section 2. Since A(G) < m/12 when m > 3n, Theorem 1.1
implies Conjecture 1.2 for graphs with average degree at least 6. We will see in Section 3 that
Theorem 1.1 also implies Conjecture 1.2 for graphs with minimum degree at least 5.

Note that by taking a random balanced bipartition V7, V5 one expects to have e(V;) < m/4.
Bollobas and Scott [3] asked for conditions that guarantee a balanced bipartition Vi, Vs in a
graph with m edges such that max{e(V1),e(V2)} < (1+0(1))m/4, and suggested A(G) = o(n)
or 6(G) — oo as n — oo. As a consequence of Theorem 1.1, we confirm this in Section 3.

In [3], Bollobas and Scott ask the following question: For a graph G of order n and size
m, what are the largest and smallest cuts that we can guarantee with balanced bipartitions?
In Section 3, we show that if G is a graph with m edges and M is a maximum matching in
G, then G has a balanced bipartition Vi, Vs such that e(Vy, Vo) > m/2 + |M|/2. This lower
bound is sharp for complete graphs.

2 Balanced judicious bipartitions

In this section, we prove Theorem 1.1. For convenience, let A := A(G), ¢ := §(G), and let
r = |M]|.

Forie {§,0 +1,...,A}, let U; = {u: d(u) =i}, and let n; = |U;|, i.e., U; and n; are the
set and the number of vertices of degree i, respectively. Let A = {i:d <1i < A, n; is odd}.

A
Since n = Y n;, |A| has the same parity as n. So we have two cases according the parity
=0
of n.

Case 1. n and |A| are even.

Let A ={aj,az,...,a2}, where 6 <a; <as <--- < ag < A. Since |Uy,,| = ng, is odd for
each i € {1,2,...,2t}, Uy, is not empty. Thus we may choose a vertex z; € U,, that is not
covered by M, and set Uy := Uy, \ {x;}. Then |U, | is even.

Clearly there exists a balanced bipartition Vi, V5 of V(G) such that
(i) if n; is even, then |U; N Vi| = |U; N Vs,

(it) if n; is odd, then |U/ NVi| = |U/ N V3|,
(i17) for each edge wv € M, {u,v} NV, # 0 for j = 1,2, and
)

(’iU for ¢ € {1,... ,t} and j = 1,2, {l‘Qi_l,in} ﬂVj #* 0.



We may choose Vi, Vs so that
(v) subject to (i)-(iv), e(Vq, V) is maximum.

Without loss of generality, we assume that e(V;) > e(Va). By the choice of Vi and V3,
we may label the vertices of Vi as wy,us, ..., us, Usr1, ..., ur, and label the vertices of V5 as
V1,02, .« .y Vg, Ugt1, -« -, U, sSuch that {u;, v;} = {wej_1,x9;} for i € {1,2,...,t}, and wv; € M
fori e {k—r+1,...,k}. Then d(u;) =d(v;) for t +1 <i < k.

Since Y d(u) =2e(Vi) +e(V1,V2) and Y d(v) = 2¢e(Va) + e(Vi, Va),

ueVy veVa
2e(Vi) —e(Vo)) = > d(u)— Y dv)
uEVl veVa
< Z!d (us) — d(v;)
= ) (az —ai—1)
< A-s

Therefore, e(V7) —e(Va) < (A —§)/2.
We claim that for i =1,2,....k —r,
[N (ui) N Va| + [N (vi) N VA| = [N (uwi) 0 VA| + [N (vi) N Val,
and fori=k—r+1,...,k,
IN (ui) N Va| + [N (vi) " V1| > [N (u;) N V| + [N (vi) N Va| + 2.

To see this, fix ¢ € {1,...,k}, and set V] = (V1 \ {u;}) U{v;} and Vi = (Vo \ {v;}) U {uw;}.
By the choice of V1, Va, we have e(V/{,VJ) < e(V1,Va). Let ¢t := |N(u;) N Va| + [N (v;) N V4| —
(IN(u;) N VA| + |N(v;) N Va|). If ujv; € E(G) then e(Vi, Vo) > e(V{,Vy) = e(Vi, Vo) — t + 2;
and otherwise, e(V1,Va) > e(V/, V) = e(V1,V2) — t. Hence t > 2 if wv; € E(G), and t > 0

otherwise; so the claim follows.
k

k
Note that Y |N(u;) N Vi| =2e(V1), > |N(vi) N Va| = 2¢e(Va), and
i=1 =1

k
e(Vi, Vo) = >IN (us) N Va| = Z|sz YN VA
=1

Hence by the above claim,

N —

k
e(Vi,Va) = —ZrN (us) N Va| + [N (v;) N Vi)

>

N =

k
(Z |V (u; ﬁV’l\Jr\N(vz)ﬂVzl))

= eW1) +e(Va)+r.
Therefore, since 0 < e(V7) — e(Vg) < (A—=0)/2 and e(Vy) + e(Va) + e(V1, Va) = m, we have
max{e(V1),e(Va)} < (m —r+ A —=9)/4 and e(V1,V2) > (m +r)/2. So (1) of Theorem 1.1
holds.



Case 2. n and |A| are odd.

Let A = {bo,b1,...,bas}, where 6 < by < by < --- < byg < A. Since |Uyp,| = ny, is odd for
each i € {0,1,2,...,2s} (possibly s = 0), we may choose a vertex y; € Up, that is not covered
by M. Set Uy := Uy, \ {y:}. Then, |Uy | is even.

As in Case 1, there exists a balanced bipartition Vi, V5 of V(G) such that

() if n; is even, then |U; N V1| = |U; N Val,
(it) if n; is odd, then |U/ NVi| = |U/ N V3|,
(i) for each edge uv € M, {u,v} NV; # 0 for j = 1,2, and
(iv) fori e {1,...,s} and j = 1,2, {y2i—1,y2:} NV, # 0.
Again, we choose Vi, V5 so that
(v) subject to (i)-(iv), e(Vi, Va) is maximum.
Without loss of generality, we assume that e(Vi) > e(V3). Assume yy € V, for some
p € {1,2}. By (i)-(iv), |V,| = |V3—p| + 1. For i € {1,2}, let V/ =V if i # p, and otherwise let
V! = Vi\{yo}. Then we may label the vertices of V| as uy, ua, ..., us, Ust1,. .., ug, and label the
vertices of Vi as v1,va, ..., Vs, Ust1, ..., Uk, such that {u;, v;} = {y2i—1,y2:} fori € {1,2,... s},
and wv; € M fori € {k—r+1,...,k}. Then d(u;) = d(v;) for s+1 <i < k.
So by (i)-(iv),
2e(Vi) —e(2)) = D d(u)— Y d(v)

ueVy veVa

< d(yo) + Y |d(ui) — d(vy)|
i=1

= bo+ Y (bai — bai1).
i=1
If s = 0 then, since by < A, we have e(V}) — e(V2) < A/2. If s > 1 then 2(e(V}) —e(V3)) <
bo + (A —b1) < A, and hence e(Vy) — e(Va) < A/2. So we have 0 < e(V}) —e(Va) < A/2.
With the same arguments as that of Case 1, we can show that for ¢ =1,2,... k —r,
[N (i) N Va| + [N (vi) N VA = [N (ug) N Vi| + [N (v) N V2|
and fori=k—r+1,...,k,
[N (u;) N Vol + |[N(v;) N V1| > |N(u;) N V4| + | N(v;) N Va| + 2.
By the maximality of e(V,V5), we have
[N (yo) N Vol < [N(yo) N Va—pl.
Thus

e(V1,Va) =

NN

k
(\N(yO) NVapl + Y (IN(u:) N Va| + [N () N V1\)>

i=1

|
N —

k
(\N(yO) N Vol + Y (N (ui) N VA|+ N (v5) N V2\)> +r
i=1

= e(Vq) +e(Va) +r



Therefore, since 0 < e(Vy) —e(Va) < A/2 and e(Vh) + e(Va) + e(V1, V) = m, we have
max{e(V1),e(Va)} < (m —r+ A)/4 and e(V1,V2) > (m+1)/2. 1

From the proof of Theorem 1.1, one can extract a polynomial time algorithm for finding a
balanced bipartition satisfying the bounds in Theorem 1.1.

3 Related results

In this section we give further results on balanced bipartitions. First, we establish Conjec-
ture 1.2 for graphs with minimum degree at least 5.

Corollary 3.1 Let G be a graph with m edges and 6(G) > 5. Then G admits a balanced
bipartition Vi,V such that max{e(V1),e(Va)} < m/3.

Proof. Let n denote the number of vertices in G. If m > 3n then A(G) < n—1 < m/3;
and it follows from Theroem 1.1 that G admits a balanced bipartition Vi, Vs such that
max{e(V1),e(Va)} < (m+ A)/4 < m/3. Now assume m < 3n — 1. Then §(G) = 5.

Let t denote the number of vertices of degree 5, and let A := A(G). We may assume
t < n — 1; for otherwise GG is a regular graph and the assertion follows from the result of
Bollobas and Scott [5].

By Theorem 1.1, G admits a balanced bipartition Vj, V5 such that max{e(V7),e(V2)} <
(m+ A)/4. If (m + A)/4 < m/3, we are done. So we may assume that (m + A)/4 > m/3,
ie, A>m/3. Then 2m > A+6(n—t—1)+5t>m/34+6n—1t—6>m/3+5n—5 (since
t<n-—1). Som/3 >n—1, and hence A > m/3 > n — 1, a contradiction. 1

The next result is also a consequence of Theorem 1.1, which answers a problem of Bollobas
and Scott in [3].

Corollary 3.2 Let G be a graph with m edges and n vertices. Suppose A(G) = o(n), or
d(G) — o0 asn — oo. Then G admits a balanced bipartition Vi, Va such that max{e(V1),e(Va2)} <
(I1+o0(1))m/4.

Proof. 1If A(G) = o(m) then the assertion follows directly from Theorem 1.1. So we may
assume that A(G) = Q(m) and §(G) — oo as n — oo. Then since A(G) < n = O(m), we
must have m = ©(n). But this forces §(G) = O(1). Therefore, if §(G) — oo as n — oo, we
must have A(G) = o(m), and hence the assertion follows from Theorem 1.1. 1

We now give examples that show that the conditions in Corollary 3.2 is best possible in the
sense that it does not hold for graphs G with A(G) = ©(n) and §(G) = O(1). Let G = Ky, 1.,
where ny = 2k+1, ny+no = n, nis even, and n > 8k. Let V7, V5 be a balanced bipartition of G
and, without loss of generality, assume that V3 contains precisely [ vertices of degree n—(2k+1),
where [ > k+1. Then e(V;) = l(n/2—1). Note that the function f(I) = I(n/2—1) is increasing
on the interval [k+1,n/4]. Soe(V1) > (k+1)(n/2—k—1). Note that m := (2k+1)(n—2k—1)
is the number of edges in G. Therefore, e(Vy)/m > (k+1)/(4k + 2) + o(1).

These examples also show that c¢(k) > (k+1)/(4k + 2) + o(1), in the following problem of
Bollobas and Scott [3].



Problem 3.3 What is the smallest constant c(k) such that every graph G with minimal degree
at least k has a balanced bipartition with at most c(k)e(G) edges in each class?

In [3], Bollobas and Scott also posed a question concerning the bound analogous to that
of Edwards for maximum bipartite subgraphs: What are the sizes of the largest and smallest
bipartite subgraphs that one can guarantee with balanced bipartitions? Here we give a lower
bound on the size of a largest balanced bipartite subgraph.

Let G be a regular graph with m edges, and let M be a maximum matching of G. Since
G is regular, M is symmetric. So Theorem 1.1 ensures that G admits a balanced bipartition
V1, Va such that e(Vy, Va) > (m+|M|)/2. Next, we show that this bound holds for non-regular
graphs as well.

Theorem 3.4 Let G be a graph with m edges, and let M be a mazimum matching of G. Then
G admits a balanced bipartition Vi, Va such that e(Vi, Vo) > (m + |M])/2.

Proof. Let M = {ej,ea,...,e,} be a maximum matching of G, and let Vj, V52 be a balanced
bipartition of V(G) such that

(1) for each i € {1,2,...,r}, ¢; has one end in V; and the other in V5, and
(2) subject to (1), e(V1, V) is maximum.
Let Vi = {uj,ug,...,us} and Vo = {v1,vs,...,v¢}, such that s > t and e; = w;v; for
1=1,2,...,r.
As in the proof of Theorem 1.1, we can use (1) and (2) to show that for i =1,...,r,
IN(u;) N Vo] 4+ |N(v;) N V1| > |N(u;) N Vi| + | N(v;) N Va| + 2
and fori=r+1,...,t,
[N (ui) O V| + [N (vi) N V1| = [N (ug) 0 Vi] + [N (v;) N V2.
Moreover, if s = ¢+ 1 then |N(us) N Va| > |N(us) N V4.
Suppose s = t. Then

2m = Y (IN(w) N Vol + |[N(vi) N Vi) + Y (IN(ui) N VA| + [N (vi) N Va)
i—1 i=1

t t
2> [N(u) N Vel +2) IN(v:i) N VA|) —2r
i=1 i=1
= 46(V1, Vg) — 2.
Hence, e(V1,V2) > (m + |M])/2.
Now assume s =t + 1. Then

IN

s s t t
2m = Y IN(u) N Vel 4+ Y IN(w) N Vi + Y [N(u) N Vi + Y [N (v;) N VA
i=1 i=1 i=1 i=1

s t
< 2) IN(u) Vo[ +2>  IN(v) N V| = 2r
=1 i=1

= 4de(V1,Va) — 2r.



Again, e(V1,Va) > (m + |M])/2 as required. |

It is easy to see that the bound in Theorem 3.4 is best possible for complete graphs. Since
a maximum matching can be found in polynomial time [6], our proof implies a polynomial
time algorithm for finding a balanced bipartition as described in Theorem 3.4.

Theorem 3.4 gives a lower bound on the maximum size of a balanced bipartite subgraph
in terms of the size of a maximum matching. A natural question is the following formulation
of the Bollobas-Scott question mentioned above.

Problem 3.5 Is there a function f(m) such that every graph with m edges admits a balanced
bipartition having at least m/2 + f(m) edges between the two subsets?

In [14], it is proved that every graph G with A(G) < %5(G) admits a balance bipartition
V1,V such that max{e(V1),e(V2)} < |E(G)|/3. Its proof actually shows that for any graph
G with A(G) < I§(G), any balanced bipartition Vi,V of V(G) with e(V4,V5) maximum
(among all balanced bipartitions) must satisfy e(V;) < |E(G)|/3. Theorem 3.4 ensures that
the balanced bipartition Vi, Va constructed in [14] has e(Vi, V2) > (|E(G)| + m(G))/2, where
m(G) denotes the number of edges in a maximum matching of G. An example given in [14]
shows that there exist graphs G such that for any maximum balanced bipartition Vi, V5 of
V(G), max{e(V1),e(V2)} > |E(G)|/3. So it would be interesting to know which graphs G
admits a maximum balanced bipartition V;, V5 such that
max{e(V1),e(V2)} < |E(G)|/37
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