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Abstract We consider the design of semidefinite programming (SDP) based approximation algorithm for the

problem Max Hypergraph Cut with Limited Unbalance (MHC-LU): Find a partition of the vertices of a weighted

hypergraph H = (V,E) into two subsets V1, V2 with ||V2| − |V1|| 6 u for some given u and maximizing the total

weight of the edges meeting both V1 and V2. The problem MHC-LU generalizes several other combinatorial

optimization problems including Max Cut, Max Cut with Limited Unbalance (MC-LU), Max Set Splitting,

Max Ek-Set Splitting and Max Hypergraph Bisection. By generalizing several earlier ideas, we present an SDP

randomized approximation algorithm for MHC-LU with guaranteed worst-case performance ratios for various

unbalance parameters τ = u/|V |. We also give the worst-case performance ratio of the SDP-algorithm for

approximating MHC-LU regardless of the value of τ . Our strengthened SDP relaxation and rounding method

improve a result of Ageev and Sviridenko (2000) on Max Hypergraph Bisection (MHC-LU with u = 0), and

results of Andersson and Engebretsen (1999), Gaur and Krishnamurti (2001) and Zhang et al. (2004) on Max

Set Splitting (MHC-LU with u = |V |). Furthermore, our new formula for the performance ratio by a tighter

analysis compared with that in Galbiati and Maffioli (2007) is responsible for the improvement of a result of

Galbiati and Maffioli (2007) on MC-LU for some range of τ .
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1 Introduction

A hypergraph is an ordered pair H = (V,E) in which V := {1, 2, . . . ,m} is a finite nonempty set and

E := {S1, S2, . . . , Sn} is a collection of distinct nonempty subsets of V . V and E are the sets of vertices

and edges of H, respectively. A weighted hypergraph is a hypergraph together with a nonnegative real

function ω : E → R+. For convenience, we write ωj := ω(Sj). Given a partition V = V1∪V2, the edge Sj

is said to be a cut edge with respect to this partition if Sj ∩Vi ̸= ∅ for i = 1, 2. The Max Hypergraph Cut

with Limited Unbalance problem (MHC-LU) asks for a partition V = V1 ∪ V2 such that ||V2| − |V1|| 6 u

for some given u > 0 and the total weight of cut edges is maximized. Note that MHC-LU with u = 0
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is also called Max Hypergraph Bisection, and MHC-LU with u = m is also called Max Set Splitting or

Max Hypergraph Cut.

Hypergraphs partition arises naturally in important practical problems, including circuit design and

network planning, etc., [25,29,36]. For most of them, the unbalanced constraints make sense. For example

from the point of view of the circuit designer, the suitability of partition of circuit is not affected if one

relaxes the bisection constraint to limited unbalance and get better results as far as approximating the

optimum weight of the cut is concerned [17]. Since the partitioning of hypergraphs is critical in several

practical applications, many heuristic algorithms were developed [10, 31]. In this paper, we present a

polynomial time SDP randomized approximation algorithm for MHC-LU with guaranteed performance

ratio.

When the hypergraph is 2-uniform (a standard graph), MHC-LU is known as the Maximum Cut with

Limited Unbalance problem (MC-LU). Galbiati and Maffioli [17] first gave polynomial time randomized

approximation algorithms with nontrivial performance guarantees for MC-LU.

The well-known Max Cut problem is simply MHC-LU with u = m and |Sj | = 2 for all j. Goemans and

Williamson [19], in a major breakthrough, used semidefinite programming relaxation and hyperplane

rounding to obtain an approximation algorithm for the Max Cut problem with expected performance

guarantee 0.87856. This well-known algorithmic paradigm, with more sophisticated techniques, has been

applied to many previously studied problems [14–17,21,22,41,42].

When u = 0 and |Sj | = 2 for all j, MHC-LU is known as the Max Bisection problem. Frieze and

Jerrum [16] and Andersson [4] presented a 0.65-approximation algorithm for the Max Bisection problem,

and Ye [41] obtained a 0.699-approximation algorithm for the problem. Halperin and Zwick [21] improved

the performance ratio for the Max Bisection problem to 0.701, which was further improved by Feige and

Langberg [15] to 0.7028 using the RPR2 rounding technique. For the case of regular graphs, Feige et al.

improved the approximation ratio to 0.795 (0.834 for 3-regular graphs) [12, 13]. Recently, Raghavendra

and Tan [35] significantly improved all the above results to 0.85 by using the Lasserre Hierarchy. This

algorithm was further improved by Austrin et al. [7] to 0.8776 by also using a relaxation based on the

Lasserre Hierarchy.

When u = 1, MHC-LU asks for balanced bipartitions, i.e., partitions V = V1 ∪V2 such that ||V1|− |V2||
6 1. Bollobás and Scott [8] conjectured that if G is a graph with minimum degree at least 2, then V (G)

admits a balanced bipartition V1, V2 such that for each i ∈ {1, 2} at most |E(G)|/3 edges have both ends

in Vi. The minimum degree condition is necessary. Bollobás and Scott [9] established this conjecture

for regular graphs. Xu et al. [38, 39] proved this conjecture for graphs G with ∆(G) 6 7
5δ(G) or with

δ(G) > 5, where ∆(G) and δ(G) are maximum and minimum degrees of G, respectively. Lee et al. [30]

proved a nice asymptotic result claiming that every graph with m edges and minimum degree 2k or 2k+1

admits a balanced bipartition V1, V2 such that

max{e(V1), e(V2)} 6
(

k + 1

2(2k + 1)
+ o(1)

)
m

(when k = 1, its main item is m
3 ). The conjecture is confirmed recently by Xu and Yu [40]. They proved

that every graph G with m edges and minimum degree at least 2 admits a balanced bipartition V1, V2

with max{e(V1), e(V2)} < m/3 unless G is a triangle.

For u = m, MHC-LU becomes the so called Max Set Splitting problem. Andersson and Engebretsen [5]

presented a 0.72-approximation algorithm for this problem, and the approximation ratio was improved

to 0.7499 by Zhang et al. [42]. Gaur and Krishnamurti [18] gave a k/(k+1)-approximation algorithm for

the problem, where k > 3 is the minimum number of vertices in a hyperedge. Arora et al. [6] designed

a PTAS for dense instances of this problem. When restricted to k-uniform hypergraphs the Max Set

Splitting problem is known as the Max Ek-set splitting problem. For any fixed k > 2, Lovász [32] and

Petrank [34] have shown that Max Ek-set splitting problem is NP-hard and APX-complete, respectively.

When k = 2, Max Ek-set splitting problem is exactly the Max Cut problem. When k = 3, the performance

guarantee has been improved by Zwick [44] to 0.90871. (More precisely, Zwick [43,44] obtained a 0.90871-

approximation algorithm for MAX NAE-{3}-SAT, which is the restriction of MAX NAE SAT to instances
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in which all clauses are of size at most 3. MAX NAE SAT is a variant of the well known MAX SAT.

The objective of MAX NAE SAT is to maximize the clauses which contain both true and false literals.

Obviously, Max E3-set splitting is a special case of MAX NAE-{3}-SAT in which all literals appear

unnegated and thus can also be approximated with the 0.90871 performance guarantee.) When k > 4,

Alimonti [3] and Kann et al. [28] showed that Max Ek-set splitting problem can be approximated within

1− 21−k which is best possible [20,24].

Ageev and Sviridenko [1, 2] considered MHC-LU for u = m − 2k with more strict condition that

||V2|−|V1|| = u (hence |Vi| = k and |V3−i| = m−k for some i ∈ {1, 2}), and they gave a 0.5-approximation

algorithm based on linear programming. For graphs, Hassin and Rubinstein [23] presented a different

0.5-approximation with a better running time. Feige and Langberg [14] combined the method in [1]

with the semidefinite programming approach to design a (0.5 + ϵ)-approximation algorithm, where ϵ is

some unspecified small positive number. Han et al. [22] and Jäger and Srivastav [27] applied semidefinite

programming to obtain better approximation factors than previously known.

Recently, some new results and techniques based on semidefinite programming relaxations are obtained,

for example, see [7, 26, 35, 37]. Especially, the technique of the Lasserre Hierarchy can improve the

approximation ratios of many graph partitioning problems significantly from the theoretical point of

view. Although the new algorithms based on the Lasserre Hierarchy in [35] and [7] are very powerful,

the running time of the algorithm is probably nk in [35], where 10 < k < 100, and is O(n10100) in [7] by

loose estimation, respectively. Some classical methods like hyperplane rounding or outward rotations, still

have their own merits of fast running and easy implemention, especially for the problems of hypergraph.

In this paper, we apply semidefinite programming to the more general MHC-LU building on several

classical ideas of Goemans and Williamson [19] and Halperin and Zwick [21] (for Max Cut), Galbiati

and Maffioli [17] (for MC-LU), Ye [41] (for Max Bisection), Andersson and Engebretsen [5] and Zhang

et al. [42] (for Max Set Splitting). By solving the semidefinite programming relaxation of MHC-LU, we

obtain an (almost) optimal vector solution (v∗0 , v
∗
1 , . . . , v

∗
m). In previous work, these vectors are usually

rounded by applying an important technique named outward rotations [44] which combines the classical

hyperplane rounding method [19] with independent random choice to partition the coordinates into two

parts. Motivated by Halperin and Zwick [21] (for maximum graph bisection problems), we also apply the

idea of outward rotations to a linear randomized rounding method [21] and obtain better performance

ratios for MHC-LU when the minimum number of vertices in a hyperedge is 3 by combining the outward

rotations of random hyperplane rounding procedure with that of linear randomized rounding procedure.

Moreover, we present a generalized formula for the performance ratio for MHC-LU using some addi-

tional parameters. However, it remains open to find a best set of the parameters which optimizes the

generalized formula. In practice, the final ratios need to be obtained via a computer search over the

parameter space. For fast computations and easy verifications of computational results, we may assign

simple values to some of the parameters and simply perform 1-dimensional searches on the remaining

parameters. This turns out to be sufficient to improve the following numerical results, where τ = u/m is

known as the unbalance parameters:

• For τ = 0, we obtain approximation ratio 0.6271, improving the 0.5-approximation ratio of Ageev

and Sviridenko [2] for Max Hypergraph Bisection which was based on linear programming (see Table 1

for τ = 0). The improvement is a consequence of our strengthened SDP relaxation based approximation

algorithm.

• For τ = 1, i.e., the version of Max Set Splitting problem, our strengthened SDP relaxation and a

generalized formula of performance ratio (see Lemma 3.4) give approximation ratio 0.7524 which improves

the ratio 0.7499 in [42] (see Table 1 for τ = 1).

We report the lower bounds on the approximation ratios for MHC-LU, for a range of 0 < τ < 1,

in Table 1. The corresponding approximation values obtained previously are shown in the last row of

Table 1. Note that the “none”, in the last row of Table 1, represents no known previous result (as far as

we know). (All values reported in tables in this paper are truncated at the fourth decimal places.)

• We obtain approximation ratio 0.7741 for MHC-LU when the minimum number of vertices in a

hyperedge is 3 which improves the result 0.75 in Gaur and Krishnamurti [18] (see Table 2 for τ = 1).
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Table 1 The new results of MHC-LU compared with the previous results for some τ

τ 0 0.2500 0.5000 0.7500 0.9000 0.9990 1.0000

the new results 0.6271 0.7105 0.7130 0.7194 0.7353 0.7522 0.7524

the previous results 0.5000 none none none none none 0.7499

Table 2 The new results of MHC-LU compared with the previous results for some τ

when the minimum number of vertices in a hyperedge is 3

τ 0 0.2500 0.5000 0.7500 0.9000 0.9990 1.0000

the new results 0.7042 0.7459 0.7495 0.7564 0.7656 0.7740 0.7741

the previous results none none none none none none 0.7500

Table 3 The new results of MC-LU compared with the previous

results in [17] for some 0.5 < τ < 1

τ 0.6000 0.7000 0.8000 0.8500 0.9000 0.9500 0.9999

the new results 0.7987 0.8052 0.8191 0.8291 0.8417 0.8584 0.8785

the previous results 0.7950 0.7930 0.7900 0.8126 0.8340 0.8560 0.8780

This improvement is also due to the strengthened SDP relaxation and an improved rounding method by

combining the outward rotations of random hyperplane rounding procedure with that of linear randomized

rounding procedure. The lower bounds on the approximation ratios for MHC-LU when the minimum

number of vertices in a hyperedge is 3 are reported in Table 2, for a range of 0 6 τ 6 1.

• We show that one can further improve the performance ratios as those in [17] for Max Cut with

Limited Unbalance when 0.5 < τ < 1, using a new formula of performance ratio (see Lemma 6.1 with

|Sj | = 2 for all j) by tighter analysis compared with that in [17]. In Table 3, we report the lower bounds

on the approximation ratios for Max Cut with Limited Unbalance, for the same values of τ as in [17]

when 0.5 < τ < 1. The corresponding approximation ratios in [17] are shown in the last row of Table 3.

We also give a detailed explanation for the reason of improvements after Lemma 6.1 as the argument

needs part of the proof of the Lemma in Section 6.

At the end of Section 6, we present the first worst-case performance ratio 0.6271 of the SDP-algorithm

for approximating MHC-LU regardless of the value of τ .

This paper is organized as follows. In Section 2, we present a strengthened semidefinite programming

based approximation algorithm for MHC-LU. In Sections 3 and 4, we obtain the bounds on the expected

contribution of an edge before and after executing Step 5 which establish the performance guarantee

of our SDP algorithm for MHC-LU when τ = 1. In Section 5, we give the other expectation bound

after executing Step 5 which is used to obtain the performance ratio of the algorithm for MHC-LU when

0 6 τ < 1. In Section 6, we analyze the performance ratio of the SDP approximation algorithm and

propose interesting questions for further research. In Appendix, we present the proof of a lemma.

2 An SDP relaxation of MHC-LU

We first formulate MHC-LU as an integer program. Let H = (V,E) be a hypergraph with V = {1, . . . ,m}
and E = {S1, . . . , Sn}, and let ω be a nonnegative real function on E with ωj := ω(Sj).

Let x0 ∈ {−1, 1} be a reference variable. Let (V1, V2) be a cut of H such that ||V1| − |V2|| 6 u. For

each vertex i, let xi = x0 if i ∈ V1 and otherwise let xi = −x0. Then∣∣∣∣ m∑
i=1

x0xi

∣∣∣∣ = ∣∣∣∣ m∑
i=1

xi

∣∣∣∣ = ||V1| − |V2|| 6 u,
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so ( m∑
i=1

xi

)2

6 u2 and − u 6
m∑
i=1

x0xi 6 u.

Also note that ( ∑
i∈Sj

xi

)2

= |Sj |+ 2
∑

i<k∈Sj

xixk,

which implies ∑
i<k∈Sj

xixk > −⌊|Sj |/2⌋,

since |
∑

i∈Sj
xi| > 1 when |Sj | is odd.

Let zj = 1 if Sj is in the cut (V1, V2), and let zj = 0 otherwise. Then the total weight of the cut is

ω(V1, V2) =

n∑
j=1

ωjzj .

Note that if xi = xk for all i, k ∈ Sj , i.e., zj = 0, then∑
i<k∈Sj

(1− xixk)/2 = 0,

and if xi ̸= xk for some i, k ∈ Sj , i.e., zj ̸= 0, then∑
i<k∈Sj

(1− xixk)/2 > t(|Sj | − t),

for some 1 6 t 6 |Sj | − 1 (so t(|Sj | − t) > |Sj | − 1); hence

1

|Sj | − 1

∑
i<k∈Sj

1− xixk

2
> zj .

Thus MHC-LU can be formulated as the following quadratic integer program.

ωopt = max

n∑
j=1

ωjzj ,

s.t.
1

|Sj | − 1

∑
i<k∈Sj

1− xixk

2
> zj for all Sj ∈ E, (2.1)

∑
16i,k6m

xixk 6 u2, (2.2)

− u 6
∑

16i6m

x0xi 6 u, (2.3)

∑
i<k∈Sj

xixk > −⌊|Sj |/2⌋ for all Sj ∈ E, (2.4)

xi ∈ {−1, 1}, for i = 0, 1, 2, . . . ,m,

zj ∈ {0, 1}, for j = 1, . . . , n.

As mentioned in the Section 1, Max Set Splitting is the restricted versions of MHC-LU. We note that

constraint (2.1) is used in Andersson and Engebretsen [5] for Max Set Splitting. Constraint (2.2) is the

limited unbalance constraint used in Galbiati and Maffioli [17] for MC-LU. Constraint (2.4) is used in

Zhang et al. [42] to strengthen the SDP relaxation in [5] for Max Set Splitting. Note that constraint

(2.3) is not used in [17]. Although constraint (2.3) is implied by constraint (2.2), its corresponding con-

straint (2.8) in our SDP relaxation below, is not implied by constraint (2.7) (corresponding to constraint
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(2.2) above); and we also add further triangle inequalities (2.10) and (2.11) which were first used by Feige

and Goemans [11] to improve the performance ratio of the approximation algorithms for Max 2SAT and

Max DICUT. The triangle constraints (2.10) and (2.11) does not appear in the relaxation presented in [5]

and [42] for Max Set Splitting. So with constraints (2.8), (2.10) and (2.11) the following SDP relaxation

strengthens the SDP relaxations in [17], [5] and [42] for MC-LU and Max Set Splitting, respectively.

The SDP relaxation of the above quadratic integer program becomes:

ωSDP := max
n∑

i=1

ωjzj , (2.5)

s.t.
1

|Sj | − 1

∑
i<k∈Sj

1−Xik

2
> zj for all Sj ∈ E, (2.6)

∑
16i,k6m

Xik 6 u2, (2.7)

− u 6
∑

16i6m

X0i 6 u, (2.8)

∑
i<k∈Sj

Xik > −⌊|Sj |/2⌋ for all Sj ∈ E, (2.9)

−X0i −X0k +Xik > −1 for 1 6 i 6 k 6 m, (2.10)

Xik +Xil +Xkl > −1 for 0 6 i 6 k 6 l 6 m, (2.11)

Xii = 1 for i = 0, 1, . . . ,m,

X ≽ 0,

0 6 zj 6 1 for j = 1, 2, . . . , n,

where X ≽ 0 means that the (n+ 1)× (n+ 1) symmetric matrix X is positive semidefinite.

Throughout the paper, ω(V1, V \V1) denotes the weight of the cut (V1, V \V1), and τ = u/m denotes the

unbalance parameter. We now present an SDP-based approximation algorithm for MHC-LU as follows.

SDP-algorithm for MHC-LU.

Step 1. Solve problem (2.5) to obtain an almost optimal positive semidefinite matrix X∗ and a

vector z∗. Apply a Cholesky decomposition to X∗, X∗ = v ·vT, to obtain column vectors (v∗0 , v
∗
1 , . . . , v

∗
m)

of v. For a given 0 < ϵ < 1, repeat the following steps K = O((1/ϵ) log(1/ϵ)) times, and output the best

set V 1.

Step 2. Choose two rotation coefficients 0 < θ, θ′ 6 1, and a probability 0 6 ν 6 1. Construct two

sets of unit vectors (v0, v1, . . . , vm) and (v′0, v
′
1, . . . , v

′
m) such that vi · vj = θv∗i · v∗j , and v′i · v′j = θ′v∗i · v∗j

for every 0 6 i < j < m. Goto Step 3 with probability ν, and independently goto Step 4 with probability

1− ν.

Step 3. Choose a random vector r and for 0 6 i 6 m let x̂i = 1 if vi · r > 0, and x̂i = −1 otherwise.

Set V̂1 = {i : x̂i = x̂0}. Goto Step 5.

Step 4. For each i ∈ V , put i in V̂1, with probability (1 + v′0 · v′i)/2, and independently in V \ V̂1 with

probability (1− v′0 · v′i)/2.

Step 5. Given 0 6 p 6 1/2, each element in V̂1 or in V \ V̂1 has a probability of p of being assigned

to the opposite subset, independently. This gives a new partition (V1, V \ V1) of V . Let

Ṽ1 =

{
V1, if |V1| > m/2,

V \ V1, otherwise.

If |Ṽ1| 6 (m+ u)/2, let V 1 = Ṽ1, else goto Step 6.



Xu B G et al. Sci China Math 7

Step 6. Let Ṽ1 = {1, 2, . . . , T}. For each 1 6 t 6 T , define

B(t) := {Sj : t ∈ Sj ∩ Ṽ1 ̸= ∅ and Sj ∩ (V \ Ṽ1) ̸= ∅}.

Set

c(t) :=
∑

Sj∈B(t)

wj

|Sj ∩ Ṽ1|

as the contribution of vertex t to the weight of the cut (Ṽ1, V \ Ṽ1). Assume without loss of generality

that c(1) 6 · · · 6 c(T ). Let V 1 = Ṽ1 \ {1, 2, . . . , T − (m+ u)/2}.
Note that if we set θ = 1 in Step 2, the technique of randomized rounding in Step 3 is the hyperplane

rounding due to Goemans and Williamson [19]. The technique of outward rotations used in Step 3 is a

way of combining the classical hyperplane rounding method with independent random choice which was

used in [14,33,41,44].

If we set θ′ = 1 in Step 2, the technique of randomized rounding in Step 4 is the linear randomized

rounding due to Halperin and Zwick [21]. In Step 4, we combine the linear randomized rounding method

with independent random choice by using a new rotation parameter θ′. It turns out that we achieve better

performance ratios by combining the outward rotations of the random hyperplane rounding procedure

with that of the linear randomized rounding procedure for MHC-LU when the minimum number of

vertices in a hyperedge is 3. We point out that V̂1 in Steps 3 and 4 is only introduced for the rounding

analysis in Section 3.

The first part of Step 5 is a probabilistic postprocessing step, which perturbs the initial partition

(V̂1, V \ V̂1) obtained in Step 3 or Step 4 to construct a new partition (V1, V \ V1) correspondingly.

Step 6 adjusts the size of the sets in a partition to satisfy the limited unbalance constraint. We have

the following lemma.

Lemma 2.1. ω(V 1, V \ V 1) > m+u
2T ω(Ṽ1, V \ Ṽ1) if T > m+u

2 , and ω(V 1, V \ V 1) = ω(Ṽ1, V \ Ṽ1)

otherwise.

Proof. Step 6 reduces the number of vertices in Ṽ1 to (m + u)/2 by moving from Ṽ1 to V \Ṽ1 the

T−(m+u)/2 vertices with the smallest contributions to the cut. (Note that the condition ||V2|−|V1|| 6 u

may be written as m−u
2 6 |Vi| 6 m+u

2 for i = 1, 2.) Observe that

ω(Ṽ1, V \ Ṽ1) =
T∑

t=1

c(t).

Moreover, the construction of V 1 guarantees that

ω(V 1, V \ V 1)

(m+ u)/2
>

∑T
t=T−(m+u)/2+1 c(t)

(m+ u)/2
>

∑T
t=1 c(t)

T
=

ω(Ṽ1, V \ Ṽ1)

T
,

where the first inequality follows from definition of V1, and the second inequality holds because the

average over the largest numbers of a sequence is at least the average over the entire sequence. Therefore,

ω(V 1, V \ V 1) >
m+ u

2T
ω(Ṽ1, V \ Ṽ1)

if T > m+u
2 , and

ω(V 1, V \ V 1) = ω(Ṽ1, V \ Ṽ1)

otherwise.

To analyze the quality of the SDP approximation algorithm, we need to establish a lower bound on

E[ω(V1, V \ V1)]/ω
opt. By Lemma 2.1, we then wish to establish a lower bound on

E

[
m+ u

2T
· ω(Ṽ1, V \ Ṽ1)

]
/ωopt,
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which is also a lower bound on E[ω(V1, V \ V1)]/ω
opt. However, it is not easy to calculate the expected

value of m+u
2T ·ω(Ṽ1, V \Ṽ1), since both

m+u
2T and ω(Ṽ1, V \Ṽ1) are random variables and they are multiplied

together where T = |Ṽ1|. Instead, we study a family of random variables Z(γ) whose expected values

can be easily estimated and bounded, an idea first used by Frieze and Jerrum [16] for Max Bisection and

extended in [14,21,22,41]. For fixed values τ = u/m ∈ [0, 1] and γ > 0,

Z(γ) =
ω(Ṽ1, V \ Ṽ1)

ωopt
+ γ

|Ṽ1|(m− |Ṽ1|)
m2

.

Whenever Z(γ) fulfills its expectation, (i.e., Z(γ) > α(p) + γβ − o(1) (see Section 6)), we have

m+ u

2T
· ω(Ṽ1, V \ Ṽ1) > R(τ) · ωopt,

which establishes a performance ratio R(τ) of the SDP approximation algorithm in Section 6. Therefore,

the aim of the following sections (except the last one) is to give bounds on

E[ω(Ṽ1, V \ Ṽ1)] and E[|Ṽ1|(m− |Ṽ1|].

These bounds will be used in the last Section to give bounds on E[Z(γ)] and then to obtain the perfor-

mance ratio R(τ).

3 Bound on the expected contribution of an edge by Steps 1–4

To obtain the bound on E[ω(Ṽ1, V \ Ṽ1)] in terms of the maximum value ωopt, we need to establish the

bound on the expected contribution of an edge by executing Steps 1–4. Note that we have an initial cut

(V̂1, V \ V̂1) of H by executing Steps 1–4. An edge Sj is in this cut if there exists i, k ∈ Sj such that

i ∈ V̂1 and k ∈ V̂2 := V \ V̂1. The indicator random variables X̂ik and Û(Sj) are defined as

X̂ik =

{
−1, if i ∈ V̂i and k ∈ V \ V̂i, for i = 1, 2,

1, otherwise.

Û(Sj) =

{
1, if Sj ∈ (V̂1, V \ V̂1),

0, otherwise.

From [19,44], we have the following equality if the algorithm executes Step 3:

E[X̂ik] = (2/π) arcsin(θX∗
ik),

where X∗, z∗ is an optimal solution to (2.5).

If the algorithm executes Step 4, it is easily seen that

E[X̂ik] = (−1) ·
(
1 + θ′X∗

0i

2
· 1− θ′X∗

0k

2
+

1− θ′X∗
0i

2
· 1 + θ′X∗

0k

2

)
+ (+1)

(
1 + θ′X∗

0i

2
· 1 + θ′X∗

0k

2
+

1− θ′X∗
0i

2
· 1− θ′X∗

0k

2

)
= θ′2X∗

0iX
∗
0k.

Hence, from Steps 1–4, we have

E[X̂ik] = ν(2/π) arcsin(θX∗
ik) + (1− ν)θ′2X∗

0iX
∗
0k.

The main objective here is to establish a lower bound on the expected contribution of an individual

edge to the cut before executing Step 5. More precisely, we show that for any fixed s > 2 and s ∈ N there

exists a constant αs > 0 such that for each Sj ∈ E with |Sj | = s we have E[Û(Sj)] > αsz
∗
j .
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For convenience let S := Sj be an edge of H belonging to (V̂1, V \ V̂1). For the same reason as for

constraint (2.4), ∑
i<k∈S

X̂ik =
∑

i<k∈S

x̂ix̂k > −⌊|S|/2⌋.

So ∑
i<k∈S

1− X̂ik

2
6 (1/2)

[(
|S|
2

)
+ ⌊|S|/2⌋

]
6 L :=

{
|S|2/4, if |S| is even,
(|S|+ 1)(|S| − 1)/4, otherwise.

By the definition of Û(S), it follows that

E[Û(S)] > 1

L
E
[ ∑
i<k∈S

1− X̂ik

2

]
=

∑
i<k∈S

1− E[X̂ik]

2L

= f̂∗ :=
∑

i<k∈S

1− (ν(2/π) arcsin(θX∗
ik) + (1− ν)θ′2X∗

0iX
∗
0k)

2L
. (3.1)

It suffices to show that when z∗j > 0, there exists a constant α|S| > 0 (dependent only on |S|) such

that f̂∗/z∗j > α|S|. If |S| = 2, then L = 1 and

f̂∗/z∗j =
1− (ν(2/π) arcsin(θX∗

ik) + (1− ν)θ′2X∗
0iX

∗
0k)

2z∗j

> ν(1− (2/π) arcsin(θX∗
ik)) + (1− ν)(1− θ′2X∗

0iX
∗
0k)

2
1−X∗

ik

2

> min
−16X<1,−16Y61

ν(1− (2/π) arcsin(θX)) + (1− ν)(1− θ′2Y )

1−X
,

where the first inequality holds in view of z∗j 6 1−X∗
ik

2 by (2.6) and the last inequality holds because we

assume z∗j > 0 (so −1 6 X∗
ik < 1) and −1 6 X∗

0iX
∗
0k 6 1. We now define

α2 := min
−16X<1,−16Y61

ν (1− (2/π) arcsin(θX)) + (1− ν)(1− θ′2Y )

1−X
. (3.2)

When θ = 1 and ν = 1, α2 was calculated by Goemans and Williamson [19] to obtain a 0.878 approxi-

mation result for Max Cut.

Next, we consider the case when |S| > 3. For our purpose, we fix parameters θ, θ′ ∈ (0, 1] and ν ∈ [0, 1].

Let

N|S| = |S|(|S| − 1)/2, I = [−⌊|S|/2⌋, N|S|) and I ′ = [−|S|/2, N|S|].

For −1 6 X0i, X0k, Xik 6 1 which satisfy the triangle inequalities (2.10) and (2.11), we put

λ =
∑

i<k∈S

Xik and λ′ =
∑

i<k∈S

X0iX0k.

Let

z′(λ) = min

{
1,

N|s| − λ

2(|S| − 1)

}
,

h1(λ) =
∑

i<k∈S

1− (2/π) arcsin(θXik), where λ ∈ I,

h2(λ
′) =

∑
i<k∈S

(1− θ′2X0iX0k), where λ′ ∈ I ′.

Moreover, let α|S| = minλ∈I,λ′∈I′ α|S|(λ, λ
′), where

α|S|(λ, λ
′) = (νh1(λ) + (1− ν)h2(λ

′))/(2Lz′(λ)).

Then we have the following lemma.
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Lemma 3.1. f̂∗/z∗j > α|S|.

Proof. Let λ∗ =
∑

i<k∈S X∗
ik. By the constraints (2.6), (2.9) and the assumption z∗j > 0, we have

−⌊|S|/2⌋ 6 λ∗ 6 N|S| − 2z∗j (|S| − 1) < N|S|

and

z∗j 6 min

{
1,

1

|S| − 1

∑
i<k∈S

1−X∗
ik

2

}
= min

{
1,

N|S| − λ∗

2(|S| − 1)

}
= z′(λ∗). (3.3)

Moreover, let λ′∗ =
∑

i<k∈S X∗
0iX

∗
0k. Then we have

−|S|/2 6 λ′∗ 6 N|S|,

since (∑
i∈S

X∗
0i

)2

6 |S|+ 2
∑

i<k∈S

X∗
0iX

∗
0k,

and −1 6 X∗
0i 6 1 for i ∈ S.

From (3.1) and (3.3), we find

f̂∗/z∗j >
∑

i<k∈S

ν (1− (2/π) arcsin(θX∗
ik)) + (1− ν)(1− θ′2X∗

0iX
∗
0k)

2Lz′(λ∗)

> min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

α|S|(λ
∗, λ′∗)

> min
λ∈I,λ′∈I′

min
λ=

∑
i<k∈S Xik,λ′=

∑
i<k∈S X0iX0k

α|S|(λ, λ
′)

= α|S|,

where again −1 6 Xik, X0i, X0k 6 1 satisfy the triangle inequalities.

Since E[Û(S)] > f̂∗ > α|S|z
∗
j if z∗j = 0, we have by Lemma 3.1

Theorem 3.2. The expected contribution of the edge Sj to the cut generated by executing Steps 1–4

of our algorithm satisfies

E[Û(Sj)] > α|Sj |z
∗
j .

To establish the bound on the expected contribution of an edge after executing Step 5, we need to

compute α|S| efficiently. However, it is not easy to compute it directly. Therefore, we strive to provide a

good lower bound for α|S|. The key to establish the lower bound on α|S| is to obtain a lower bound on

h1(λ) for λ ∈ I first, since it is easy to calculate

h2(λ
′) =

∑
i<k∈S

(1− θ′2X0iX0k) = N|S| − θ′2λ′, for λ′ =
∑

i<k∈S

X0iX0k ∈ I ′.

A lower bound on h1(λ) is obtained by applying the following lemma which has already been proven

in [21] using the definitions of concavity and convexity.

Lemma 3.3. Given θ ∈ (0, 1], define

d(x) = 1− (2/π) arcsin(θx).

Then d(x) is convex in [−1, 0] and concave in [0, 1]. Therefore, d(x′) + d(y′) 6 d(x) + d(y) for −1 6 x 6
x′ 6 y′ 6 y 6 0 with x + y = x′ + y′, and d(x) + d(y) 6 d(x′) + d(y′) for 0 6 x 6 x′ 6 y′ 6 y 6 1 with

x+ y = x′ + y′.
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With the definition of d(x) in the above lemma, it is easily seen that

h1(λ) > h′
1(λ) := min

∑
i<k∈S

d(Xik), (3.4)

where the minimum is taken over all X such that λ =
∑

i<k∈S Xik, and −1 6 Xik 6 1 for 1 6 i < k 6 |S|.
Let X = (Xij) be a minimum solution to (3.4). Since d(x) is convex in [−1, 0] and concave in [0, 1]

by Lemma 3.3, we may choose a minimum solution X to (3.4) so that at most one entry of X belongs

to (0, 1) and all entries of X in [−1, 0] are equal. This nice structural property of the minimum solution

helps us calculate h′
1(λ) easily.

To derive a lower bound on α|S|, we need the following lemma. Let N = (|S| − 4)(|S| − 1)/2, N be a

nonnegative integer and

f1(x,N) = N|S| +N(2/π) arcsin(θ)− (N|S| −N − 1)(2/π) arcsin(θ)

− (2/π) arcsin(θ(x−N|S| + 2N + 1)),

f2(x,N) = N|S| − (N|S| −N)(2/π) arcsin(θ)−N(2/π) arcsin(θx),

l1 = min
N∈[0,N|S|−1]

{
min

λ∈I(N),λ∈I′
[νf1(λ,N) + (1− ν)h2(λ

′)]
}
,

where I(N) = [−⌊|S|/2⌋, N ] ∩ (N|S| − 2N − 1, N|S| − 2N),

l2 = min
N∈[1,N|S|]

{
min

λ∈J(N),λ′∈I′

[
νf2

(
λ− (N|S| −N)

N
,N

)
+ (1− ν)h2(λ

′)

]}
,

where J(N) = [−⌊|S|/2⌋, N ] ∩ [N|S| − 2N,N|S| −N ],

l3 = min
N∈[0,N|S|−1]

{
min

λ∈K(N),λ′∈I′

νf1(λ,N) + (1− ν)h2(λ
′)

N|S| − λ

}
,

where K(N) = [N,N|S|) ∩ (N|S| − 2N − 1, N|S| − 2N),

l4 = min
N∈[1,N|S|]

{
min

λ∈M(N),λ′∈I′

νf2(
λ−(N|S|−N)

N , N) + (1− ν)h2(λ
′)

N|S| − λ

}
,

where M(N) = [N,N|S|) ∩ [N|S| − 2N,N|S| −N ].

Lemma 3.4. Given fixed parameters θ, θ′ ∈ (0, 1] and ν ∈ [0, 1], we have

α|S| = min
λ∈I,λ′∈I′

α(λ, λ′) > min

{
1

2L
l1,

1

2L
l2,

|S| − 1

L
l3,

|S| − 1

L
l4

}
,

where again λ =
∑

i<k∈S Xik, λ′ =
∑

i<k∈S X0iX0k, and −1 6 X0i, X0k, Xik 6 1 satisfy the triangle

inequalities.

As the proof of this lemma is full of technical details, we leave it in the appendix. Note that for

any fixed |S| and nonnegative integer N , l1, l2, l3 and l4 can be evaluated numerically. (We used the

optimization toolbox of Matlab.) It is easily seen that our scheme enumerates at most O(|S|2) nonnegative
integers N with N 6 N|S| for calculating l1, l2, l3 or l4. We note that in the case when |S| = 3, it is not

hard to verify that α3 = 0.90871 by setting θ = 0.9789 and ν = 1 which achieves the same bound as in

Zwick [44] for Max E3-Set Splitting as mentioned in Section 1.

4 Bounding E[ω(Ṽ1, V \ Ṽ1)] after Step 5

The aim of this section is to derive a bound on E[ω(Ṽ1, V \ Ṽ1)] in terms of ωopt using the results in

the previous section. After executing Step 5 in our SDP-algorithm for MHC-LU, we have the second

partition V = Ṽ1 ∪ (V \ Ṽ1).

Let Ũ(Sj) be an indicator random variable, defined as follows:

Ũ(Sj) =

{
1, if Sj ∈ (Ṽ1, V \ Ṽ1),

0, otherwise.
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Recall the definition of α2 (see (3.2)) and from Lemma 3.1 the definition of αs := α|S| (with |S| = s) in

the previous section. For a suitable nonnegative integer M > 4 and for any integer s with 2 6 s < M , let

rs(p) = αs(1− p(1− p)s−1 − ps−1(1− p)) + (1− αs)(1− ps − (1− p)s),

rM (p) = 1− pM − (1− p)M .

Note that p is the probability used in Step 5. The following lemma is due to Andersson and Engebret-

sen [5], who also used the first part of Step 5 as a probabilistic postprocessing step to perturb an initial

partition to a new one in their algorithm for Max Set Splitting.

Lemma 4.1. For any integer M > 4 and any |Sj | > 2,

E[Ũ(Sj)] >
{
r|Sj |(p)z

∗
j , if |Sj | < M ,

rM (p), otherwise.

As an immediate consequence, we have the following corollary.

Corollary 4.2. For any integer M > 4 and any real number 0 6 p 6 1/2,∑
{j:|Sj |>2}

ωjE[Ũ(Sj)] >
∑

{j:26|Sj |<M}

ωjr|Sj |(p)z
∗
j +

∑
{j:|Sj |>M}

ωjrM (p).

Let α(p) = min26s6M rs(p). Recall that

ωSDP =
∑
j

ωjz
∗
j > max

∑
j

ωjzj = ωopt.

So we have the following lower bound on E[ω(Ṽ1, V \ Ṽ1)].

Corollary 4.3. For any integer M > 4 and any real number 0 6 p 6 1/2,

E[ω(Ṽ1, V \ Ṽ1)] =
∑

{j:|Sj |>2}

ωjE[Ũ(Sj)]

>
∑

{j:26|Sj |<M}

ωjr|Sj |(p)z
∗
j +

∑
{j:|Sj |>M}

ωjrM (p)z∗j

> α(p)ωSDP > α(p)ωopt.

For the hyperedge Sj with size |Sj | = 2, the ratio r2(p) can be improved due to the following lemma

given by Zhang et. al [42]. Let φθ(t) = (1/π) arccos(θ(1− 2t)) and let γθ be the minimizer of φθ(t)/t in

the interval (0, 1]. By setting x = 1− 2t one can show (see [19]) that

φθ(γθ)

γθ
= min

−16x<1

1− (2/π) arcsin(θx)

1− x
.

If the algorithm executes Steps 3 and 5 which are also used in [42] (for Max Set Splitting), Zhang et

al. [42] give an improved bound on the contribution to ω(Ṽ1, V \ Ṽ1) of the size 2 edges (in terms of their

contribution to the objective function) as follows.

Lemma 4.4. For |Sj | = 2,

ωjE[Ũ(Sj)] > min
γθ6x61

φθ(x)(1− 2p)2 + (2p− 2p2)

x
ωjz

∗
j .

It is easily seen that

r2(p) =
1− θ′2

2
(1− 2p)2 + (2p− 2p2)

is the ratio for the hyperedge with size Sj = 2 if the algorithm executes Steps 4 and 5. This follows by

the definition of r2(p), since

min
−16X<1,−16Y61

1− θ′2Y

1−X
=

1− θ′2

2
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is the bound on the expected contribution of an edge with size Sj = 2 by executing Steps 1, 2 and 4

(see Section 3). Since our algorithm executes independently Step 3 with probability ν, and Step 4 with

probability 1− ν, we have the following corollary.

Corollary 4.5. For |Sj | = 2,

ωjE[Ũ(Sj)] > ν min
γθ6x61

φθ(x)(1− 2p)2 + (2p− 2p2)

x
ωjz

∗
j

+ (1− ν)

(
1− θ′2

2
(1− 2p)2 + (2p− 2p2)

)
ωjz

∗
j .

We then let

r2(p) = ν min
γθ6x61

φθ(x)(1− 2p)2 + (2p− 2p2)

x
+ (1− ν)

(
1− θ′2

2
(1− 2p)2 + (2p− 2p2)

)
,

in the computation of α(p). Given θ, θ′, ν and M , for each 0 6 p 6 1/2, we can compute (using the results

in the previous section) the lower bounds on α(p) which is the performance guarantee of the algorithm

for MHC-LU when τ = 1, i.e., Max Set Splitting, by Corollary 4.3. For fast computations and easy

verifications of computational results, we only use the triangle inequalities for computing α3 and α4 in

the previous section and it is also sufficient for us to fix M = 15 for obtaining the desired performance

guarantee of our algorithm from numerical results. We then obtain approximation ratio 0.7524 for Max

Set Splitting by setting the other parameters θ = 0.967, p = 0.1 and ν = 1 which improves the result

0.7499 in Zhang et al. [42]. The improvement is a consequence of our strengthened SDP relaxation and the

generalized formula for the performance ratio (see Lemma 3.4 ). If we instead use α(p) = min36s6M rs(p)

by setting the parameters θ = 0.961, θ′ = 0.1, p = 0.1 and ν = 0.242, we then obtain an approximation

ratio 0.7741 for Max Set Splitting when the minimum number of vertices in a hyperedge is 3. Our

algorithm of combining the outward rotations of the random hyperplane rounding procedure with that

of a linear randomized rounding procedure improves the result 0.75 in Gaur and Krishnamurti [18].

5 Bounding E[|Ṽ1|(m− |Ṽ1|)]

We now proceed to establish a bound on E[|Ṽ1|(m − |Ṽ1|)], which will be used in the next section to

obtain the performance guarantee of our SDP algorithm for MHC-LU when 0 6 τ < 1.

First, let X̃ij be an indicator random variable after the algorithm executes Step 5, defined as (Ṽ2 :=

V \ Ṽ1)

X̃ij =

{
−1, if i ∈ Ṽi and j ∈ V \ Ṽi, for i = 1, 2,

1, otherwise.

We then have the following lemma if the algorithm executes Steps 3 and 5.

Lemma 5.1.

E[X̃ij ] =

{
1, if i = j,

(2/π)(1− 2p)2 arcsin(θX∗
ij), otherwise.

Proof. It is straightforward to see that if i = j, then E[X̃ij ] = 1. Now assume i ̸= j. By Step 3 of our

SDP algorithm in Section 2 and the definition of X̂ij in Section 3, we have

Pr[X̃ij = −1 | X̂ij = −1] = p2 + (1− p)2 = 1− 2p(1− p),

Pr[X̃ij = −1 | X̂ij = 1] = 2p(1− p) = 2p− 2p2,

and

E[X̃ij | X̂ij ] = Pr[X̃ij = 1 | X̂ij ]− Pr[X̃ij = −1 | X̂ij ]

= 1− Pr[X̃ij = −1 | X̂ij ]− Pr[X̃ij = −1 | X̂ij ]
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= 1− 2Pr[X̃ij = −1 | X̂ij ].

From [19,44], we have

Pr(X̂ij = −1) = arccos(θX∗
ij)/π.

Thus,

E[X̃ij ] = Pr(X̂ij = −1)E[X̃ij | X̂ij = −1] + Pr(X̂ij = 1)E[X̃ij | X̂ij = 1]

= Pr(X̂ij = −1)(1− 2Pr[X̃ij = −1 | X̂ij = −1]) + Pr(X̂ij = 1)(1− 2Pr[X̃ij = −1 | X̂ij = 1])

= Pr(X̂ij = −1)(4p− 4p2 − 1) + (1− Pr(X̂ij = −1))(1− 4p+ 4p2)

= (1− 2p)2(1− 2Pr(X̂ij = −1))

= (2/π)(1− 2p)2(π/2− arccos(θX∗
ij))

= (2/π)(1− 2p)2 arcsin(θX∗
ij).

Next, for 1 6 i 6 m let p(i) be the probability of putting i into V1 if the algorithm executes Steps 4

and 5. We have the following lemma.

Lemma 5.2.

p(i) =
1 + (1− 2p)θ′X∗

0i

2
.

Proof. Recall that V̂1 is formed in Step 4 by adding, independently, each 1 6 i 6 m with probability
1+θ′X∗

0i

2 , and V1 is constructed in Step 5 by independently perturbing each element of V̂1 with probability p

to the opposite subset and each element of the opposite subset to V̂1. It is easily seen that

p(i) =
1 + θ′X∗

0i

2
(1− p) +

1− θ′X∗
0i

2
p =

1 + (1− 2p)θ′X∗
0i

2
.

Recall that m is the number of vertices and τ = u/m is the unbalance parameter. Let

χ = min
−16x<1

(2/π)(1− 2p)2
arcsin(θ)− arcsin(θx)

1− x
,

φχ = 1− (2/π)(1− 2p)2 arcsin(θ).

We can now present the bound on E(|Ṽ1|(m− |Ṽ1|)) as follows.
Lemma 5.3. For sufficiently large m,

E[|Ṽ1|(m− |Ṽ1|)] >
m2

4
(ν(φχ + (1− τ2)χ) + (1− ν)(1− θ′(1− 2p)τ)2 + o(1)).

Proof. Note that the algorithm executes independently Step 3 with probability ν, and Step 4 with

probability 1− ν. In Step 5, we have Ṽ1 = V1 if |V1| > m/2, and Ṽ1 = V \V1 otherwise. So |Ṽ1|(m−|Ṽ1|)
= |V1|(m− |V \ V1|) and

E[|Ṽ1|(m− |Ṽ1|)] = νE[(1/4)
∑
i,j

(1− X̃ij)] + (1− ν)
∑

16i ̸=j6m

p(i)(1− p(j))

= ν(1/4)
∑
i ̸=j

(1− (2/π)(1− 2p)2 arcsin(θX∗
ij))

+ (1− ν)
∑

16i ̸=j6m

(
1 + (1− 2p)θ′X∗

0i

2
·
1− (1− 2p)θ′X∗

0j

2

)
= ν(1/4)

∑
i ̸=j

(φχ + (2/π)(1− 2p)2(arcsin(θ)− arcsin(θX∗
ij)))

+ (1− ν)

m∑
i=1

(
1 + (1− 2p)θ′X∗

0i

2
·
∑
j ̸=i

1− (1− 2p)θ′X∗
0j

2

)
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> ν(1/4)
∑
i ̸=j

(φχ + (1−X∗
ij)χ)

+ (1− ν)

m∑
i=1

(
1 + (1− 2p)θ′X∗

0i

2
·

m∑
j=1

(
1− (1− 2p)θ′X∗

0j

2
− 1− (1− 2p)θ′X∗

0i

2

))

> ν(1/4)

(∑
i ̸=j

φχ + (m2 − u2)χ

)

+ (1− ν)

(
m

2
− (1− 2p)θ′u

2

)( m∑
j=1

1− (1− 2p)θ′X∗
0j

2
− 1

)
> ν(1/4)(m(m− 1)φχ +m2(1− τ2χ))

+ (1− ν)m

(
1

2
− θ′(1− 2p)τ

2

)(
m

2
− θ′(1− 2p)u

2
− 1

)
= ν(1/4)m2((1− 1/m)φχ + (1− τ2)χ)

+ (1− ν)m2

(
1

2
− θ′(1− 2p)τ

2

)(
1

2
− θ′(1− 2p)τ

2
− 1

m

)
= (1/4)m2(ν(φχ + (1− τ2)χ) + (1− ν)(1− θ′(1− 2p)τ)2 + o(1)) (since m is large),

where the second equality follows from Lemmas 5.1 and 5.2, the first inequality follows from the definition

of χ, and the second inequality follows from (2.7) (note that when i = j, X∗
ii = 1, so

∑
i ̸=j(1 − X∗

ij)

> m2 − u2), and (2.8) (
∑m

i=1 X
∗
0i 6 u).

6 The quality of the SDP approximation algorithm.

Recall that τ = u/m ∈ [0, 1] is the unbalance parameter. For γ > 0, let

Z(γ) =
ω(Ṽ1, V \ Ṽ1)

ωopt
+ γ

|Ṽ1|(m− |Ṽ1|)
m2

.

Also recall that V 1 is given in Step 6 of our SDP algorithm. We now give a lower bound on ω(V 1, V \V 1)

in terms of ωopt, whenever Z(γ) fulfills its expectation. This will be used to establish the bound on the

quality of the SDP approximation algorithm for MHC-LU when 0 6 τ < 1.

First, we show that

ω(Ṽ1, V \ Ṽ1)/ω
opt 6 2/(1 + τ).

If |Ṽ1| 6 (m+ u)/2 then V 1 = Ṽ1 (see Step 6 of our algorithm in Section 2), and hence

ω(Ṽ1, V \ Ṽ1)/ω
opt 6 ω(Ṽ1, V \ Ṽ1)/ω(V 1, V \ V 1) = 1 6 2/(1 + τ).

So we may assume |Ṽ1| > (m+ u)/2. Then by Lemma 2.1,

ω(Ṽ1, V \ Ṽ1)/ω(V 1, V \ V 1) 6 2|Ṽ1|/(m+ u),

and hence

ω(Ṽ1, V \ Ṽ1)/ω
opt 6 ω(Ṽ1, V \ Ṽ1)/ω(V 1, V \ V 1) 6 2|Ṽ1|/(m+ u) 6 2m/(m+ u) = 2/(1 + τ).

Since

γ
|Ṽ1|(m− |Ṽ1|)

m2
=

(
− |Ṽ1|2

m2
+

|Ṽ1|
m

)
γ 6 γ

4
,

we have

Z(γ) 6 A :=
2

1 + τ
+

γ

4
. (6.1)
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Let

β = (ν(φχ + (1− τ2)χ) + (1− ν)(1− θ′(1− 2p)τ)2 + o(1))/4.

Then by Corollary 4.3 and Lemma 5.3, we have

E(Z(γ)) = E(ω(Ṽ1, V \ Ṽ1))/ω
opt + γE(|Ṽ1|(m− |Ṽ1|))/m2 > B := α(p) + γβ. (6.2)

For any given 0 < ϵ < 1, let

r = Pr{Z(γ) < B − ϵ(A−B)}.

Then

E[Z(γ)] < r(B − ϵ(A−B)) + (1− r)max(Z(γ)). (6.3)

From (6.1)–(6.3), we have

r <
A−B

A−B + ϵ(A−B)
=

1

1 + ϵ
.

We run the proposed algorithm K = O((1/ϵ) log(1/ϵ)) times, and denote the maximum value of Z(γ)

in these K runs by ZK . Then

Pr(ZK < B − ϵ(A−B)) 6 rK <

(
1

1 + ϵ

)K

6 ϵ.

This implies that

ZK > B −O(ϵ) = α(p) + γβ −O(ϵ)

with probability at least 1− ϵ. Since ϵ can be made arbitrarily small, almost surely

ω(Ṽ1, V \ Ṽ1)

ωopt
+ γ

|Ṽ1|(m− |Ṽ1|)
m2

= Z(γ) > α(p) + γβ − o(1). (6.4)

Let |Ṽ1| = qm, where 1/2 6 q 6 1 (see Step 5 in Section 2). Then from (6.4), almost surely,

ω(Ṽ1, V \ Ṽ1)

ωopt
> α(p) + γβ − γq(1− q)− o(1).

By Lemma 2.1, if |Ṽ1| 6 m+u
2 , we obtain

ω(V 1, V \ V 1) = ω(Ṽ1, V \ Ṽ1),

otherwise, we have (almost surely)

ω(V 1, V \ V 1)

ωopt
> m+ u

2|Ṽ1|
· ω(Ṽ1, V \ Ṽ1)

ωopt
=

1 + τ

2q
· ω(Ṽ1, V \ Ṽ1)

ωopt

> 1 + τ

2q
(α(p) + γβ − γq(1− q)− o(1)).

Write

µ(q) = α(p) + γβ − γq(1− q).

Then almost surely,
ω(V 1, V \ V 1)

ωopt
> min

{
µ(q)− o(1),

1 + τ

2q
µ(q)− o(1)

}
.

We now compute the lower bound on ω(V 1, V \ V 1) in terms of ωopt, whenever Z(γ) fulfills its expec-

tation. Let

γ0 =
α(p)

2β

(
1√

1− 4β
− 1

)
,
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γ1 =
4α(p)

(1 + 2τ)2 − 4β
,

γ2 =
α(p)(2− 2τ)

1− 2(1− τ)β
.

Note that γ0, γ1 and γ2 are chosen to optimize certain functions. Now we have the following lemma.

Lemma 6.1. If the random variable fulfills its expectation, i.e., Z(γ) > α(p) + γβ − o(1), then almost

surely,

ω(V 1, V \ V 1)/ω
opt > R(τ)− o(1),

where

R(τ) =


R0, if τ = 0, β < 1/4 and α(p)

1−β 6 γ = γ0 6 4α(p)

1−4β ,

R1, if 0 < τ 6 1/2, and γ = γ1,

R2, if 1/2 < τ < 1, and γ = γ2,

and

R0 =
α(p)

1 +
√
1− 4β

,

R1 =
α(p)(1 + τ)τ

(1 + 2τ)2/4− β
,

R2 =
α(p)(1 + τ)

2− 4(1− τ)β
.

Proof. When τ = 0, we have

ω(V 1, V \ V 1)/ω
opt > min

{
µ(q)− o(1),

1 + τ

2q
µ(q)− o(1)

}
= min

{
µ(q)− o(1),

µ(q)

2q
− o(1)

}
> µ(q)

2q
− o(1)

= (α(p) + γβ − γq(1− q))/(2q)− o(1)

>
√
γ(α(p) + γβ)− γ/2− o(1)

> α(p)/(1 +
√

1− 4β)− o(1)

= R0 − o(1).

The second inequality follows from q > 1/2. The third inequality follows from the simple calculus

that q = q∗ =
√
α(p)/γ + β yields the minimal value for µ(q)

2q when q ∈ [1/2, 1]. It is easy to verify that

q∗ ∈ [1/2, 1] if 4β < 1 and

α(p)/(1− β) 6 γ 6 4α(p)/(1− 4β).

Substituting γ = γ0 into the third inequality yields the maximal value for
√
α(p) + γβ − γ/2 and gives

the last inequality. So we obtain the first result in the lemma.

Next, when τ > 0, we select γ = γ1 and γ = γ2 when 0 < τ 6 1/2 and 1/2 6 τ 6 1, respectively, to

make the minimal values of ω(V 1, V \ V 1)/ω
opt equal in both of the cases of

1 + τ

2q
6 1 and

1 + τ

2q
> 1.

Case 1. Suppose 1+τ
2q 6 1. Then q ∈ [ (1+τ)

2 , 1], and

ω(V 1, V \ V 1)/ω
opt > 1 + τ

2q
µ(q)− o(1).
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Simple calculations show that the function 1+τ
2q µ(q) has q∗ =

√
α(p)/γ + β as its stationary point and is

decreasing in (0, q∗).

If 0 < τ 6 1/2 and γ = γ1, then q∗ = (1+2τ)/2; so (1+τ)
2 < q∗ 6 1, and the function 1+τ

2q µ(q) achieves

its minimal value at q = q∗ ∈ ( (1+τ)
2 , 1]. Thus,

ω(V 1, V \ V 1)

ωopt
> 1 + τ

2q∗
µ(q∗)− o(1)

= (2
√

(α(p) + γβ)γ − γ)
1 + τ

2
− o(1)

=
α(p)(1 + τ)τ

(1 + 2τ)2/4− β
− o(1)

= R1 − o(1).

If 1/2 < τ < 1 and γ = γ2, then

q∗ =

√
1

2− 2τ
.

Since τ > 1/2, q∗ > 1, it follows that the minimal value of 1+τ
2q µ(q) is achieved at 1 by the fact that

1+τ
2q µ(q) is decreasing in (0, q∗) and q ∈ [ (1+τ)

2 , 1]. Then

ω(V 1, V \ V 1)

ωopt
> 1 + τ

2q
µ(q)− o(1) > 1 + τ

2
µ(1)− o(1)

=
α(p)(1 + τ)

2− 4(1− τ)β
− o(1) = R2 − o(1).

Case 2. Now assume 1+τ
2q > 1. Then 1/2 6 q 6 1+τ

2 , and

ω(V 1, V \ V 1)/ω
opt > µ(q)− o(1).

Simple calculations show that µ(q) has a minimum value at q∗ = 1
2 .

If 0 < τ 6 1/2 and γ = γ1, we have

ω(V 1, V \ V 1)/ω
opt > µ(q∗)− o(1)

= α(p) + γβ − γ/4− o(1)

=
α(p)(1 + τ)τ

(1 + 2τ)2/4− β
− o(1)

= R1 − o(1).

If 1/2 < τ < 1 and γ = γ2, we have

ω(V 1, V \ V 1)/ω
opt > µ(q∗)− o(1) =

α(p)(1 + τ)

2− 4(1− τ)β
− o(1) = R2 − o(1).

This completes the proof.

For given fixed value τ , we select θ, θ′, ν, p as solution to

maxR(τ) (6.5)

s.t. 0 < θ 6 1,

0 < θ′ 6 1,

0 6 ν 6 1,

0 6 p 6 0.5.

Then, we have the following conclusion:
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Theorem 6.2. For given fixed value τ , the worst-case performance ratio of the SDP-algorithm for

approximating MHC-LU is at least R(τ)− o(1).

The quality of the approximation depends on the optimization of R(τ) over all parameters θ, θ′, ν

and p. However, it is not easy to compute maxR(τ) from (6.5). It would be interesting to have an

efficient scheme for finding a best set of these parameters.

In practice, instead of solving (6.5) one could perform 1-dimensional searches on the parameters (with τ

fixed) and obtain a lower bound R
∗
(τ) on the performance guarantee of the algorithm. The use of

numerical methods to evaluate the performance guarantee is rather common for SDP-based approximation

algorithms, see [11,14–17,19,21,22,41,42]. For fast computations and easy verifications of computational

results, we may assign simple values to some of the parameters and simply perform 1-dimensional searches

on the remaining parameters. This turns out to be sufficient to improve some previous known results

mentioned in the introduction. Table 4 shows the values of parameters used in such computations of

R
∗
(τ) for MHC-LU for the same range of 0 6 τ < 1 as that in Table 1. It seems that ν = 1 is the

optimal choices for the problem from numerical results. Table 5 shows the values of parameters used

in such computations of R
∗
(τ) for MHC-LU for the same range of 0 6 τ < 1 as that in Table 2 when

the minimum number of vertices in a hyperedge is 3. In such cases, our algorithm of combining the

outward rotations of a random hyperplane rounding procedure with that of a linear randomized rounding

procedure can always obtain better performance ratios from numerical results.

Note that α(p) = r2(p) holds when the hypergraph is 2-uniform (a standard graph). If we replace α(p)

by r2(p) in Lemma 6.1 and Theorem 6.2, we obtain the corresponding results for Max Cut with Limited

Unbalance. It seems that ν = 1 and p = 0 are the optimal choices for the problem from numerical results.

Table 6 shows the values of parameters used in such computations of R
∗
(τ) for MC-LU for the same

range of τ as that in Table 3.

We next give a detailed explanation for the reason of numerical improvements shown in Table 3. When

0 6 τ 6 0.5, we have the same performance ratios as those in [17], as we use the same idea for estimating

the values of performance ratios in these cases. The main idea is to choose a suitable formula of γ such

that the minimum value of (1+τ)µ(q)
2q is equal to that of µ(q) which occurs if q = q∗ (see the proof of

Lemma 6.1). However, when 0.5 < τ <
√
2/3, we obtain improved results compared with that in [17],

since we have shown in the proof of Lemma 6.1 that the minimum value of (1+τ)µ(q)
2q is (1+τ)µ(1)

2 . This

value is greater than or equal to the value (1+τ)µ(q∗)
2q∗ used in [17] (due to q∗ > 1 and the fact that 1+τ

2q µ(q)

is decreasing in (0, q∗)).

At last, we explain the reason that our performance ratios are still better than those in [17] despite a

new formula (= 0.87856 1+τ
2 ) for the performance ratios for τ >

√
2/3 is used in [17]. In these cases, our

formula for the performance ratio is

R2 =
α(p)(1 + τ)

2− 4(1− τ)β
=

r2(p)

1− 2(1− τ)β
· 1 + τ

2
,

where ν = 1 and p = 0. Then by choosing the other parameter values shown as in Table 6 for τ >
√
2/3

where 1 − 2(1 − τ)β 6 1, it is easy to verify that the better numerical results (> 0.87856 1+τ
2 ) can be

obtained (see Table 3).

Table 4 Values of parameters used in the computation of R
∗
(τ) for MHC-LU for some τ

τ 0 0.25000 0.50000 0.75000 0.80000 0.90000 0.99900

θ 0.92300 0.96700 0.96700 0.96700 0.96700 0.96700 0.96700

p 0.10000 0.10000 0.10000 0.10000 0.10000 0.10000 0.10000

γ 7.21650 2.27350 0.95060 0.41060 0.32160 0.15480 0.00150

β 0.24240 0.23150 0.20580 0.16920 0.16040 0.13950 0.11164

α(p) 0.73600 0.75240 0.75240 0.75240 0.75240 0.75240 0.75240

R
∗
(τ) 0.62710 0.71050 0.71300 0.71940 0.72450 0.73530 0.75220
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Table 5 Values of parameters used in the computation of R
∗
(τ) for MHC-LU for some τ

when the minimum number of vertices in a hyperedge is 3

τ 0 0.2500 0.5000 0.7500 0.9000 0.9990

θ 0.9610 0.9610 0.9610 0.9610 0.9610 0.9610

θ′ 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000

p 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000

ν 0.2420 0.2420 0.2420 0.2420 0.2420 0.2420

γ 14.1884 2.3870 0.9993 0.4322 0.1612 0.0015

β 0.2475 0.2382 0.2253 0.2089 0.1974 0.1891

α(p) 0.7741 0.7741 0.7741 0.7741 0.7741 0.7741

R
∗
(τ) 0.7042 0.7459 0.7495 0.7564 0.7656 0.7740

Table 6 Values of parameters used in the computation of R
∗
(τ) for MC-LU for some τ

τ 0.6000 0.7000 0.8000 0.8500 0.9000 0.9500 0.9999

θ 0.9800 0.9900 0.9900 0.9900 1.0000 1.0000 1.0000

γ 0.7987 0.5684 0.1272 0.2689 0.1772 0.0880 0.0002

β 0.1591 0.1272 0.0964 0.0795 0.0417 0.0214 0.0000

αp 0.8713 0.8750 0.8750 0.8750 0.8786 0.8786 0.8786

R
∗
(τ) 0.7987 0.8052 0.8191 0.8291 0.8417 0.8584 0.8785

Due to the use of Lemma 5.3, the values reported in the above tables are correct only for sufficiently

large m.

Finally, we give the worst-case performance ratio of the SDP-algorithm for approximating MHC-LU

regardless of the value of τ .

Theorem 6.3. The worst-case performance ratio of the SDP-algorithm for approximating MHC-LU

is at least R0 − o(1).

Proof. Since τ > 0, we have, with the same arguments as that in the proof of Lemma 6.1,

ω(V 1, V \ V 1)/ω
opt > min

{
µ(q)− o(1),

(1 + τ)µ(q)

2q
− o(1)

}
> min

{
µ(q)− o(1),

µ(q)

2q
− o(1)

}
> R0 − o(1).

Thus, the worst-case performance ratio of our SDP-algorithm for approximating MHC-LU is at least

R0 − o(1), regardless of the value of τ .

It is easy to see that the numerical worst-case performance ratio of the SDP-algorithm for approxi-

mating MHC-LU, regardless of the value of τ , is 0.6271 which is the same as that for MHC-LU when

τ = 0.

The technique of the Lasserre Hierarchy is to use a family of stronger SDP relaxations derived by

the so-called Lasserre lift-and-project system whose vector solutions enjoy nice structural properties. It

is very interesting to consider whether an application of Lasserre Hierarchy can lead to a significantly

improved approximation ratio for MHC-LU.
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A Appendix: Proof of Lemma 3.4

We give the proof of Lemma 3.4 by using Lemma 3.3.

Proof of Lemma 3.4. First, we show that one can choose a minimum solution X to (3.4) (in Section 3)

so that at most one entry of X belongs to (0, 1) and all entries of X in [−1, 0] are equal. Let X = (Xij)

be a minimum solution to (3.4). By Lemma 3.3, d(x) is convex in [−1, 0] and concave in [0, 1].

Then we may choose a minimum solution X to (3.4) so that at most one entry of X belongs to (0, 1).

Suppose Xik < Xst and Xik, Xst ∈ (0, 1). Let ϵ = min{1−Xst, Xik}. By Lemma 3.3, replacing Xik, Xst

with Xik − ϵ,Xst + ϵ, respectively, does not increase
∑

i<k∈S d(Xik) (while maintaining the equation

constraint). So we obtain a new minimum solution to (3.4) with fewer entries in (0, 1). Continuing this

process, we arrive at the desired solution X.

We may further choose X so that all entries of X in [−1, 0] are equal. Let Xik, Xst ∈ [−1, 0] with

Xik < Xst. Now replacing Xik and Xst with (Xik + Xst)/2, we obtain a minimum solution to (3.4)

with smaller number of pairs of non-equal entries of X in [−1, 0]. Continuing this process, we obtain the

desired X.

If there is some entry Xpq ∈ (0, 1), we claim that all other entries of X must be in {−1, 1}. Otherwise,

let Xpq ∈ (0, 1) and assume that there are some entries of X in (−1, 0] (which must be equal by the choice

of X above). Since X is a minimum solution to (3.4), every Xik ∈ (−1, 1) must satisfy the Karush-Kuhn-

Tucker condition: There exists a Lagrange multiplier t for the equality constraint λ =
∑

i<k∈S in (3.4)

such that every Xik ∈ (−1, 1) satisfies

−2θ/(π
√

1− (θXik) = t.
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So

Xik = (±
√
1− (2θ/πt)2)/θ. (A.1)

Now suppose Xst ∈ (−1, 0]. Then Xst < Xpq and both Xst and Xpq belong to (−1, 1). Therefore, we

have Xst = (−
√
1− (2θ/πt)2)/θ, Xpq = (

√
1− (2θ/πt)2)/θ, and

1− (2θ/πt)2 > 0. (A.2)

Then

d(Xst) + d(Xpq) = 1− (2/π) arcsin(θXst) + 1− (2/π) arcsin(θXpq)

= 1− (2/π) arcsin(−θ
√
1− (2θ/πt)2) + 1− (2/π) arcsin(θ

√
1− (2θ/πt)2)

= 2− 2 · (2/π) arcsin(0)
= 2 · d(0).

By replacing both Xst and Xpq with 0 and keeping all other entries of X unchanged, we obtain a new

minimal solution with some entries in (−1, 1) not satisfying (A.1) and (A.2), a contradiction. Thus, if

there is some entry Xpq ∈ (0, 1), then all other entries of X must be in {−1, 1}.
The above properties of the minimum solution will help us calculate h′

1(λ) (in (3.4)) and then obtain

a lower bound on α|S|. Recall that

z′(λ∗) = min

{
1,

N|S| − λ∗

2(|S| − 1)

}
from (3.3) in the proof of Lemma 3.1. So z′(λ∗) = 1 when λ∗ ∈ I1 := [−⌊|S|/2⌋, N ], where N =

(|S| − 4)(|S| − 1)/2; and z′(λ∗) =
N|s|−λ∗

2(|S|−1) when λ∗ ∈ I2 := [N,N|S|), where N|S| = |S|(|S| − 1)/2. To

obtain a lower bound on α|S|, we next distinguish two cases.

Subcase 2.1. λ∗ ∈ I1. In this case we have z′(λ∗) = 1.

From the proof of Lemma 3.1, it follows

f̂∗/z∗j > min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S(X0iX0k)

α|S|(λ
∗, λ′∗)

= min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S(X0iX0k)

(νh1(λ
∗) + (1− ν)h2(λ

′∗))/(2Lz′(λ∗))

= min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S(X0iX0k)

(νh′
1(λ

∗) + (1− ν)h2(λ
′∗))(2L),

where −1 6 Xik, X0i, X0k 6 1 satisfy the triangle inequalities.

From (3.4), we have

h′
1(λ

∗) = min
∑

i<k∈S

d(Xik), (A.3)

where the minimum is taken over allX such that λ∗ =
∑

i<k∈S Xik, and−1 6 Xik 6 1 for 1 6 i < k 6 |S|.
As above, we may choose a minimum solution X to (A.3) so that at most one entry of X belongs to

(0, 1) and all entries of X in [−1, 0] are equal, and if some entry Xpq ∈ (0, 1) then all other entries of X

are in {−1, 1}. Thus, there exists a nonnegative integer N1 ∈ [0, N|S| − 1] such that

λ∗ = N1(−1) +Xpq + (N|S| −N1 − 1).

Note that N1 ̸= N|S| (because of Xpq). Since Xpq ∈ (0, 1),

λ ∈ I(N1) := I1 ∩ (N1(−1) + 0 + (N|S| −N1 − 1),

N1(−1) + 1 + (N|S| −N1 − 1)) = I1 ∩ (N|S| − 2N1 − 1, N|S| − 2N1).

By definitions of h′
1(λ

∗) and d(x), we have

h′
1(λ

∗) = N|S| −N1(2/π) arcsin(θ(−1))− (N|S| −N1 − 1)(2/π) arcsin(θ)
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− (2/π) arcsin(θXpq)

= N|S| +N12/π arcsin(θ)− (N|S| −N1 − 1)2/π arcsin(θ)

− 2/π arcsin(θ(λ∗ +N1 − (N|S| −N1 − 1)))

= f1(λ
∗, N1).

It is easily seen that

f̂∗/z∗j > min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(νh′
1(λ

∗) + (1− ν)h2(λ
′∗))/(2L)

= min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(νf1(λ
∗, N1) + (1− ν)h2(λ

′∗))/(2L)

> min
λ∈I(N1),λ′∈I′

min
λ=

∑
i<k∈S Xik,λ′=

∑
i<k∈S X0iX0k

(νf1(λ,N1) + (1− ν)h2(λ
′))/(2L)

> 1

2L
min

N∈[0,N|S|−1]

{
min

λ∈I(N),λ′∈I′
[νf1(λ,N) + (1− ν)h2(λ

′)]
}

=
1

2L
l1,

where

λ =
∑

i<k∈S

Xik, λ′ =
∑

i<k∈S

X0iX0k,

and −1 6 Xik, X0i, X0k 6 1 satisfy the triangle inequalities.

Now assume that there is no entry Xpq ∈ (0, 1). Then by the choice of X as above, except the entries

which are equal to 1, all other entries of X are in [−1, 0] and equal. Let Xik ∈ [−1, 0] be an arbitrary

entry of X. Then there exists a nonnegative integer N ′
1 ∈ [1, N|S|] such that

λ∗ = N ′
1Xik + (N|S| −N ′

1).

Note that N ′
1 ̸= 0, since λ∗ < N|S|. Since Xik ∈ [−1, 0], we have

λ∗ ∈ J(N ′
1) := I1 ∩ [N ′

1(−1) + (N|S| −N ′
1), N|S| −N ′

1] = I1 ∩ [N|S| − 2N ′
1, N|S| −N ′

1].

By definitions of h′
1(λ

∗) and d(x), we find

h′
1(λ

∗) = N|S| −N ′
1(2/π) arcsin(θXik)− (N|S| −N ′

1)(2/π) arcsin(θ)

= N|S| −N ′
1(2/π) arcsin

(
θ
(λ∗ − (N|S| −N ′

3))

N ′
1

)
− (N|S| −N ′

1)(2/π) arcsin(θ)

= f2

(
λ∗ − (N|S| −N ′

1)

N ′
1

, N ′
1

)
.

Thus,

f̂∗/z∗j

> min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(νh′
1(λ

∗) + (1− ν)h2(λ
′∗))/(2L)

= min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(
νf2

(
λ∗ − (N|S| −N ′

1)

N ′
1

, N ′
1

)
+ (1− ν)h2(λ

′∗)

)
/(2L)

> min
λ∈J(N ′

1),λ
′∈I′

min
λ=

∑
i<k∈S Xik,λ′=

∑
i<k∈S X0iX0k

(
νf2

(
λ− (N|S| −N ′

1)

N ′
1

, N ′
1

)
+ (1− ν)h2(λ

′)

)
/(2L)

> min
N∈[1,N|S|]

{
min

λ∈J(N),λ′∈I′

(
νf2

(
λ− (N|S| −N)

N
,N

)
+ (1− ν)h2(λ

′)

)}
/(2L)

=
1

2L
l2,
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where λ =
∑

i<k∈S Xik, λ
′ =

∑
i<k∈S X0iX0k, and −1 6 Xik, X0i, X0k 6 1 satisfy triangle inequalities.

Subcase 2.2. λ∗ ∈ I2. In this case, we have

z′(λ∗) =
N|s| − λ∗

2(|S| − 1)
.

From the proof of Lemma 3.1, we have

f̂∗/z∗j > min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

α|S|(λ
∗, λ′∗)

= min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(νh1(λ
∗) + (1− ν)h2(λ

′∗))/(2Lz′(λ∗))

> min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(νh′
1(λ

∗) + (1− ν)h2(λ
′∗))

|S| − 1

L(N|S| − λ∗)
,

where −1 6 Xik, X0i, X0k 6 1 satisfy the triangle inequalities.

Similarly, we may choose a minimum solution X to (A.3) so that at most one entry of X belongs to

(0, 1) and all entries of X in [−1, 0] are equal, and if some entry Xpq ∈ (0, 1) then all other entries of X

are in {−1, 1}. Thus in this case there exists a nonnegative integer N2 ∈ [0, N|S| − 1] such that

λ∗ = N2(−1) +Xpq + (N|S| −N2 − 1).

Note that N2 ̸= N|S| (because of Xpq). Since Xpq ∈ (0, 1), it follows λ∗ ∈ K(N2) := I2 ∩ (N2(−1)

+N|S|−N2−1, N2(−1)+1+N|S|−N2−1) = I2∩ (N|S|−2N2−1, N|S|−2N2). By definitions of h′
1(λ

∗)

and d(x), we have

h′
1(λ

∗) = N|S| −N2(2/π) arcsin(θ(−1))− (N|S| −N2 − 1)(2/π) arcsin(θ)

− (2/π) arcsin(θXpq)

= N|S| +N2(2/π) arcsin(θ)− (N|S| −N2 − 1)(2/π) arcsin(θ)

− (2/π) arcsin(θ(λ∗ +N2 − (N|S| −N2 − 1)))

= f1(λ
∗, N2).

It is easily seen that

f̂∗/z∗j > min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(νh′
1(λ

∗) + (1− ν)h2(λ
′∗))

|S| − 1

L(N|S| − λ∗)

= min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(νf1(λ
∗, N2) + (1− ν)h2(λ

′∗))
|S| − 1

L(N|S| − λ∗)

> min
λ∈K(N2),λ′∈I′

min
λ=

∑
i<k∈S Xik,λ′=

∑
i<k∈S X0iX0k

(νf1(λ,N2) + (1− ν)h2(λ
′))

|S| − 1

L(N|S| − λ)

> |S| − 1

L
min

N∈[0,N|S|−1]

{
min

λ∈K(N),λ′∈I′

νf1(λ,N) + (1− ν)h2(λ
′)

N|S| − λ

}
=

|S| − 1

L
l3,

where λ =
∑

i<k∈S Xik, λ
′ =

∑
i<k∈S X0iX0k, and −1 6 Xik, X0i, X0k 6 1 satisfy the triangle

inequalities.

Now assume that there is no entry Xpq ∈ (0, 1). Then by the choice of X, except the entries which are

equal to 1, all other entries of X are in [−1, 0] and equal. Let Xik ∈ [−1, 0] be an arbitrary entry of X.

Hence there exists a nonnegative integer N ′
2 ∈ [1, N|S|] such that

λ∗ = N ′
2Xik + (N|S| −N ′

2).

Note that N ′
2 ̸= 0 because λ∗ < N|S|. Since Xik ∈ [−1, 0], it follows λ∗ ∈ M(N ′

2) := I2 ∩ [N ′
2(−1)

+ (N|S| −N ′
2), N|S| −N ′

2] = I2 ∩ [N|S| − 2N ′
2, N|S| −N ′

2]. By definitions of h′
1(λ

∗) and d(x), we have

h′
1(λ

∗) = N|S| − (N|S| −N ′
2)(2/π) arcsin(θ)−N ′

2(2/π) arcsin(θXik)
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= N|S| − (N|S| −N ′
2)(2/π) arcsin(θ)−N ′

2(2/π) arcsin

(
θ(λ∗ − (N|S| −N ′

2))

N ′
2

)
= f2

(
λ∗ − (N|S| −N ′

2)

N ′
2

, N ′
2

)
.

Hence,

f̂∗/z∗j

> min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(νh′
1(λ

∗) + (1− ν)h2(λ
′∗))

|S| − 1

L(N|S| − λ∗)

= min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(
νf2

(
λ∗ − (N|S| −N ′

2)

N ′
2

, N ′
2

)
+ (1− ν)h2(λ

′∗)

)
|S| − 1

L(N|S| − λ∗)

> min
λ∈M(N ′

2),λ
′∈I′

min
λ=

∑
i<k∈S Xik,λ′=

∑
i<k∈S X0iX0k

{
νf2

(
λ− (N|S| −N ′

2)

N ′
2

, N ′
2

)
+ (1− ν)h2(λ

′)

}
|S| − 1

L(N|S| − λ)

> |S| − 1

L
min

N∈[1,N|S|]

{
min

λ∈M(N),λ′∈I′

νf2(
λ−(N|S|−N)

N ·N) + (1− ν)h2(λ
′)

N|S| − λ

}
=

|S| − 1

L
l4,

where λ =
∑

i<k∈S Xik, λ
′ =

∑
i<k∈S X0iX0k, and −1 6 Xik, X0i, X0k 6 1 satisfy the triangle

inequalities.

Summing up, by the definition of α|S|, we have

α|S| > min

{
1

2L
l1,

1

2L
l2,

|S| − 1

L
l3,

|S| − 1

L
l4

}
.

Note that for any fixed |S| and nonnegative integer N , the quantities l1, l2, l3 and l4 can be evaluated

numerically. (For example, we used the optimization toolbox of Matlab.) It is easily seen that our scheme

enumerates at most O(|S|2) nonnegative integers N with N 6 N|S|.


