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Abstract

A well known theorem of Kuratowski states that a graph is planar iff it contains no
subdivision of K5 or K3 3. Seymour conjectured in 1977 that every 5-connected nonplanar
graph contains a subdivision of K5. In this paper, we prove several results about inde-
pendent paths (no vertex of a path is internal to another), which are then used to prove
Seymour’s conjecture for two classes of graphs. These results will be used in a subse-
quent paper to prove Seymour’s conjecture for graphs containing K, , which is a step in a
program to approach Seymour’s conjecture.
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1 Introduction

Only finite simple graphs are considered. We follow Diestel [5] for notation and terminology
not explicitly defined. In particular, for a graph K we use T'K to denote a subdivision of K.
Thus, the well known Kuratowski’s theorem can be stated as follows: A graph is planar iff it
contains no T'K5 or T'K3 3. It is known that any 3-connected nonplanar graph other than Kjs
contains a T'K3 3. Seymour [15] conjectured in 1977 that every 5-connected nonplanar graph
contains a T'K5, which was also posed by Kelmans [10] in 1979.

For convenience, the vertices with degree 4 in a T K5 are called branch vertices. Suppose G
is a b-connected graph and an edge xy of GG is contained in three triangles, say xyviz, xyveox and
xyvsx. Then G—{x,y} is 3-connected, and hence contains a cycle C such that {v,vs,v3} C C.
Clearly, C and these three triangles form a T K5 in G with branch vertices z,y, v1, v2, vs.

A graph has an edge in two triangles iff it contains K, the graph obtained from K, by
deleting an edge. As a first step in a program to approach Seymour’s conjecture, we wish to
exclude K, i.e., to prove it for graphs containing a K, . Note that K, -free graphs have nice
structural properties; for example, it is shown in [7] that if G is 5-connected and K -free then
G contains a contractible edge (see [8] for more results).

It turns out to be quite difficult to find a T K5 in a 5-connected nonplanar graph containing
K, . We will see in a subsequent paper that given a K, in a 5-connected nonplanar graph,
we may be forced to find a T'K5 in which no vertex of this K, is a branch vertex.

The paths Py, ..., P, are said to be independent if for any 1 < i # j < k no vertex of F; is
an internal vertex of P;. In this paper we prove several results on independent paths, which
will be used to prove Seymour’s conjecture for two classes of graphs. All these results will be
used in a subsequent paper to prove Seymour’s conjecture for graphs containing K, .

We use () to denote both the empty set and the empty graph. Let G be a graph; then V(G)
and F(G) denote the vertex set and edge set of G, respectively. By H C GG, we mean that H
is a subgraph of G. For X C V(G) or X C F(G), G[X] denotes the subgraph of G induced by
X. For X CV(G)UE(G) or X C G, G — X denotes the graph obtained from G by deleting
the vertices in X and those edges in G incident with vertices in X. If z € V(G) U E(G), we
write G — x instead of G — {z}.

We can now state our first result.

Theorem 1.1 Let G be a 5-connected nonplanar graph and let x1, x2,y1,y2 be distinct vertices
of G such that G[{x1,z2,y1,y2}] = K, and y1y2 ¢ E(G). Suppose there is an induced path X
in G —x129 from x1 to xo such that G — V(X)) is 2-connected and {y1,y2} NV (X) = 0. Then
G contains a T K5 in which x1,x2,y1,y2 are branch vertices.

For subgraphs G and H of a graph, G U H and G N H denote the union and intersection
of G and H, respectively. We say that G and H are disjoint if V(G) NV (H) = (). We use
G — H instead of G — V(G N H). A separation of a graph G is a pair (G1,G3) of subgraphs of
G such that G = G7 U G, E(Gl N Gg) = @, and E(Gz) U V(Gz — Gg_i) # 0 for i € {1,2}. If
|[V(G1 N Ge)| =k, then (G1, Gs) is a k-separation.

The following result says that whenever a 5-connected nonplanar graph has a 5-separation
and one side of the 5-separation is planar and nontrivial then it contains a T K5. By an edge
crossing we mean an intersection of two edges in a drawing of a graph in the plane (vertices



are represented by points and edges by polygonal arcs). A drawing of a graph in the plane
without edge crossings is also said to be a planar representation of that graph.

Theorem 1.2 Let G be a 5-connected nonplanar graph and let (G1,G2) be a 5-separation in
G. Suppose |Ga| > 7 and Go has a planar representation in which the vertices in V(G1 N Ga)
are incident with a common face. Then G contains a T K.

Another step in our program is to prove that if G is a 5-connected nonplanar graph with
a b-separation (Gp,G3) such that |G;| > 2 for i = 1,2 then G admits a TK5. This was also
suggested by Kawarabayashi.

One of the key ideas in our proof is to find, in a 5-connected graph, an induced path with
given ends whose removal results in a graph that is at least 2-connected. This is related to the
conjecture of Lovédsz [13] that there is a minimum integer ¢(k) > 0 such that for any integer
k > 1 and any two vertices u and v in a c(k)-connected graph G, there is a path P from wu
to v in G such that G — V(P) is k-connected. A result of Tutte [19] implies ¢(1) = 3. That
¢(2) = 5 follows from results of Chen, Gould and Yu [3] and Kriesell [12], which are further
extended in [4,9].

Let x1,22,y1,y2 be the vertices of a K, in a 5-connected nonplanar graph G such that
y1y2 ¢ E(G). We show in Section 2 that there is an induced path P in G—{x1x2, z1y1, 1Y2, T2y1, T2y2 }
between z1 and xg such that {y;,y2} Z V(P) and G—V (P) is 2-connected. We then prove The-
orem 1.1 in Section 3 (the case when {y1,y2} NV (P) = (), using a result of Watkins and Mes-
ner [20] on cycles through three given vertices. (The remaining case when [{y1,y2}NV(P)| =1
is more difficult, and will be proved in another paper with the help of Theorem 1.2.) In Section
4, we prove Theorem 1.2.

We mention several results and problems related to Seymour’s conjecture. Mader [14]
proved that if GG is a simple graph with n > 3 vertices and at least 3n — 5 edges then G
contains a T'Kj, establishing a conjecture of Dirac [6]. Kézdy and McGuiness [11] showed that
Seymour’s conjecture if true would imply Mader’s result. Seymour’s conjecture is also related
to a conjecture of Hajoés (see [1]) that every graph containing no T'Kj1 is k-colorable. Hajos’
conjecture is false for £ > 6 [1] and true for £ = 1,2,3, and remains open for the case k = 4
and k£ = 5.

We conclude this section with additional notation and terminology. Let G be a graph. If
there is no confusion, we may write S C G instead of S C V(G) or S C E(G), and write x € G
instead of x € V(G) or z € E(G). Let Y C G; then Ng(Y), or N(Y) if G is understood,
denotes the set of vertices in V(G) — V(Y) adjacent to vertices in V(Y). Y = {y} C V(G),
then we use Ng(y) or N(y) instead of Ng({y}) or N({y}). Let T be a set of 2-element subsets
of V(G); then G + T denotes the graph with vertex set V(G) and edge set E(G) UT. If
T = {{z,y}}, we write G + xy instead of G + {{z,y}}.

Given a path P in a graph and z,y € V(P), Py denotes the subpath of P between x and
y (inclusive). The ends of the path P are the vertices of the minimum degree in P, and the
other vertices of P are its internal vertices. A path P with ends v and v is also said to be from
u to v or between u and v. Let Hy and Hy be subgraphs of G; a path P in G is an Hy-H> path
if P has one end in Hy and another in Ho, and is otherwise disjoint from H; U Hy. A path P
from x to y in a graph G is said to be internally disjoint from H C G if PN H C {z,y}.

Let G be a graph. A set S C V(G) is a k-cut or a cut of size k in G, where k is a
positive integer, if |S| = k and G has a separation (G, G2) such that V(G1 N Gg) = S and



V(G; —S) # 0 forie{1,2}. If v eV(G) and {v} is a cut of G, then v is said to be a cut
vertez of G.

For a subgraph H of a graph G, an H-bridge of G is a subgraph of G, say B, for which
there exists a component D of G — V (H) such that B is induced by the edges which are either
contained in D or from D to H. The vertices in H that are neighbors of D are called the
attachments of this H-bridge. For S C V(G), the G[S]-bridges of G are also called S-bridges.

2 Nonseparating paths

In this section we prove three lemmas, two on nonseparating paths and one on independent
paths. A nonseparating path in a graph G is a path P such that G — V(P) is connected. We
need the following concept of connectivity.

Definition 2.1 Let G be a graph and S C V(G), and let k be a positive integer. We say that
G is (k,S)-connected if, for any cut T of G with |T| < k, every component of G —T contains
a vertex from S.

We also need a result of Seymour [16]; equivalent formulations can be found in [2,17,18].

Theorem 2.2 (Seymour) Let G be a graph and let s1, sa,t1,t2 be distinct vertices of G. Then
either G contains disjoint paths from s1 to so and from ty to to, or there exist pairwise disjoint
sets A; CV(G) (k>0 and 1 <i<k), such that

(a) fori#j, N(A)NA; =0,
(b) for1 <i<k, [N(4) <3, and

(c) the graph, obtained from G by (for each i) deleting A; and adding new edges joining every
pair of distinct vertices in N(A;), can be drawn in a closed disc with no edge crossings
such that s1,t1, 82,ts occur on the boundary of the disc in cyclic order.

As a consequence, if G is (4,{s1, s2,t1,t2})-connected, then either G has disjoint paths
from s1 to so and from 1 to to, or G can be drawn in a closed disc in the plane with no edge
crossings such that s1,%1, s2, %2 occur on the boundary in cyclic order.

Let G be a graph; a chain of blocks in G is a sequence By Bs...Bj such that each B; is a
block of G, B; N Bj = 0 when |i — j| > 2, and [V(B;NBj1)| =1for 1 <i<k—-1. Ifk=1
and x,y € V(By),orif k > 2 and z € V(B — Bg) and y € V(B — Bi_1), then By Bs...By, is
said to be a chain of blocks from x to y (or from z, or from y).

The lemma below allows one to modify an existing path to a good nonseparating path.

Lemma 2.3 Let G be a graph and let x1,x9,y1,y2 be distinct vertices of G such that G is
(5,{x1,22,y1,Yy2})-connected. Suppose X is an induced path in G from xy to x2, and H is a
chain of blocks in G — V(X)) from y1 to ya. Then precisely one of the following holds:

(1) H =y1y2 and G —y1y2 can be drawn in a closed disc in the plane without edge crossings
such that x1,y1, T2, y2 occur on the boundary of the disc in this cyclic order.



(it) There is an induced path X' from z1 to xo such that H C G —V(X'), and G —V(X') is
a chain of blocks from y1 to yso.

Proof. First, we may assume that if y1y2 € E(G) then H # yyy9; in particular, |V (H)| > 3.
For, suppose y1y2 € E(G) and H = y1y2. If G — y1y2 contains disjoint paths X', Y from x1, y;
to xa, Yo, respectively, then we see that in G — X', {y1,y2} is contained in a block H" which
contains the cycle H UY’; so we may replace X, H by X', H', respectively. On the other hand,
(i) follows from Lemma 2.2 and the assumption that G is (5, {x1, z2, y1, Y2} )-connected.

We now choose such X and H that

(1) H is maximal (under subgraph containment), and
(2) subject to (1), the number of components of G — V(X)) is minimum.

Next, we show that G—V (X) is connected. For, suppose there is a component of G—V (X)
disjoint from H, and let D be such a component. Let vy,vy denote the neighbors of D on
X with vy Xvy maximal. (D has at least 5 neighbors on X; so vivy ¢ E(G).) Since G
is (5,{x1,x2,y1,y2})-connected, v1 Xvy — {v1,v2} contains a neighbor of some component of
G — V(X) other than D, say C. Now let X’ be obtained from X by deleting vy Xve — {v1, v}
and adding an induced path in G[V (D) U {v1,v2}] from v; to ve. Let D" denote the union of
those components of D — X’ with no neighbor in v; Xvy — {vy,v2}. (Possible D' = ().) We
choose X’ so that

(3) D’ is minimal.

If D' = ( then (D — X')UC U (v1Xvg — {v1,v2}) is contained in a component of G — X',
and the number of components of G — V(X’) is smaller than G — V(X), contradicting to (2)
(since H will not get smaller). So we may assume D’ # (). Let Dy, ..., Dy be the components
of D'. Let a;,b; (1 < i < k) denote the neighbors of D; in vy X'vy with a;X’b; maximal.
Since G is (5, {x1, 2, y1,y2})-connected, {a;,b;,v1,v2} in not a cut in G, so there exists ¢; €
V(a; X'b;)—{a;, b;} such that ¢; has a neighbor in D—(X'UD;) or in v1 Xvg—{vy,vs}. If ¢; has a
neighbor that belongs to v1 Xve — {v1, v2}, or that is not in D’ but is contained in a component
of D— X', then let X” be obtained from X’ by deleting a; X'b; — {a;, b;} and adding an induced
path between a; and b; in G[V (D;)U{a;, b; }]; it is easy to see that X" contradicts the choice of
X’ in (3). Thus, for any 1 <i < k, N(a;X'b; — {a;,b;}) C X' UD'. Therefore, |, a;X'b; is a
subpath of v1 X'vy; let a,b denote its ends. Now {a, b, v1,v2} is not a cut in G, so there exists
¢ € V(aX'b)—{a, b} such that ¢ has a neighbor in v; Xvo—{v1,v2}, or in a component of D— X’
that is not a component of D’. Then there exists some 1 < i < k such that ¢ € a; X'b; —{a;, b; },
which is a contradiction since we have shown that N(a;X'b; — {a;,b;}) C X' UD'.

Having shown that G — V(X)) is connected, we may now assume that G — V(X)) # H; as
otherwise X’ := X is the desired path for (ii). Let D be an arbitrary H-bridge of G — V(X)
with V(D)NV (H) = {v}. Let v1,ve denote the neighbors of D —v on X with v; Xvy maximal.

Suppose there are independent paths @, R in G from vy Xve — {v1, v} to distinct vertices
of H which are also internally disjoint from D U X U H. Then let X’ be obtained from X by
deleting v1 Xvo — {v1, v2} and adding an induced path in G[V (D — v) U {vy,v2}] from vy to ve.
Clearly, in G — V(X') the chain of blocks from y; to ys contains H UQ U R, contradicting (1).



So all paths from vy Xvg — {vy,v2} to H internally disjoint from DU X U H must end at the
same vertex, say u, in H. Moreover, at least one such path has length at least 2; for otherwise,
because |V (H)| > 3, {v,u,v1,v2} would be a 4-cut in G (contradicting the assumption that G
is (5, {x1,x2,y1,y2})-connected). Hence there exists some H-bridge C' of G — V(X) such that
V(CNH) ={u} and C — u contains a neighbor of v; Xwvy — {v1,v2}. Let uj,us denote the
neighbors of C — u on X with u; Xus maximal.

Suppose v1 Xve C u3Xuy. Then since G is (5,{x1,x2,y1,y2})-connected, {u,v,ui,us} is
not a cut in G. Hence, since |V(H)| > 3, there is a path R in G from w3 Xug — {u1,u2} to
H — {u,v} internally disjoint from C U D U X U H. Let X' be obtained from X by deleting
uiXug — {uj,us} and adding an induced path in G[V(C — u) U {uj,us}] from u; to us.
Clearly, in G — V' (X') the chain of blocks from y; to y2 contains H U R and part of D Uuj Xus,
contradicting (1).

If uyXuy C v1Xwvy, then the same argument above (by simply exchanging the roles of
C,u,up,up with D, v, v1,v9, respectively) gives a contradiction to (1).

So neither v1 Xwvo nor u; Xwuo is contained in the other. By symmetry we may assume
that x1,u1,v1,u2,ve, 29 occur on X in this order. Since G is (5,{x1, 22, y1,y2})-connected,
{u,v,u1,v2} is not a cut in G. Hence, since |V(H)| > 3, there is a path R in G from
r € V(up Xvg) — {ug,v2} to H — {u,v} internally disjoint from C' U D U X U H. Note that
r & vy Xvy — {v1,v2}, and so r € uy Xus — {ug,us}. Let X’ be obtained from X by deleting
u1 Xug — {uy,u2} and adding an induced path in G[V(C — u) U {uy,us}] from uy to ug. In
G-V (X'), the chain of block from y; to yo contains HUR and part of DUuj Xusg, contradicting
(1). |

We now prove that in a 5-connected nonplanar graph containing K , one can find a T'Kj5
or a good nonseparating path.

Lemma 2.4 Let G be a 5-connected nonplanar graph and x1,x2,y1,y2 distinct vertices of G
such that G[{z1,x2,y1,y2}] = K, and y1y2 ¢ E(G). Then one of the following holds:

(1) G has a TK5 in which x1,22,y1,y2 are branch vertices.

(i1) There is an induced path X in G —{x1x2, T1y1, T1Y2, T2Y1, T2Yy2} from x1 to x4 such that
G — V(X) is 2-connected, and {y1,y2} € V(X).

Proof. For convenience, let H := G—{x1x2, x1y1, T1Y2, T2y1, 2y2}. Then H is (5, {x1, T2, y1,y2})-
connected. Note that H has disjoint paths from x1,y; to x2,ys2, respectively; for otherwise it
would follow from Lemma 2.2 that G is planar. Hence by Lemma 2.3, there exists an induced
path X from z; to x9 in H such that H — V(X)) is a chain of blocks. For i = 1,2, let B; denote
the block of H — V(X)) containing y;.

We claim that for some i, say ¢ = 1, B; is 2-connected. For, assume that neither By nor
By is 2-connected, and let y; (i = 1,2) denote the unique neighbor of y; in B. Since G is
5-connected, each y; is adjacent to distinct u;, v; € V(X) — {x1, 22}, and each x; must have a
neighbor 2} € V(B) — {y1,y2}. Let X’ denote the path obtained from a path in H — {y1,y2}
from x| to x%, by adding z1, xe, v12} and zoz),. Clearly, {y1,y2} and X —{x1, 22} are contained
in a chain of blocks in G — V(X’) from y; to yo2, and both y; and ys are contained in a 2-
connected block of G — V(X’). So our claim follows from another application of Lemma 2.3.



We choose X so that H—V(X) is a chain of blocks from y; to y2, the block of H containing
11 is 2-connected, and subject to this, By is maximal.

Let a be the cutvertex of H contained in B;. Note that A := H — V(B — a) is a chain
of blocks from a to yo, and let Aq,..., A, denote the blocks of B — V(B; — a) such that
A;NA; =0 when |i—j| > 2, V(A;NAi11) = a;, and Ay, = By. Let vq,v2 be the neighbors of
A —a on X with v1 Xvy maximal, and we may assume that x1, vy, ve, 2 occur on X in order.

Suppose V(A) = {a,y2} and vivy € X. Since G is 5-connected, {vy,vo} # {x1,22}. By
symmetry, let v1 # x1. Then again since G is 5-connected, v has a neighbor v € By — a.
Let P,, P, denote independent paths in By from y; to a,v, respectively. Then P, U (P, +
{ya2,v1,ay2,y2v1}) U X UG[{x1, 22,91, y2} form a T K5 with branch vertices x1, z2, y1, Y2, v1.

So V(A) # {a,y2} or uyus € E(X). Since G is 5-connected, {a,y2,v1,v2} is not a cut in
G. Therefore, v1 Xvy — {v1,v2} must have neighbors in By — a.

Indeed, v1 Xve — {v1,v2} has exactly one neighbor in B; — a. For, assume that v1 Xvy —
{v1,v9} has two distinct neighbors in By —a, say by, by. Let X’ be obtained from X by deleting
v1 Xvg — {v1,v2} and adding a path in G[V (A — a) U {v1,v2}] from vy to vy. Then we see that
the block of G — V(X') containing y; contains By properly, a congtraddiction.

So let b be the unique neighbor of v1 Xvg —{v1,v2} in By —a. Then A’ := G[V (AUv Xvy)U
{b}] has a plane embedding in which vy, a,ve, b occur on a facial boundary in cyclic order. For,
otherwise, by Lemma 2.2 and A’ is (5, {v1, v2,a,b,y2})-connected, A’ contains disjoint paths
X1,Y; from v1, a to vy, b, respectively. Let X’ be obtained from X by deleting vy Xvo — {v1,v9}
and adding X;. Now By UY] is contained in a block of G—V (X’). So we derive a contradiction
to the maximality of By by another application of Lemma 2.3.

Since Bj is 2-connected, B; has independent paths P,, P, from y; to a,b, respectively.
Since {v1,v92,y2,a} is a not a cut of G, b must have a neighbor in v1 Xve — {v1,v2}, say z.
Since G is 5-connected and X is induced in H, z has a neighbor in A —a. If G[V(A+ z)] has a
path P, from z to a through ys, then P,U(P,UP,+bz)UXUG[{x1,x2,y1,y2} form a T K5 with
branch vertices x1, xa,y1, Y2, 2. So assume P, does not exist. Then G[A + z] has a cut vertex
w separating y, from {a,z}. Let Y denote the w-bridge of G[A + z] containing y,. By the
planarity of A’ all neoghbors of Y3 —w are contained in v; X z+{w, z1, x5}, for some i € {1,2}.
Since G is connected, both 1 and z9 have a neighbor in Y —w. So G[Y —w+{z1,x2}| contains
a path X’ from x1 to x9 such that in G — X', By +y» are contained in a block, a contradiction.
|

From Lemma 2.4 we see that in order to prove Seymour’s conjecture for graphs with
K, it suffices to prove Theorem 1.1 (when {y1,y2} NV (X) = () and deal with the case when
Hy1,y2} NV (X)| = 1. (The later will be done in another paper.) Before we prove Theorem 1.1,
we need a lemma about independent paths.

Lemma 2.5 Let G be a graph and S C V(G) such that |S| > 4 and G is (4, S)-connected.
Assume that there exist ai,a2 € S, a € V(G) — S, and two independent paths in G — (S —
{a1,a2}) from a to ay,as respectively. Then there exist four independent paths in G from a to
distinct vertices in S, one from a to a1 and another from a to as.

Proof. Since G is (4, S)-connected, |S| > 4; and it follows from Menger’s theorem that there
exist four independent paths P;, i = 1,2, 3,4, in G from a to b; € S, respectively, and internally



disjoint from S. For convenience, let P := U?:lPi. We choose Py, P, P3, Py so that ¢ :=
|{a1, CLQ} N {bl, bs, b3, b4}| is maximum.

Note that 0 < ¢ < 2. If £ = 2 then Py, P, P3, Py are the desired paths. So we may assume
¢ =0 or ¢ =1. By assumption, let @; (i = 1,2) be independent paths in G — (S — {a1,a2})
from a to a;, and let x; € V/(Q; N P) such that V(a;Q;z; N P) — {a;} = {x;}.

Suppose £ = 0. Without loss of generality, we may assume that xo € P;. Then the paths
aPzo U x9Q2a9, Py, P3, Py contradict the choice of Pj, Py, P3, Py (the maximality of ¢).

So ¢ = 1, and we may assume, without loss of generality, that a; = b; and as ¢
{b1,b2,b3,b4}.

We may assume x5 € P;; otherwise, assume without loss of generality that zo € P5, and
then Pi,aPyxs U x9Qoas, P3, Py are the desired paths for the lemma. We may also assume
x1 € Pp; for, otherwise, assume (without loss of generality) that x; € P5, and then aPex; U
r1Q1a1,aPixo U x9Q0as, P3, Py are the desired paths for the lemma.

Now suppose there exists ¢ € {1,2} such that Q; N (P2 U Py U Py) = {a}. We only deal
with ¢ = 1; the case when i = 2 is symmetric. Suppose then that Q1 N (P, U P3s U Py) = {a}.
Then we may assume Qo N (P> U P3 U Py) # {a}, since otherwise, Q1,Q2, P2, P3 are the
desired paths for the lemma. So let yo € V(Q2) N V(P U P3 U Py) such that yo # a and
V(aaQay2) NV (P U P3 U Py) = {y2,a}, and we may assume without loss of generality that
Y2 € Py. Now Q1,aPys U y2Qsas, P3, Py are the desired paths for the lemma.

Thus, we may assume that Q; N (P, U P3 U Py) # {a} for i € {1,2}. Let y; € V(Q;) N
V(P U Py U Py) such that y; # a and V(a;Q;y;) N V(P U P3 U Py) = {y;}. Note that
a;Qir; € a;Qiy; and x; # y;. Let z) € V(z;Q;y; N Pp) such that z;Pya is minimum. Note
that x} # x5. Suppose 24 € ajPiz}. Without loss of generality assume y; € P». Then
aPyy1 Uy1Qra1, aPrah U xhQaas, Ps, Py are the desired paths. Now assume 2 € aq Piab, and
y2 € P, (without loss of generality). Then aPyz) U 2} Q1a1,aPays U y2Qoas, Py, Py are the
desired paths. |

3 Proof of Theorem 1.1

We need a result of Watkins and Mesner [20] that characterizes those graphs in which no cycle
contains a set of three specified vertices. This result is also used in [22] in the reduction of
Hajos’ conjecture to 4-connected graphs. See Figure 1 for an illustration.

Theorem 3.1 (Watkins and Mesner) Let R be a 2-connected graph and let yi,y2,v be three
distinct vertices of R. Then there is no cycle through y1,y2 and v in R if, and only if, one of
the following statements holds.

(1) There exists a 2-cut S in R and, foru € {y1,y2,v}, there exist pairwise disjoint subgraphs
D, of R— S such that u € D,, and each D, is a union of components of R — S.

(13) For u € {y1,y2,v}, there exist 2-cuts S, of R and pairwise disjoint subgraphs D,, of R,
such that u € D, each D, is a union of components of R — Sy, Sy, NSy, NS, = {2},
and Sy, —{z}, Sy, — {2}, Sy — {2} are pairwise disjoint.

(1ii) For uw € {y1,y2,v}, there exist pairwise disjoint 2-cuts S, in R and pairwise disjoint
subgraphs D, of R — S, such that u € D,, D, is a union of components of R —S,, and



R—V(Dy, UD,,UD,) has precisely two components, each containing exactly one vertex
from S,,.

22

Figure 1: The subgraphs D, in R, u € {y1,ya2,v}.

For future use we prove the following (slightly stronger) version of Theorem 1.1.

Theorem 3.2 Let G be a 5-connected nonplanar graph and let x1, x2,y1,y2 be distinct vertices
of G such that G[{z1,z2,y1,y2}] = K, and y1y2 ¢ E(G). Suppose that there is a path X
m G — w1xy from x1 to 1o such that G — X is 2-connected, X — xo is induced in G, and
{y1, 12} NV(X) = 0. Let v € V(X) such that xov € E(X). Then G contains T Ky in which
x9v 1S an edge and x1,T9,y1,y2 are branch vertices.

Proof. If there exists x € V(X — {x1,22}) such that {z,y;1,y2} is contained in some cycle, say
D,in G—V(X —x), then DUX UG[{x1,x2,y1,y2}] is a TK5 in G, containing xov and with
branch vertices x1,xs2,y1,y2, . Hence we may assume that

(1) for any z € V(X — {z1,x2}), no cycle in G — V(X — z) contains {x,y1,y2}.

Since |N(v)| > 5 and X — xg is an induced path in G, |[N(v) — V(X)| > 3. Let R =
G — V(X —v). Clearly, R is 2-connected. By (1), {y1,y2,v} is not contained in any cycle in
R. Hence, (i) or (ii) or (iii) of Theorem 3.1 holds (see Figure 1). We choose X so that

(2) Dy, UD,, U D, is maximal.

We shall treat all three cases, (i), (ii) and (iii), simultaneously. For this we need some
notation. If (i) occurs let S, := S = {z1,22}, and if (ii) or (iii) occurs let S, = {z1,22}.
Let Z; denote the component of R — V(D,, U Dy, U D,,) containing z;. If (i) occurs then let
a; = ag = z1 and by = by = 29; and if (iii) occurs let Sy, = {a1,b:1} and Sy, = {az, b2} such
that a1,a2 € Zy and by,by € Zo. If (ii) occurs let Sy, = {a1,b1} and Sy, = {as,ba} such that
either z = 21 = a1 = ag or z = 29 = by = by (we do not fix this notation for the purpose of
symmetry in the arguments to follow).

Note that if (i) occurs then Z; := {z;} for i = 1,2; and if (ii) or (iii) occurs then by (2) and
the fact that R is 2-connected, S, NV (Z;), for v € {y1,y2,v}, are not cuts in Z;. Also note
that if (ii) occurs, then Zy = Zy, or Z; # Zy and Zy = {z1}, or Z1 # Zy and Zy = {z2}. So
the case when (ii) occurs with Z; # Zs may also be viewed as that when (iii) occurs. We now
prove the following claim.



(3) For any x € V(Z1 — 23), Z1 — 29 has independent paths Ay, As from {z, 21} to {a1, a2}
with a; € A; and x,21 € A1 U Ay, and Z; — 29 has a path A between a1 and ao and
independent from z1; for any x € V(Zy — z1), Za — 21 has independent paths By, By from
{z, 22} to {b1,bo} with b; € B; and z,29 € By U By, and Z3 — z; has a path B between
b1 and by and independent from zs.

Since the two statements of (3) are symmetric, we only prove the existence of By, By, B. If
by = by = 2z then we simply take By = By = B = {22}. So we may assume by (2) that
b1, ba, 29 are pairwise distinct (and hence (ii) or (iii) occurs).

If By, By do not exist, then Zs — z; has a cut vertex z} separating {b1,ba} from {z, z2};
and we see that Sy, Sy,, S, := {z1,25} contradict (2).

Now suppose the path B does not exist. Then z, is a cut vertex in Zs — 21 separating by
and be. If (ii) occurs then S = {21, 29} is a cut in R such that y1, y2, v are contained in different
components of G — S, contradicting (2). If (iii) occurs then S := {a1,22}, S, = {az, 22}
and S, are cuts in R contradicting (2). This completes the proof of (3).

Since R is 2-connected, for each u € {y1,y2,v}, R[D, US,] is a chain of blocks between the
vertices of Sy, and there is a path P, in R[D, U S,| between the vertices of S, and containing
u. Let P! denote the subpath of P, from u to S, N Z; (in the case when Z; = Z, let P! be
from u to z).

(4) We may assume that N(z;) N (X —{x1,x2,v}) = 0 for i = 1,2, and that D, is connected.

Suppose (4) fails. By symmetry, we may assume N(z1) N (X — {z1,z2,v}) # 0 or D, is not
connected. Then we can find a path P from z; to a € V(z;Xv) — {z1,v} and internally
disjoint from X U Py, U P, U P,, as follows. If N(z1) N V(X — {z1,22,0}) # 0 let a €
N(z1)NV(x1Xv—{x1,v}) and let P := zja. If D, is not connected, then let D be a component
of D, such that v ¢ D. Since G is 5-connected, there exists a € N(D) NV (x1Xv — {z1,v}).
Let P be a path in R[V(D)U S, U{a}] — 2z from z; to a.

Choose Ay, Ay, B as in (3) with = z;. Then (47 U Pyll) U (A U Py12) U (P! Uwvzg) U (PU
aXx1) U (P}, UBUP}) UG[{x1,22,y1,y2}] is a TK5 in G containing x9v and with branch
vertices 1, T2, Y1, Y2, 21- Lhis proves (4).

Note that N(D,) C S,UX. Let u € N(D,)NV (X) with 21 Xu minimal, and let v’ € N (u)N
V(D). Since {21, 22, u,x2} is not a cut in G, there exists an edge ¢’ with ¢ € uXzo — {x9, u}
and ¢ € (Dy, UDy, UZ; UZy) —{z1,22}. Note that ¢ # v, for otherwise S, is not a 2-cut in
R separating D, from D,, UD,, UZ; U Zs. So ¢ € uXv — {u,v}. Since X is induced, v’ # v.
Hence by (4), let Q. denote a path in D, from u’' to w € V(P,) such that Q,, N P, = {w}.
By symmetry, we may assume w € P2. Note w # 29, since Qs C D,.

(5) We may assume that N(c) NV (Z1) = ) when Z; # Zs or when by = by = 25, and we
may assume that if z € N(c) N V(D,,) then for any path P, in R[D,, US,,] from x to
P,,, P, intersects Pyzi — y; first (starting from x).

First, suppose © € N(c) N Z; and Zy # Zy or by = by = z3. By (4), © # z1 and = # z3; and

so Z1 # {z1}. Let Ay, Ag be the paths as in (3), and by symmetry we may assume x € Aj.
Let B = {29} if Z1 = Z3 and by = by = 29, and otherwise let B be the path as in (3). Then
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(VP2wU Qyu Uu'uUuXz) UvzoU(vXcUcxUALUP) ) U(PyUAUP,)U(P}, UBUP;,)U
G[{x1,22,y1,y2}] is a TK5 in G containing zov and with branch vertices 1,2, y1, Y2, v.

Now suppose & € N (¢)NV (D,,), and there is a path R; in R[D,,US,,] from z to 2’ € V(P,)
such that R; N P,, = {z'}. Without loss of generality, assume ¢ = 1. Choose B as in (3). Also
by (3), let Ay be a path in Z; — 29 from z; to az and independent from A; = {a;}. Note
that if Zy # Zs then BN (A1 U Ay) = 0; and if Z; = Zy then either a; = ag = z; (with
Ay = Ay ={z1}) or by = by = 29 (B = {22}), and we have BN (A1 U Ay) = () as well.

Suppose 2’ = a1 and a1 = as = 2z;. Then R; is contained in a component D of D, such
that y; ¢ D. Hence (R U:EcUchl)UPyl1 UPyl2 U(Pluvzy)U (Py21 UBUP;Z)UG[{:Q, 2, Y1, Y2}
is a TK5 in G containing xov and with branch vertices z1, z2,y1, Y2, 21. So assume 2’ # a; or
a1 ¢ {ag,z1}. Then (vP2wUQy Uu/uUuXxy)UvzaU(XcUczUR Uz Py y)U(PHU AU
P, YU (P UBUP,)UG{x1,22,y1,y2}] is a TK5 in G containing zov with branch vertices
T1,T2,Y1,Y2,0.

(6) We may assume that N(c) NV (D,, UDy, UZ; UZy)={c}.

Otherwise, we may assume by (4) and (5) that there exists a € N(c) N V(Dy, U Dy, U (Z3 —
{#1,22})) such that a # ¢.

Suppose {a, '} C Zy —{z1,22}. Then only (ii) or (iii) can occur. First, assume Zs — z; has
disjoint paths B}, B from {a, '} to by, be, respectively. Then by # by, and hence, either Z; #
Zyor Zy =Zyand a; = ag = z1. Solet A:={z1}if Z3 = Zs and a1 = ay = z1; otherwise let A
be the path in (3). Now {y1, y2, ¢} is contained in the cycle B{UP,, UB,UAU P, U{c,cc, ca}
in G — V(X — ¢), contradicting (1). Therefore, we may assume that such paths B}, Bj do not
exist for any choice of {a,c'} with {a,c} C Zs — {z1,22}. Then by (2), there is a cut vertex
z in Zy — z separating N(c) N Zy from {b1,bo}. Suppose Z; # Zs. Since R is 2-connected,
z must separate (in Z) {b1,b2} from (N(c) N Z) U {z2}. But then S, := {z, 21}, Sy, Sy,
contradict (2). So Z; = Zs, and hence by (5), a1 = ag = z1. If z5 is in the z-bridge of Z; that
also contains N (c) N Zy, then S; := {z, 21}, Sy,, Sy, contradict (2). So in Z — 21, z separates
{b1,b2, 29} from N(c) N Zy. Note that ¢ # z or a # z. Without loss of generality, assume
¢ # z. Then since R is 2-connected, Z5 contains disjoint paths Rj, Ry from z1,b; to , bo,
respectively. Now (RyUccd Uz Xc)U (Pl Uvas) UPZ}1 UPylz U (Py21 URs UPyzz) UG[{z1, 22,91, y2}]
is a T K5 in G containing zov and with branch vertices z1, z2, y1, Y2, 21.

So we may assume {a,c'} € Zy — {z1, 22}. Then N(c) NV (Dy, UD,,) # 0 (by (4) when
Zy = Zy, and by (4) and (5) when Z; # Z>). We may thus assume by symmetry that ¢ € D,,.
Let P be a path in D, from ¢ to ¢" € V(P,,) such that P.NP,, = {c"}. By (5), " € P}, —y1.

Suppose a € Dy, U (Zy — {z1,22}). If a € D, then by (5) there exists a path P, in D,
from a to o’ € V(P,,) such that P, N P, = {a'} and o’ € P2, — y2. Recall the path A from
(3). Now {c,cc,ca} U Py Uc"Py a1 UAUagPy,a’ UP, is a cycle in G — V(X — ¢) containing
{y1,y2,c}, contradicting (1). If a € Zy — {z1, 22}, then there is a path P, in Zs — z; from a
to by. Again, {c,cc,ca} U Py U Py a1 UAUP,, UP, is a cycle in G — V(X — ¢) containing
{y1,y2, c}, contradicting (1).

So we may assume a € Dy, . Since R[S, U D,,] is a chain of blocks, it has disjoint paths
Py, Py from a,c to o', € V(P,,) such that P, N P, = {d'} and P> N P, = {¢'}. By
(5), we have {d,¢’} C P2 . Without loss of generality, we may assume that a’ € by P, . If
Zy = Zyand zy = a; = ag let A = {z} and B be as in (3); if Z; = Z3 and by = by = 2z
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then let B = {22} and A be as in (3); and if Z; # Z5 let A and B be as in (3). Then
{¢,cd,ca} U Py U"Py a1 UAU P, UBUd Py b1 UP, is a cycle in G — V(X — ¢) containing
{y1,y2, c}, contradicting (1) and completing the proof of (6).

Since X — 9 is induced and G is 5-connected, ¢ has at least two neighbors in G — V (X).
So by (6), N(¢) N V(D, —v) # (. Without loss of generality and by (5) and (6), we may
assume that ¢ € Dy, U (Zy — {#1,22}). Moreover, if ¢ € D,,, let P be a path in D, from ¢
to ¢’ € V(P,,) such that Py N P, = {"} and " € P}, — y1 (by (5)).

(7) We may assume that v is a cut-vertex of R[S, U D,] — 2122 separating zo from (N(c) N
V(D,))U{z}.

Otherwise, since R[S, U D,] — z122 is a chain of blocks from z; to zy, there is a path P, in
R[S, UV(Dy,)] — {v, z1} from some a € N(c) NV (D, —v) to 2.

Suppose ¢ € Dy,. If Zy = Zy and a1 = as = z let A = {2} and P be a path in
Zy — z1 from z9 to by; if Z1 = Zy and by = by = 29 let P = {29} and A be as in (3); and if
71 # Zy, let A be as in (3) and P be a path in Zs — 21 from z5 to be. It is easy to see that
{e,ed,ca} UP,UPUP, UAUa 1P, " UP, is acycle in G — V(X — ¢) containing {y1,y2, c},
contradicting (1).

So d € Zy —{z1,20}. Then by (5), Z1 # Za, or Z1 = Zy and a1 = ag = 1. If Z1 # Z let
A, By, Bs be as in (3); and otherwise let A = {21}, and let By, By be as in (3) with ¢ € By.
Now {¢,cc,ca}UP,UByUP,, UAUP,, UB; is a cycle in G — V(X — ¢) containing {y1, y2, c},
contradicting (1) and completing the proof of (7).

Let T denote the v-bridge of R[S, U D,] — 2122 containing z9. Recall u, v/, w and v’ # v
(the paragraph above (5)). Since w € P2 C T, ' € T —v. Since G is 5-connected and
by the choice of u, G[V(T) U V(uXz3)] is (5,V(uXx2) U {22,v})-connected, and so G’ :=
GIV(T)UV(uXxe—u)]is (4, V(uXxe —u)U{z2,v})-connected. So by Lemma 2.5, there exist
four independent paths Py, Py, P3, Py in G’ from v to (uXxy — u) U {22,v} such that P; ends
at zo, P, ends at v, and P3, Py both end in uXx9 — {u,v}. Since vxy € E(X), we may assume
that P; ends at 2’ € V(uXv) — {u,v}.

Suppose ¢ € Dy,. If Z; = Zy and a1 = az = 2 let A = {2} and let Bj be a path in
Zy — z1 from zy to by; if Z1 = Zy and by = by = 25 let By = {29} and A be as in (3); and if
71 # Zy let A be as in (3) and B) be a path in Z5 from z3 to by. Now (v/'uUuXzq)U (P U
ByUPZ)U (P Uvzy) U(PsUa'XeU Py U"Pry) U (P UAU P, ) UG[{z1,22,y1,y2}] is a
TKs in G containing xov and with branch vertices x1, z2, y1, Y2, u'.

So we may assume ¢ € Zy — {21, 22}. Then by (5), Z1 # Zy, or Z1 = Zy and a1 = ag = 21.
If Zy =Zy and a1 = ag = 21 let A = {z1}; if Z1 # Z5 let A be defined as in (3). Let By, By
be defined as in (3) (with ¢ as z). If 29 € By and ¢ € By, then (v/u UuXx1) U (P UByU
P2)U (P Uvzg) U (PsUa'XeUced UB U PLy) U (P, UAU P, ) UGy, 2,y1,y2}] is
a TKs in G containing x9v and with branch vertices x1, xa,y1,y2,u’. So assume zo € By and
¢ € By. Then (vuUuXx1)U(PyUBLU Py21) U (P, Uvze)U(PsUx'XcUed UBy U bgPy22y2) U
(Pyl1 UAU Pylz) U Gl{z1,22,y1,y2}] is a TK5 in G containing zov and with branch vertices
T1, T2, Y1, Yo, U 1
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4 Planar graphs

In this section we prove Theorem 1.2, using an approach similar to that in [21] where rooted
K4-subdivisions are considered. This result will be useful in situations where we force a 5-
separation in a 5-connected nonplanar graph such that one side of the separation is planar.

It is well known that every face of a 2-connected plane graph is bounded by a cycle. The
outer cycle of a 2-connected plane graph is the boundary of its infinite face. In a plane graph,
two vertices are said to be cofacial if they are incident with a common face. Let C be a cycle
in a plane graph and z,y € V(C); if  # y we use 2C'y to denote the path in C' clockwise from
x to y, and if z = y then xC'y represents the path consisting of the vertex = y. For a vertex
x in a graph, we use d(x) to denote the degree of x.

Lemma 4.1 Let G be a graph drawn in a closed disc in the plane without edge crossings,
and let ayi,as,as,aq,as be distinct vertices of G on the boundary of the disc, and let A =
{a1,a2,a3,a4,a5}. Suppose G is (5, A)-connected and |V (G)| > 7. Then G — A is 2-connected,
and G — A is not spanned by its outer cycle. Moreover, for each w € V(G) — A which is not
on the outer cycle of G — A, all vertices of G that are cofacial with w induce a cycle in G — A.

Proof. Without loss of generality we may assume that aq, a9, as, a4, as lie on the boundary of
the disc in the clockwise order listed. Since G is (5, A)-connected, d(v) > 5 for all v € G — A.

First, we claim that G — A is connected and has no cut vertex. Otherwise, there is a
separation (G7,G2) in G — A of order at most 1 such that G; — Gy # () and Gy — Gy # 0.
Note that |N(G1 — G2) N A| > 4 since otherwise V(G1 N G2) U (N(G1 — G2) N A) is a cut in
G separating A from Gy, contradicting the assumption that G is (5, A)-connected. Therefore,
by planarity, we may assume (with appropriate notation change) that aj,as,as,as all have
neighbors in G; — G3. Then by planarity we see that {a4,as5,a1} UV (G; N Gs) is a cut in G
separating Go from A, a contradiction (since G is (5, A)-connected).

Therefore, G — A = K5 or G — A is 2-connected. Indeed, G — A must be 2-connected. For,
suppose G — A= Ky. Let V(G — A) = {a,b}. Then |N(a) N A| >4, or else (N(a) N A) U {b}
is a cut of size at most 4 separating A from b, a contradiction. Similarly, |N(b) N A| > 4.
However, this contradicts planarity.

Let C denote the outer cycle of G — A. We now show that V(G — A) # V(C). For,
suppose V(G — A) = V(C); we will derive a contradiction. If |[V(C)| = 3, then each vertex
in V(C) has at least 3 neighbors in A, which is not possible due to planarity. So |V(C)| >
4. Since all edges of G — A are on C or inside C' (with both ends on C), it follows from
planarity that there are two vertices on C' with degree 2 in G — A, say u and v, such that
uv ¢ E(G). Since G is (5, A)-connected and by planarity, we may assume aj,as,as € N(u)
and as, aq, a5 € N(v); and hence no other vertex of G — A has degree 2, and each edge of G — A
not on C' joins uCv — {u,v} to vCu— {u,v}. Since G is (5, A)-connected and uas,vas € E(G),
IN(z)NV(C)| > 4 for all z € uCv—{u,v}. Let w be the neighbor of u in uCv — {u, v}, and let
w1, we denote the neighbors of w on vCu—{v, u} with v, wy,ws,u on vCu in order and wiCws
maximal. Let w},w} be the neighbors of wy in w;Cu. Then by planarity and the fact that
d(wg) > 5, N(wq) = {wh,wl, w,a1,as}. Because d(wy) > 5 and a1 ¢ N(wq) (by planarity),
there exists z € wCv — {w, v} such that x € N(w;). Then we may pick y € V(xCv — v) such
that yCv minimal and y has a neighbor in vCw; — v. By planarity and the fact d(y) > 5,
IN(y)NV(C)| > 4. Let y1,y2 denote neighbors of y on vCwy — v with v, y1, y2, w1 on vCw; in

13



order. Let y},y{ be the neighbors of y; in vCw;. Then by planarity, N(y1) C {y, v}, v}, as},
contradicting d(y;1) > 5.

Let w € V(G — A) such that w ¢ C. Then, since G is (5, A)-connected and by planarity,
the vertices of G that are cofacial with w induce a cycle in G — A. |

The lemma below is essential to the proof of Theorem 1.2.

Lemma 4.2 Let G be a connected graph drawn in a closed disc in the plane without edge
crossings, let ay,as,as,aq,as be distinct vertices of G on the boundary of the disc, and let
A ={ay,a9,a3,a4,a5}. Suppose G is (5, A)-connected and |V(G)| > 7, and assume G has no
5-separation (G1,G2) such that A C Gy and |V (G)| > |[V(Ga)| > 7. Let w € V(G) — A such
that the vertices of G cofacial with w induce a cycle Cy, in G — A. Then there exist four paths
Py, ..., Py from w to A such that

(1) for1<i<j<4, V(P,NPF;)={w}, and
(11) for 1 <i <4, |[V(P,NCy)| =1
Proof. By assumption, we have
(1) G has no 5-separation (G1,G2) such that A C Gy and |V (G)| > |[V(G2)| > 7.

By Lemma 4.1, G — A is 2-connected. So |V(G) — A| > 3. Hence by (1), each a; has at
least two neighbors in G — A, and so G is 2-connected. Let C denote the outer cycle of G,
and let C” denote the outer cycle of G — A. By Lemma 4.1 again, there exists w € V(G) — A
such that the vertices of G which are cofacial with w induce a cycle C, and C,, C G — A. By
planarity, w ¢ C”.

By Menger’s theorem, there exist four paths Q1, ..., Q4 from w to A such that V(Q;NQ;) =
{w} for 1 < i # j <4, and for each i (by planarity, we may assume that) Q; N C,, is a path.
Let a(Q1,Q2,Q3,Q4) denote the number of @Q; such that |V (Q; N Cy)| > 2. We choose such
Q1,Q2, @3, Q4 that

(2) ®(Q1,Q2,Q3,Q4) is minimum.

We may assume that the notation is such that a; € Q; fori = 1,...,4, and that aq, as, asz, as
occur on C' in clockwise order (a5 could be anywhere on C). Let w;,v; € V(Q;) such that
ww; € Q; and V(v;Q;a; N Cy) = {v;}.

If a(Q1,Q2,Q3,Q4) = 0, then P, := Q;, 1 < i < 4, are the desired paths. So we may
assume without loss of generality that |V(Q1 N Cy)| > 2. By symmetry, we may further
assume that v; € wiCpws. See Figure 2 for an illustration. We may also assume that w has
no neighbor in w;Cy,v1 — wy; for otherwise let w’ be a neighbor of w in w1Cy,v; — wy with
w'Cvy minimal, and we may replace @7 with w' Qa1 + {w, ww'}.

For 1 < i < 4, let H; denote the maximal subgraph of G contained in the closed region in the
plane with boundary Q;UQ;11Ua;Ca;11Uw;C,w;qq for i = 1,2, 3 and Q1UQ1UayCaUwyCywy
for i = 4. Let S; denote the vertices of GG, each of which is cofacial with some vertex of
wlevl — W1. Then

(3) S1NV(vsCpwy —wy) =0, and S1 NV (v4Qua4 — v4) # .
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Figure 2: Structure of G around w.

If S1 NV (vsCpwy — wy) # 0, then there exist z € V(v4Cpwy — wy) and y € V(w1 Cypvy — wy)
such that {x,y,w} is a cut in G separating wy from {aq,as,as,as}. Since as & Cy,, w1 # as.
So {z,y,w,as} is a cut in G separating w; from A, contradicting the assumption that G is
(5, A)-connected. So S1 NV (v4Cpw; — wy) = 0.

Now suppose S1 NV (v4Qqas — v4) = 0. Then by planarity Hy has a path Q) from w;
to ap disjoint from Q4 U (Cy — w1). Let QF = Q) + {w,ww;} if a5 ¢ Q}, and let QF =
w1 Q) as +{w, ww; } otherwise. Now a(Q7, Q2, Q3, Q1) < a(Q1, Q2, @3, Q4), contradicting (2).
So S1 NV (v4Quay — v4) # B, completing the proof of (3).

Let Sy denote the vertices of G each of which is cofacial with a vertex in S1NV (v4Quas—1vy4).
Then

(4) S4N V(U30w7)4) = @, and Sy N V(UgQgCLg — ?)3) =+ 0.

Suppose there exists u € Sy N V(v3Cyvy4). Then there exist uy € S1 NV (v4Qqaq — vy4) and
v € V(wCypv; — wy) such that u and uy are cofacial, and uy and v are cofacial. Note that
{u,uq,v,w} is a cut in Gj; so, since G is (5, A)-connected, {u,us} C C and a5 € uCuy, or
{ug,v} C C and a5 € uyCv. If wias ¢ E(G), then the cut {u, u4,v,w,as} contradicts (1) (as
w1 has at least 5 neighbors); if wias € E(G) then a(wwias, Q2, Q3, Q1) < a(Q1, @2, Q3, Q4),
contradicting (2). Hence, Sy NV (v3Cyv4) = 0.

Now assume Sy N V(vsQsas — v3) = (. Then by planarity and by the fact that Sy N
V(v3Cyvq) = 0, there is a path Q) in Hy — (S1 N V(Q4)) from vy to a4 disjoint from Q3 and
Chy—vy4. Moreover, by (3) and planarity, Hy—V (Q/) has a path Q] from w; to a; disjoint from
Cy — w1 (which necessarily contains S1 NV (Qy4)). Let QF = Q) 4+ {w,ww } if a5 ¢ Q}, and let
Q7 = w1Qas + {w,ww; } otherwise. Similarly, define Q} = Q) + wQqvy if a5 ¢ Q)), and let
Qi = v4Qhas UwQquy otherwise. Then a(Q7, Q2,Q3, Q%) < a(Q1,Q2,Q3,Q4), contradicting
(2) and completing the proof of (4).

Let S3 denote the vertices of G each of which is cofacial with a vertex in S4NV (v3Qsas—vs).
Then

(5) S3NV(v2Cyuv3) =0, and S3 NV (v2Q2a2 — v2) # 0.
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First, suppose there exists u € S3 NV (v2Cyv3). Then there exist ug € Sy NV (v3Qsas — vs),
ug € S1NV(v4Qqaq — vy), and v € V(w1Cyv1 — wy) such that v and ug are cofacial, ug and
uy are cofacial, and ug and v are cofacial. Choose u,ug, ug, v so that uC,vs3, v3Q3us, v4Q4u4,
and w;Cy,v are minimal (in the order listed).

Let H) denote the {u,us}-bridge of Hy containing uCyvs U v3Qsug; let Hj denote the
{us, ug }-bridge of Hs containing v3Cy,v4; and let H) denote the {uy, v}-bridge of Hy containing
v4Cyv. Note that {u, us,us,v,w} is a cut in G; so by (1), a5 € H] for some 2 < i < 4.

Suppose a5 € H). Then in Hy — Q2 there is a path Q% from vs to as disjoint from
SaNV (v3Qszuz —v3) and (Cy, —v3) UuzQsas (by minimality of uC\,vs and v3Qzus). In Hy— Q%
there is a path @ from vy to ag disjoint from S; NV (v4Qauy — v4) and (Cyy — v4) UugQqay (by
(4) and minimality of v4Qqu4). In Hy — V(Q)) there is a path Q) from w; to a4 disjoint from
Cyp — wy (by (3) and minimality of wiCyv). Then a(Q} + {w, ww; }, Q2, Q4 U wQsvs, Q) U
wQqvy) < a(Q1,Q2,Qs,Q4), contradicting (2).

Now assume a5 € H}. In Hy — Q) there is a path Q4 from vs to ag disjoint from Sy N
V(v3Qsus — {us,vs}) and C,, — v3 (by minimality of uCy,v3 and v3Qsus). In Hz — (QQ§ there is
a path @ from vy4 to a; disjoint from S1 NV (v4Qauy —v4) and (Cyy — v4) UugQqay (by (4) and
minimality of v4Qqu4). In Hy — V(QY)) there is a path @) from w; to a4 disjoint from C, — wy
(by (3) and minimality of wiCyv). Then o(Q) + {w,ww }, Q2, Q% U wQsvs, Q) UwQavg) <
a(Q1,Q2,Q3,Q4), contradicting (2).

Finally, assume a5 € Hj. In Hy — Q2 there is a path Qf from vz to as disjoint from
Sa NV (vsQsug — {us,v3}) and Cy — vg (by minimality of uC,v3 and v3Qsus3). In Hs — Q%
there is a path @/ from vy to a4 disjoint from S;NV (v4Qqus —{v4,us}) and Cy, —vy (by (4) and
minimality of v4Qqu4). In Hy — V(QY) there is a path @) from w; to as disjoint from C, — wy
(by (3) and minimality of w1Cyv). Then o(Q) + {w,ww }, Q2, Q% U wQsvs, Q) UwQavg) <
a(Q1,Q2,Q3,Qy), contradicting (2). This proves S5 NV (v2Cyv3) = (.

We now prove S3NV (vaQ2a2—v2) # (). For, otherwise, Ho—V (Q)2) has a path Q% from vs to
as disjoint from S;NV(Q3) and Cy, —v3 (since SNV (v2Cyvs3) = 0). In Hy — Q% there is a path
Q) from vy to a4 disjoint from S1NV(Q4) and Cy, —vg (by (4)). In Hy—V(Q),) there is a path
Q' from w; to a; disjoint from C\, —wy (by (3)). Let Q} = Q) + {w, ww } if a5 € Q, and let
Q7 = w1Q)as + {w,ww; } otherwise. Similarly, for i = 3,4, define QF = Q, UwQ,v; if as ¢ Q},
and let QF = v;Qlas UwQ;v;. Now a(Q7,Q2,Q3%, Q%) < a(Q1,Q2,Q3,Q4), contradicting (2)
and completing the proof of (5).

Let Sy denote the vertices of G each of which is cofacial with a vertex in S3NV (voQaug—1vs2).
Then

(6) SoNV(v1Cypua) # 0.

Suppose Sy NV (v1Cyu2) = 0. Then SoNV (v1Q1a1 —v1) # 0. For, otherwise, in H; — Q7 there

is a path Q) from vy to as disjoint from S3 NV (Q2) and C, — ve. In Hy — QY there is a path

Q% from v3 to a3 disjoint from Sy NV (Q3) and C,, — v3 (by (5)). In H3 — Q% there is a path
3 3

Q' from vy to a4 disjoint from S1 NV (Q4) and C,, — vy (by (4)). In Hy — Q' there is a path
4 4

Q' from w; to a; disjoint from C,, — wy (by (3)). Let QF = Q) + {w,ww, } if a5 € @, and let
1 1 1 1

Q7 = w1Q)as+{w, ww; } otherwise. Similarly, for i = 2, 3,4, define Q} = Q,UwQ,v; if as ¢ Q,

and let QF = v;Qlas UwQ;v;. Now a(Q7, Q3, Q%, Q%) < a(Q1, Q2, Q3, Qu), contradicting (2).
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Thus, let u; € Sy NV (v1Q1a; — v1). Then there exists ug € S3 N V(v2Q2as — v2) such
that ug and wuy are cofacial, there exists ug € Sy N V(v3sQsas — v3) such that ug and ug are
cofacial, there exists uy € S; NV (v4Quaq — v4) such that uy and uz are cofacial, and there
exists v € V(w;Cyv; — wy) such that uy and v are cofacial. For i = 1,2, 3, define H! as the
{u;, ujy1 }-bridge of H; containing v;C\,v;+1. Define H) as the {v,u4}-bridge of Hy containing
v4C,0.

Then H/ contains a path QY from v to u; disjoint from S3 N V(Q2) and C,, — vy (since
we assume Sp NV (v1Cyv2) = 0). H) — Q) contains a path Q5 from vz to ug disjoint from
S4NV(Qs3) and Cy, — vs (by (5)). Hj — Q% contains a path @ from vy to us disjoint from
S1NV(Q4) and Cyy — vy (by (4)). H) — Q) contains a path Q) from w; to uy disjoint from
Cyp —wy (by (3)). Let Qf = Q) + {w,ww;} if a5 € Q}, and let Q7 = w1Q\as + {w, ww;}
otherwise. Similarly, for i = 2, 3,4, define QF = Q) UwQ;v; Uu;—1Q;—1a,—1 if a5 ¢ Q}, and let
QF = v;QLas UwQ;v;. Now a(Q7,Q%5,Q3%, Q%) < a(Q1,Q2, Q3,Q4), contradicting (2).

By (6) and by the definitions of S; (1 < i < 4), we may let u € V(v1Cyv2) and uy €
V(v2Q2a2 — v2) N S3 such that u and wuy are cofacial and, subject to this, uCy,vy and veQous
are minimal. Let us € V(v3Qsas — v3) NSy such that uy and ug are cofacial and, subject to
this, v3Q3us3 is minimal. Let uy € V(v4Qqaq — v4) N S1 such that uy and ug are cofacial and,
subject to this, v4Q4u4 is minimal. Let v € V(w1Cyv1 — wy) such that v and uy are cofacial.

Let H} denote the {u,us}-bridge of H; containing uCyve U vaQausg; let H) denote the
{ug,u3}-bridge of Hy containing voC,vs3; let Hj denote the {us, ug}-bridge of Hjz containing
v3Cy,vy; and let H) denote the {u4,v}-bridge of Hy containing v4Ci,v.

(7) as ¢ H! for 1 <i < 4.

The proof of (7) is similar to that of (5). First, suppose as € H{. Then there is a path Q) in Hy
from vy to aj disjoint from S3NV (v2Q2us —v2) and (Cy, —v2)UusQoas (by minimality of uCy,ve
and voQoug). In Hy — Q% there is a path Q% from vs to ag disjoint from SyNV (v3Q3u3 —v3) and
(Cy—v3)UuzQsas (by (5) and minimality of v3Q3us). In Hs— Qf there is a path Q) from vy to
ag disjoint from S1NV (v4Q4uyg —v4) and (Cyy —v4)UuygQaay (by (4) and minimality of v4Qgay).
In H,—Q), there is a path Q) from w; to a4 disjoint from Cy,—w; and @; (by (3) and minimality
of w1 Cyv). Then a(Q] +{w, ww }, wQ2v2UQL, wQsvsUQS, wQavsUQ)) < a(Q1, Q2, Qs, Qa),
contradicting (2).

Suppose as € Hj. Then we find a path @} in H; from vy to ag disjoint from Cy, — ve and
S3NV (v2Qoug —{ug,v2}) (by minimality of uCy,ve and v2Qousz). In Hy — QY we find a path Qf
from v to as disjoint from SyNV (v3Qsus —v3) and (Cyy —v3) Uus@sas (by (5) and minimality
of v3Q3usz). In Hy — Q5 we find a path @) from vy to a3 disjoint from Sy NV (v4Qqus — v4)
and (Cy — v4) U ugQqaq (by (4) and minimality of v4Qqas). In Hy — @), we find a path
Q) from wy to a4 disjoint from C,, — w; and @1 (by (3) and minimality of w;Cyv). Then
a(Q) + {w, ww; }, wQavy U Qh, wQ3vz U Q4 wQaus U Q) < a(Q1,Q2,Q3,Q4), contradicting
(2).

Now assume as € Hj. Then there is a path Q% in H; from vy to ag disjoint from C\, — vy
and S3 NV (v2Qaug — {uz,v2}) (by minimality of uCy,vs and veQousg). In Ho — Q) there is a
path Qf from v3 to ag disjoint from C,, —vs and Sy NV (v3Qsu3 — v3) (by (5) and minimality
of v3Qsu3). In Hz — Q% there is a path Q) from v4 to a5 disjoint from S1 NV (v4Qaus — v4)
and (Cy — v4) UugQqaq (by (4) and minimality of v4Qsaq). In Hy — Q)), we find a path
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Q) from wy to a4 disjoint from Cy, — w; and @ (by (3) and minimality of w;Cyv). Then
a(Q) + {w, ww; }, wQavy U Qh, wQsuz U Qf, wQavs U Q) < a(Q1,Q2,Q3,Q4), contradicting
(2).

Finally, assume a5 € Hj. Then we find a path Q) in H; from vy to ag disjoint from
Cy — vy and S5 N V(v2Qoug — {ug,v2}) (by minimality of uCy,vy and vaQausz). In Hy — Q)
we find a path Q% from vz to ag disjoint from Cy, — v3 and Sy NV (v3Q3uz — v3) (by (5) and
minimality of v3Qsu3). In Hs — Q% we find a path Q) from vy to a4 disjoint from C,, — v4
and S NV (v4Qquq — v4) (by (4) and minimality of v4Qaas). In Hy — @), we find a path
Q) from w; to as disjoint from C,, — wy and Q1 (by (3) and minimality of w;Cy,v). Again,
a(Q) + {w, ww; }, wQavy U Qh, wQsvz U Q4 wQaus U Q) < a(Q1,Q2,Q3,Q4), contradicting
(2) and completing the proof of (7).

Thus there exists w' € N(w) N V(11Cypu — u); for, otherwise, it follows from (7) that
{u,ug,us,uq,v} is a cut in G separating A from w, contradicting (1). We choose such w’
that v1Cw’ is minimal. We now apply the arguments (3) — (7), using ww’ U v;Cw’ Uv1Q1aq
(instead of Q1), Q2, @3, R4, and using counter-clockwise order instead of clockwise order. As
a consequence and by planarity, there exist v’ € V(v1Cw'), u € V(uaQ2az2), us € V(usQsas),
u)y € V(usQuayq), and v' € V(vCv;) such that v’ and ), are cofacial, v}, and uj are cofacial, uf
and ) are cofacial, and u) and v’ are cofacial. Moreover, if H" denote the {u], u;, , }-bridge of
H; containing v;Cyvit1, 1 < i <4, with v} =/, uf =" and vs = v, then as ¢ H!. However,
{u', vy, ul,u)y,v'} is a cut in G separating A from w, contradicting (1). |

Theorem 4.3 Let G be a graph drawn in a closed disc in the plane with no edge crossings,
let ay, a9, a3, aq, as be distinct vertices of G on the boundary of the disc in clockwise order, and
let A ={ay,a9,a3,a4,a5}. Suppose G is (5, A)-connected and |V (G)| > 7. Then there exist
weV(G)— A, a cycle Cy in (G — A) —w, and four paths Py, ..., Py from w to A such that

(1) V(PN Py) ={w} for1 <i<j<4, and |V(PNCy)| =1 for1<i<4, and
(1) there exist 1 < i # j <4 such that ay is an end of P; and as is an end of Pj.

Proof. Assume the assertion is false, and let G be a counterexample with |V(G)| minimal.
Then

(1) G has no 5-separation (G1,G2) such that A C Gy and |V (G)| > |[V(G2)| > 7.

For, suppose such a separation (G, Gy) does exist. By Menger’s theorem, there are five disjoint
paths Ry, R, R3, Ry, R5 in G from V(G1 N G2) to A. By choosing notation appropriately,
we may assume a; € R; for i = 1,...,5. Let b; be the other end of R;. Note that G is
(5,{b1, bz, b, by, b5 })-connected. Then by the choice of G and by appropriate notation change,
there exist w € V(Gy) — {b1,ba,bs,bs,b5}, a cycle Cy, in Gy — {w, by, by, b3, by, b5}, and four
paths Q1,Q2,Q3,Q4 in Gy from w to {b1,ba,bs,bs, b5}, such that V(Q; N Q;) = {w} for
1<i#j<4,|[V(QiNnCy)| =1for1<i<4, and b € P, and b5 € P; for some 1 <i# j <4.
Now P, :=Q; UR;, i =1,...,4, are the desired paths.

By Lemma 4.1, G — A is 2-connected. So |V(G) — A| > 3. Hence by (1), each a; has
at least two neighbors in G — A, and so G is 2-connected. Let C,C’ denote the outer cycles
of G,G — A, respectively. By Lemma 4.1 again, (G — A) — C’ is nonempty, and for each
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w e V(G — A) — V(C"), the vertices of G that are cofacial with w induce a cycle C,, and
Cyw € G — A. Thus, we may choose w so that whenever possible the following hold:

(2) if both a; and as have exactly two neighbors on C’ and a; and a5 share a common
neighbor z with d(z) = 5, then wz ¢ E(G), and

(3) w and a; have a common neighbor, or w and a; have a common neighbor.

By Lemma 4.2, there exist paths P, P, P3, Py from w to A such that V(P; N P;) = {w}
for1<i<j<4,and |V(P,NCy)| =1for1<i<4. Let V(P,NCy) = {w;} for i =1,2,3,4.
If for some 1 < i < 4, |V(P;) N A| = 2 then we may replace it with its subpath between w; and
the vertex that is in AN V(P;) but is not an end of P;. So we may assume that A ¢ U?‘Zl P

If a1 € P; and a5 € P; for some ¢ # j, then the assertion of the theorem holds. So we may
assume by symmetry (between a; and aj) that ay ¢ P; for 1 < i < 4. By changing notation
if necessary we may assume as € P»,a3 € P3, ag € Py and a5 € P;. See Figure 3 for an
illustration.

Figure 3: The regions divided by Pi, P>, P3, P;.

Note that Py, P, P3, Py divide the disc into four closed regions. Let H; (for each 1 <i < 4)
denote the maximal subgraph of G — w contained in the closed region which has P; and P;11
in its boundary, where P5; = P;. Then a; € H; (by planarity). We may further assume that
the paths Py, P>, P53, P4 are chosen so that

(4) Hi is maximal.

Since G is (5, A)-connected, G — (A — {a1}) has a path P from a; to a € Py U Py U w;Cws
such that P — a is disjoint from P, U P, Uw;Cwsy. By planarity, any such path is contained in
H,. Moreover, we may assume that for any such choice of P, we have a ¢ P»; for otherwise,
P, wPa U P, Py, Py are the desired paths. Then by planarity and the existence of P;, there
exist v € V(w;Cypwe — ws) and a path P in H; from a; to v disjoint from Py U (Cy, — v). We
choose such P that vCy,ws is minimal. Then v € a1Casy. Also, we may assume wv ¢ E(G); or
else P1, P+ {w,wv}, P3, Py give the desired paths. We claim that
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(5) asCas N (w4wa1 - wl) = 0.

For, otherwise, let b € V(a4Cas) NV (wsCypwi — wy). Then {b,w,v} is a cut in G separating
{wy,a1,as} from {as, as,as}. So by (1), b and wy are the only neighbors of a5 on C, v and w;
are the only neighbors of a; on C, and N(w1) = {a1,as,b,v,w}. Let w' € N(v) NV (Cy —wy).
Since d(v) > 5 and wv ¢ E(G), w' ¢ C. It is easy to see that w’ contradicts the choice of w
in (2) (but satisfies (3)), completing the proof of (5).

Case 1. Suppose there exists a path @ from a; to a € V(P;) such that (Q —a) N Cy, =0,
QNPy=0,and QNP = {CL}

Choose @ so that aPyw; is minimal. If ayCasNwy Pra = 0, then by (5), PyUasCas contains
a path Pj from as to w such that P;NC,, = {w4}; and so QUaPyw, Py, P, P; give the desired
paths.

Hence, we may assume ayCas NwiPra # (. Then by (4), aPia; = aCas. By (1), {a,v}
cannot separate {as, a1} from Cy, U {ag, as,as}. Hence by the minimality of aPjwq, there is a
path R in Hy —aCas from ay to some u € V(w1Cyv) —{wi,v}. We choose such u that wiCyu
is minimal. We may assume wu ¢ E(G); or else R+ {w,wu}, P», P3, Py give the desired paths.

Suppose w has a neighbor, say ', in uCv — {u,v}. Note that {a,u,v,w} is a cut of G;
and let H' denote the {a,u,v, w}-bridge of G containing a; and as. Then since G is (5, A)-
connected and by planarity (and also because of P and R), H' contains a path R’ from w’ to
ay disjoint from (Cy, — w’) U aCas. Now the assertion of the theorem holds with C,, and the
paths P, R’ + {w,ww'}, Py, Ps.

Therefore we may assume that such w’ does not exist. Then {a,u, v} is a cut in G separating
{a1,a5} from {ag,as,as,w}. So by (1), there is a vertex z such that x and a are the only
neighbors of a5 on C, x and v are the only neighbors of a; on C, and N(z) = {a1, a5, a,u,v}.
Since d(u) > 5 and wu ¢ E(G), we see that a # w;. So w has no common neighbor with any
of a; and as. Let w' € N(a) such that v’ ¢ C and w # u, which exists because d(a) > 5.
Then by planarity, w'z ¢ E(G), and v’ has a common neighbor with a;. So w’ contradicts
the choice of w in (3).

Case 2. There exists u € V(w1 Cypws) — {wy,ws} such that all paths from a; to Cy, must
intersect uCov.

We choose such u so that «Cyv is minimal. Then {u,v,w} is a 3-cut in G separating a;
from A — {a,}. Since G is (5, A)-connected, the component of G — {u, v, w} containing a; has
exactly one vertex. So by planarity, u and v are the only neighbors of aq in G, and uv is an
edge of C,. Thus u,v € C.

If wu € E(G) then wuay, Py, P3, Py give the desired paths, and if wv € E(G) then
Py, wvay, Ps, Py give the desired paths. So we may assume wu,wv ¢ E(G). Without loss
of generality, we may assume w1, u, v, wy occur on Cy, in this clockwise order.

Clearly, w and a1 have no common neighbors. Moreover, w and a5 have no common
neighbor. For, otherwise, let b € N(w) N N(as). Then since d(u) > 5 and wu ¢ E(G),
{b,u,w,as} is a cut in G, contradicting the assumption that G is (5, A)-connected.

Let v; € V(Cy)—{u, v} such that vyv € E(G). Since G is (5, A)-connected and wv ¢ E(G),
v; ¢ C. By Lemma 4.1, the vertices of G which are cofacial with vy induce a cycle in G — A.
Note that v; has no common neighbor with a5 (i.e. satisfying (2)); however, v; and a; have v
as a common neighbor. So v; contradicts the choice of w in (3). 1
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Proof of Theorem 1.2. Let (G, G2) be a 5-separation in G such that V(G N Ga) =
{a1,a2,a3,a4,a5} and |V(G)| > |V(G2)| > 7. Moreover, assume that Gy may be drawn
in a closed disc in the plane without edge crossings such that ai,as,as, a4, as occur on the
boundary of the disc in clockwise order. Note that |G1| > 2 (since G is not planar). Let
A = {a1,a2,a3,a4,a5}. We may choose (G1,G2) such that G is maximal. Then each a; has
at least two neighbors in G1, and A is an independent set in G;. Hence GGy — a; is 2-connected
for 1 <4 <5.

By Theorem 4.3, there exist w; € V(G2) — A, a cycle Cy, in (G2 — A) — wy, and four
paths Pp, Po, P3, P) in G from wy to A such that V(PN P;) = {w;} for 1 <i < j <4, and
[V(P;NCy,)| =1for 1 <i<4. Without loss of generality, we may assume that a; is an end

If G1 — a5 contains disjoint paths Ay, Ay from ay, as to as, aq, respectively, then C,, U P} U
PoUPsUPLUALUAy is aTKs in G.

So we may assume that such A, As do not exist. By Theorem 2.2 and by the fact that Gy
is (5, A)-connected, G — a5 can be drawn in a closed disc in the plane with no edge crossings
such that a1, a9, as, aq occur on the boundary of the disc in this cyclic order. Let C' denote the
outer cycle of G; — as. Since G is nonplanar, as has at least one neighbor, say a, such that
a ¢ ayCay.

By Theorem 4.3 there exist we € V(Ga) — A, a cycle Cy, in (G — A) — wsy, and paths
Q1,Q2,Q3,Q4 in Gy from wy to A such that V(Q; N Q;) = {wa} for 1 <i < j <4, |[V(Q:N
Cu,)| = 1for 1 < i <4, aq is an end of @3, and a5 is an end of Q4. Let ag, ay be the
ends of @Q1,Q2 with 1 < s <t < 3. If (G; — a5) — a4Cag has a path R from a to a;, then
Cu, UQ1UQaUQ3UQsU (RUasa)UayCas is a TK5 in G.

So we may assume that such a path R does not exist. Then s = 2 and a € a1Cas. By
Theorem 4.3 there exist ws € V(Ga)—A, a cycle Cy, in (Go—A)—ws, and paths Ry, Ro, R3, R4
in G from wsz to A such that V(R; N R;) = {ws} for 1 <i < j <4, [V(R;NCy,)| =1 for
1 <i<4, aqis an end of Ry, and a5 is an end of R4. Let as,a; be the ends of Ry, R3 with
2<s<t<4. Now Cups UR; URy UR3URyUa;Cay U (asaUaCas) is a TKs in G. |
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