Subdivisions of K5 in graphs containing K 3
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Abstract

Seymour and, independently, Kelmans conjectured that every 5-connected nonplanar
graph contains a subdivision of K5. We prove this conjecture for graphs containing K3 3.
As a consequence, the Kelmans-Seymour conjecture is true if the answer to the following
question of Mader is affirmative: Does every simple graph on n > 4 vertices with more
than 12(n — 2)/5 edges contain a K , a K3, or a subdivision of K5?

1 Introduction

We follow the notation and terminology used in [10,11]. In particular, for a given graph K
we use T'K to denote a subdivision of K. The vertices of a T K corresponding to the vertices
of K are called the branch vertices of this TK. Hence the degree 4 vertices in a T K5 are its
branch vertices. A separation in a graph G is a pair (G1,G2) of subgraphs of G such that
G = G1 U Go, E(Gl) N E(Gg) = (Z), and E(Gl) U (V(Gz) — V(Ggfz)) #* 0 for i = 1,2. If, in
addition, |V (G N G2)| = k then (G1, G2) is said to be a k-separation. A collection of paths is
said to be independent if no vertex of any path is internal to any other path in the collection.

Mader [12] proved that every simple graph on n > 5 vertices and with at least 3n — 5 edges
contains T'K’5, establishing a conjecture of Dirac [4]. In [7,8], Dirac’s conjecture is reduced to
the following conjecture of Seymour [15]: Every 5-connected nonplanar graph contains T K.
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Kelmans [7] independently made the same conjecture two years later. In [10,11], the Kelmans-
Seymour conjecture is established for graphs containing K, (the graph obtained from K4 by
removing an edge).

Theorem 1.1 (Ma and Yu). Every 5-connected nonplanar graph containing K, contains
TKs.

One important step in [10] is to deal with the case when a 5-connected nonplanar graph
G admits a 5-separation (Gp,G2) such that [V (Gz)| > 7 and G2 has a plane representation
in which all vertices in V/(G1 N G2) are incident with a common face. It is shown in [10] that
in G2 one can find a special collection of independent paths (used to construct a TKj in G).
This result is also used in [5] by Krakovski, Stephens and Zha to show that the Kelmans-
Seymour conjecture holds for graphs embedded in any surface (other than the sphere) with
representativity at least 5.

It turns out to be very useful to exclude K . For example, by working with K -free graphs,
Kawarabayashi [6], Aigner-Horev [1], and Ma, Thomas and Yu [9] independently proved the
Kelmans-Seymour conjecture for apex graphs. (A graph is said to be aper if it has an apex
vertez, i.e., a vertex whose deletion results in a planar graph.) In this paper we prove the
Kelmans-Seymour conjecture for graphs containing K 3, and our proof makes heavy use of
the fact that we can assume the graphs to be K -free.

Theorem 1.2 FEvery -connected nonplanar graph containing Ko 3 contains T K.

Theorems 1.1 and 1.2 imply that the Kelmans-Seymour conjecture holds if the answer to
the following question of Mader [12] is affirmative: Does every simple graph on n > 4 vertices
with more than 12(n — 2)/5 edges contain a K, , a Ky 3, or a TK5?

In order to give a high level description of our proof of Theorem 1.2, we need additional
notation and terminology. Let H be a graph and A C V(H). We use H[A] to denote the
subgraph of H induced by A, and use Ng(A) to denote the neighborhood of A. For any
subgraph K of H, we let H[K] := H[V(K)| and Ny (K) := Ng(V(K)). When understood,
the subscript H may be omitted. For any positive integer k, we say that H is (k, A)-connected
if, for any cut set T of H with |T'| < k — 1, each component of H — T' contains a vertex in A.

We now introduce a concept that is closely related to existence of disjoint paths. A 3-planar
graph (G,.A) consists of a graph G and a set A = {41,..., Ay} of pairwise disjoint subsets of
V(G) (possibly A = () such that

(a) for i # j, N(A) N A4; =D,
(b) for 1 <i <k, |IN(A;)| <3, and
(c) if p(G,.A) denotes the graph obtained from G by (for each i) deleting A; and adding

edges joining every pair of distinct vertices in N(A4;), then p(G,.A) can be drawn in the
plane with no edge crossings.

If, in addition, by, by, ...,b, are vertices in G such that b; ¢ A for 0 < i < n and A € A,
p(G, A) can be drawn in a closed disc with no edge crossings, and by, by, ..., b, occur on the
boundary of the disc in this cyclic order, then we say that (G, A, b, b1,...,b,) is 3-planar. If
there is no need to specify A, we will simply say that (G, bg, b1, ..., b,) is 3-planar.



We make a simple, but useful, observation. Suppose for any A € A and for any u,v € N(A),
G[A U {u,v}| has a path from u to v. If P is a path in p(G,.A) then we may produce a path
P* in G with the same ends of P as follows: For each edge uv of P with {u,v} C N(4;) for
some i, replace uv with a path in G[A; U {u,v}] between u and v. As a consequence, any set
of independent paths in p(G, .A) gives a set of independent paths in G with the same ends.

Given a graph G and S C V(G), we say that (G, S) is planarif G has a drawing in a closed
disc in the plane without edge crossings such that the vertices in S all appear on the boundary
of the disc; in which case, the boundary of the unbounded face of G is called the outer walk
of G (and outer cycle if it is a cycle). We say that (G, S) is 3-planar if the vertices in S can
be ordered as by, ..., b, such that (G,by,...,b,) is 3-planar.

Another concept we need is from [3]. A block of a graph G is either a maximal 2-connected
subgraph of G or a subgraph of G induced by a cut edge. A block is nontrivial if it is
2-connected, and it is trivial otherwise. A connected graph C is a chain if its blocks can
be labeled as Bj, ..., Bg, where £ > 1 is an integer, and its cut vertices can be labeled as
V1, ...,U_1 such that

(i) V(BZ) N V(Bi_;,_l) = {Ul} for1<i<k-—1and
(ii) V(BZ) N V(Bj) =0forl< 1,7 < k with ’Z —j| > 2.

We write C' := Biv1Bovs ... v,_1 B} for this situation, and also view C' as Ule B;. If k£ > 2,
vo € V(By) — {v1} and v, € V(Bg) — {vg_1}, or, if & = 1, vy,vx € V(B;1) and vy # g,
then we say that C is a vg-vg chain or a chain from vg to vg, and we denote this by C' :=
UoBl’Ul e vk_lBkvk.

Let G be a graph and let C := vgBiv1 ...vp_1Brvr be a chain from vg to vi. If C is an
induced subgraph of G, then we say that C' is a chain in G. We say that C is a planar chain
in G if, for each 1 < i < k with |V(B;)| > 3 (or equivalently, B; is 2-connected), there exist
distinct vertices z;,y; € V(G) — V(C) such that

o N(B; —{vi—1,vi}) = {vi—1,vi, i, Y},
o (GIV(Bj) U{xi,yi}] — xyi, Ti, vi—1, Y, vs) is planar, and
e B; — {vj_1,v;} is a component of G — {z;, y;, vi—1,v;}.

Note that {z;,y;} N {z;,y;} may be nonempty. We say that C is a 3-planar chain if in the
above definition of a planar chain we allow x; = y; and replace the second condition by “if
x; # y; then (G[V(B;) U{xi,yi}| — ziyi, ©i, vi—1,Y;, v;) is 3-planar”.

We are now ready to give a high level description of our proof of Theorem 1.2. Let G
be a 5-connected graph and {z1,x2,y1,y2,y3} C V(G) such that Glx1,z2,y1,92,y3] = Kaj3
in which z1, 22 have degree 3. We will force a K; in G and invoke Theorem 1.1, or force a
5-separation (G1,G2) such that Go is apex with apex vertex a and (G2 —a, V(G1NG2) —{a})
is planar, and then invoke Corollary 2.9 proved in Section 2. For subgraphs H, K of G, we use
H — K to denote H — V(H N K).

STEP 1. We show that either G contains T K5 or H := G — {y1,y2,y3} contains a 3-planar
chain from x; to xg, say C, such that H — C' is 2-connected. This is done by first producing
an induced path X in H between x; and 3 such that H — X is connected, then augment a



given 2-connected block in H — X. In the case the given block cannot be augmented we find
a T K5 or are left with the desired 3-planar chain. This is dealt with in Section 3.

STEP 2. There are two types of blocks in a 3-planar chain. In Section 4, we show that if
there is a block, say D, with two neighbors in H — C, say bp, ¢p, then GG contains T K5. This
is done roughly as follows. Let D* be obtained from G[D + {bp,cp,y1,y2, y3}] by identifying
Y1,%Y2,ys3 to a single vertex y, and let up,vp be the ends of D. Then D* is an apex graph
with apex vertex y, and (D* — y,bp,up,cp,vp) is 3-planar. We first show that G contains
TK5 or D* is (5,{bp, cp,up,vp,y})-connected. We then prove two results in Section 2 which
in turn allow us to find a special collection of independent paths in D*. Finally, we use these
paths to force a 5-separation (G1,G2) in G such that Go is apex with apex vertex a and
(G2 — a,V(G1 N G2) — {a}) is planar, and invoke Corollary 2.9.

STEP 3. We may thus assume that each 2-connected block of C' has only one neighbor in
H — C. We show that at least two of {y1,y2,y3} have neighbors in H — C. This makes it
easier to find a T'K5. Again, whenever we are stuck we are rescued by a K, or a 5-separation
(G1,G2) in which G2 is apex with apex vertex a and (G2 — a, V(G1 N G2) — {a}) is planar.
This is done in Section 5.

STEP 4. Finally, we arrive at the case when C' is simply an induced path X. It is then easy
to show that G contains T'K5 or none of {y1,y2,y3} has a neighbor in X — {x1,z2}. So G- X
is 2-connected. If in G — X there is a cycle containing {y1,y2,y3} then such a cycle, together
with G[{x1,x2,y1,v2,y3}] U X, gives a T K5 in G. So we may assume that such a cycle does
not exist in G — X. Then we know the structure of G — X, given by a result of Watkins and
Mesner in [21]. A case analysis similar to that in [10] finds a TKj5 in G.

2 Previous results and lemmas

In this section we list some known results and prove a few lemmas that are needed in our proof
of Theorem 1.2. We begin with a result of Tutte [20].

Lemma 2.1 (Tutte). Let G be a 3-connected graph, e € E(G) and v € V(G) such that v is
not incident with e. Then G — v contains an induced cycle C such that e € E(C) and G — C
is connected.

We will need the following result of Seymour [16] about the existence of disjoint paths;
equivalent versions can be found in [14,17,19].

Lemma 2.2 (Seymour). Let G be a graph and si,sa,t1,ta be distinct vertices of G. Then
either G contains disjoint paths from sy to t1 and from sy to ta, or (G, s1, s2,t1,t2) is 3-planar.

We state a simpler version for graphs with higher connectivity.

Corollary 2.3 Let G be a connected graph and s1, s2,t1,t2 be distinct vertices of G such that
G is (4,{s1, s2,t1,t2})-connected. Then either G contains disjoint paths from sy to t1 and from
s9 to ta, or (G, s1,89,t1,t2) is planar.

We will heavily use the k = 3 case of the following result of Perfect [13].



Lemma 2.4 (Perfect) Let G be a graph, u € V(G), and A C V(G —u). Suppose there exist k
independent paths from u to distinct a1, ...,a € A, respectively, and otherwise disjoint from
A. Then for anyn > k, if there exist n independent paths Py, ..., P, in G from u to n distinct
vertices in A and otherwise disjoint from A then Pi,..., P, may be chosen so that a; € V (F;)

fori=1,... k.
We also need a result of Watkins and Mesner [21] on cycles through three vertices.

Lemma 2.5 (Watkins and Mesner). Let R be a 2-connected graph and let y1,ya,ys be three
distinct vertices of R. Then there is no cycle through y1,y2 and ys in R if, and only if, one of
the following statements holds.

(i) There exists a 2-cut S in R and, for u € {y1,y2,ys}, there exist pairwise disjoint sub-
graphs D, of R — S such that u € V(D,) and each D, is a union of components of
R-S.

(13) For wu € {y1,y2,ys}, there exist 2-cuts Sy in R and pairwise disjoint subgraphs D,, of R,
such that u € V (D), each D, is a union of components of R— Sy, Sy, NSy, NSy, = {2},
and Sy, —{z}, Sy, — {2}, Sy, — {2} are pairwise disjoint.

(tit) For u € {y1,y2,ys}, there exist pairwise disjoint 2-cuts S, in R and pairwise disjoint
subgraphs Dy, of R — S, such that w € V(D,,), D, is a union of components of R — Sy,
and R —V(Dy, U Dy, U Dy,) has precisely two components, each containing exactly one
vertex from S,.

The lemmas above are used in [10,11] to prove Theorem 1.1, which turns out to be useful
here as well. The following lemma is proved in [10] and also needed here.

Lemma 2.6 (Ma and Yu) Let G be a 5-connected nonplanar graph, and let (G1,G2) be a
5-separation of G such that |V (G2)| > 7 and (G2, V(G1) NV (G2)) is planar. Then G contains
TK:.

In order to prove Theorem 1.2, we need to generalize Lemma 2.6 by allowing G2 to be
apex. Our original work on this generalization is quite complex, which is simplified by the
following lemma (and its proof) due to Thomas [18]. For a vertex z in a graph H, we use
dp(x) to denote the degree of z in H.

Lemma 2.7 (Thomas) Let G be a connected graph with |V(G)| > 7, let A C V(G) with
|A| = 5, and let a € A, such that G is (5, A)-connected, (G — a, A — {a}) is planar, and
either (1) A — {a} is independent and dg_q(v) > 2 for allv € A —{a} or (2) A —{a} is
not independent and dg_q(v) > 4 for allv € A — {a}. Then G contains K, , or G has a
5-separation (G1,G2) such that a € V(G1NG2), A CV(G1), and |V (Ga)| > 7.

Proof. Let A ={a,ai,as,as,a4}, and assume that G — a is drawn in a closed disc in the plane
without edge crossings such that aq, a9, as, as occur on the boundary of the disc in clockwise
order. Since |V(G)| > 7 and G is (5, A)-connected, ajas, azas ¢ E(Q).

Let H = (G — a) + {a1a2, a2as, azas, asa; } if (1) holds, and let H = G — a if (2) holds; so
that when (1) occurs H is a plane graph with outer cycle ajasasasa;. Note that the minimum



degree of H satisfies §(H) > 4. Since G is (5, A)-connected, for v € V(H) — {a1, as, a3, a4}, if
dp(v) =4 then va € E(G). If G contains K, we are done. So we may assume that K, Z G.

Let wvwu be a facial triangle in H. We say that uvwu (and the face it bounds) is bad
if {u,v,w}NAl =2, or {u,v,w}NA = {a;} for some 1 < i < 4 with dy(a;) = 4. Since
K, Z G, there are at most 8 bad facial triangles in H. In fact, it is easy to show that if there
are 8 bad facial triangles in H then ajasasaqa; is the outer cycle of H, the outer cycle of H —
{a1,a9,as3,a4} is a 4-cycle by babsby, and we may choose the notation so that a1bjazbeasbsasbsay
is a cycle in H. If |[V(G)| = 9 then, since G is (5, A)-connected, {b1,ba,b3,bs} C Ng(a), or
bibs € E(G), or bby € E(G); so G contains K, , a contradiction. If |[V(G)| = 10 then,
since G is (5, A)-connected, the vertex in V(G) — {a,a;,b; : i = 1,2,3,4} is adjacent to all of
{b1,b2,b3,0b4}, forcing a K in G, a contradiction. So |V (G)| > 11, then G has a 5-separation
(Gl,Gg) such that V(Gl N GQ) = {a, bl,bg,bg,b4}, A C V(Gl), and ‘V(Gg)‘ > 7. Thus, we
may assume that H has at most 7 bad facial triangles.

We may assume that if wowu is a facial triangle and is not bad, then two of {u,v,w}
must have degree at least 5 in H. Clearly {u,v,w} ¢ A because ajas,azas ¢ E(G). Now
let v,w ¢ A. If dg(v) > 5 and dg(w) > 5 then we are done. So we may assume that
dp(v) = 4; hence va € E(G). If dg(w) = 4 then wa € E(G) and G[{a,u, v, w}] contains K, ,
a contradiction. So dy(w) > 5. Similar argument shows that if v ¢ A then dgy(u) > 5. So
assume u € A. Then dy(u) > 5 as uwvwu is not bad.

We now derive a contradiction by applying a simple discharging to H. Let F(H) denote
the set of faces of H, and for any f € F(H) let di(f) denote the number of vertices incident
with f. Let o : V(H)U F(H) — Z (the set of integers) such that o(x) = 4 — dy(x) for all
x € V(H)U F(H). Then by Euler’s formula, the total charge is

oH)= > o)+ Y o(f)=8

veV (H) fEF(H)

Note that for any x € V(H)UF(H), if o(z) > 0 then x € F(H), dg(z) = 3, and o(x) = 1.
We now redistribute charges as follows, such that the total charge remains unchanged. For
each f € F(H) with dg(f) = 3 and f not bad, pick two of its incident vertices with degree
at least 5 in H, and send a charge 1/2 from f to each of these two vertices. Let 7 denote
the resulting charge function. Then 7(f) < 0 for all f € F(H) that is not bounded by a
triangle or is not bad, and 7(z) = 0 if x € V(H) and dy(z) = 4. Now suppose z € V(H)
and dg(xz) > 5. Since K; Z G, x is contained in at most |dy(x)/2] facial triangles. Hence

7(x) <o(x)+ |duy(x)/2]/2 =4 —dg(z) + |du(x)/2] /2. Note that

4 — 3k, if dg(z) = 4k;
) 33k ifdp(e) = 4k + 1:
4 —dy(z)+ [du(x)/2)/2 = 5/2 — 3k, if dy(z) = 4k + 2;
3/2— 3k, if dy(z) = 4k + 3.

Since dy(z) > 5, we have k > 1 and k > 2 if dy(x) = 4k. Hence, 7(z) < 4 — dy(z) +
|dp(z)/2]/2 < 0. Thus the total new charge is 7(H) < 7 because there are at most 7 bad
facial triangles. This is a contradiction. |

The following is an easy consequence of Lemma 2.7. It was proved independently by
Kawarabayashi [6], by Aigner-Horev [1], and by Ma, Thomas and Yu [9].



Corollary 2.8 FEvery 5-connected nonplanar apex graph contains T Ks.

Proof. Let G be a 5-connected nonplanar apex graph and a be its apex vertex. By Theorem 1.1,
we may assume that K, Z G. So G — a has a plane representation in which the outer cycle is
not a triangle. Let a1, a0, as, as be four arbitrary vertices in the outer cycle of G — a, and let
A ={a,a1,a2,a3,a4}. Then G, A, a satisfy the conditions of Lemma 2.7 (in particular, (1) or
(2) depending on whether or not A is independent).

Hence, by Lemma 2.7 and the assumption that K, ¢ G, G has a 5-separation (G1,G2)
such that a € V(G1 NG2), A CV(G1), and |V (G2)| > 7. We choose such (G1,G2) so that G
is minimal, and let A’ = V(G N Gy).

If |V (G2)| = 7 then, since G is (5, A’)-connected and (G2 —a, A’—{a}) is planar, K, C G,
a contradiction. So |V(G2)| > 8. Hence, by the minimality of Gy, A’ is independent in Go
and dg,—q(v) > 2 for all v € A’ — {a}. So Go, A, a satisfies the conditions of Lemma 2.7 (in
particular, (1)). As a consequence of Lemma 2.7, K, C Go, a contradiction. ]

As mentioned before, we need an apex version of Lemma 2.6, which is also an easy conse-
quence of Lemma 2.7.

Corollary 2.9 Let G be a 5-connected nonplanar graph, (G1,G2) a 5-separation of G, and
a € A:=V(G1)NV(Ge) such that |V(Gz)| > 7 and (G2 — a, A — {a}) is planar. Then G
contains T K.

Proof. We choose such separation (G1, G2) so that Go is minimal. Then A—{a} is independent
in Go. If [V(G2)| = 7 then, since Gy is (5, A)-connected and (G2 —a, A—{a}) is planar, K, C
Go. If [V(G3)| > 8 then by the minimality of Ga, A is independent in G and dg,—,(v) > 2 for
all v € A—{a}; so K, C G2 by Lemma 2.7. Therefore, the assertion of this corollary follows
from Theorem 1.1. |

In the proof of Lemma 2.6 in [10], an important step is to find a collection of independent
paths in G, the planar side. For the purpose of this paper, we need to extend this to the apex
side of a 5-separation. The following result is due to Thomas [18] which significantly simplifies
our proofs of such results (see Corollaries 2.11 and 2.12).

Lemma 2.10 (Thomas). Let G be a connected graph with |V(G)| > 7, A C V(G) with
|A| =5, and a € A, such that G is (5, A)-connected, (G —a, A —{a}) is planar, and G has no
5-separation (G1,G2) with A C Gy and |V (G2)| > 7. Let w € V(G) — A and assume that the
vertices in G—a cofacial with w induce a cycle C in G—a. Then there exist paths Py, Py, Ps, Py
in G from w to A such that V(P; N Pj) = {w} for 1 <i<j <4, and |V(PNC)| <1 and
V(P)NAl=1 forl<i<d4.

Proof. Since G has no 5-separation (G1,G2) with A C G; and |[V(G2)| > 7, A must be
independent in G. Let H := G — (C — N(w)).

Suppose H has four paths Py, P, P3, Py from w to A such that V(P N Pj) = {w} for
1<i<j<4and|V(P)NA| =1for1<i<4. Wemay assume that these paths are induced
paths. Hence |V(P,NC)| <1 for 1 <i < 4. (Note that |V(F;) N C| =0 when P; = wa.) So
P;, 1 <1 <4, are the desired paths.

Thus we may assume that such paths in H do not exist. By Menger’s theorem, there is
acut T, |T| < 3, in H separating w from A. For convenience, assume that G — a is drawn



in a closed disc in the plane with no edge crossings such that A — {a} is contained in the
boundary of the disc. Thus there is a simple closed curve « in the plane intersecting G — a
only in (T' — {a}) U (V(C) — N(w)) such that w is inside v and A — {a} is outside + or on 7.
When |T' — {a}| > 2, the elements of T — {a} divide vy into |T'— {a}| simple curves (including
the points in 7' — {a}), called the segments of v. When |T' — {a}| < 1, we define « to be its
only segment. For two distinct points u,v on v we use uyv to denote the simple curve in ~
from u to v in clockwise order; and if w = v then uyv consists of the single point © = v. We
claim that

(1) ifu,v € V(C)—N(w) and uyv is contained in a segment of v, then uCv —{u, v} contains
no neighbor of w.

For, otherwise, we may choose such w,v that u and v are consecutive on . Then {a,u,v,w}
is a 4-cut in G separating uCv — {u, v} from A, contradicting the (5, A)-connectedness of G.

Note that yNV(C)NN(w) €T —{a} and TN (V(C) — N(w)) = 0. Also note that since
G is (5, A)-connected,

@) [T[+ 70 (V(C) = N(w))[ = 5.
We consider cases based on |T — {a}|.

Case 1. |T —{a}| < 1.

In this case v has only one segment; so any two vertices in 7 N V(C) are contained in a
segment. First, suppose T'— {a} = (. Then |y N (V(C) — N(w))| > 4 by (2). Let u,v €
yN(V(C)— N(w)). By (1), neither uCv — {u, v} nor vCu — {u,v} contains a neighbor of w.
Hence, {a,u,v} is a 3-cut in G separating w from A, a contradiction.

Now, suppose |T' — {a}| = 1. Then |y N (V(C) — N(w))| > 3 by (2). Let u,v € yN
(V(C) — N(w)) such that T'— {a} C vyu and, subject to this, vyu is minimal. Then by (1),
uCv — {u,v} contains no neighbor of w. So {a,u,v} U (T — {a}) is a cut in G separating w
from A, a contradiction.

Case 2. |T —{a}| = 2.

Let T'—{a} = {t1,t2}. Then |y N (V(C) — N(w))| > 2 by (2).

First, assume (t1yto—{t1,t2})NV(C) = 0. Then fori = 1,2, let u; € (tayt1—{t1,t2})NV(C)
with u; closest to t;. By (1), N(w) C V(u1Cu2) U {a}. Hence {a,ti,t2,u1,uz} is a cut in G
separating w and N(w) from A, a contradiction (to the nonexistence of such a separation).

Thus (t17t2 — {t1,t2}) NV (C) # 0. Similarly, (tovtr — {t1,t2}) NV (C) # 0.

Fori = 1,2, let u; € (tayt1—{t1,t2})NV(C) with u; closest to t;, and v; € (t1yta—{t1,t2})N
V(C) with v; closest to t;. Then by (1), N(w) C V(u1Cvi—{ui,v1})UV (v2Cus—{uz, va})U{a}.
As |[N(w) NV (C)| > 4, we may assume by symmetry that |[N(w) NV (u1Cvy — {ug,v1})| > 2.
Hence {a,t1,u1,v1,w} is a cut in G separating A from at least two vertices, a contradiction.

Case 3. |T — {a}| = 3.

Let T — {a} = {t1,t2,t3}. In this case, a ¢ T and a has no neighbor strictly inside . By
@), |7 N (V(C) — N(w))| > 2

First, assume yN (V(C) — N(w)) is contained in some segment of v, say t1vts. Fori = 1,2,
let u; € (t1vta — {t1,t2}) N V(C) with u; closest to ¢;. By (1), N(w) € V(u2Cuy). Hence
{t1,t2,t3,us,u2} is a cut in G separating w and N(w) from A, a contradiction.



Therefore, v N (V(C) — N(w)) is not contained in any segment of .

Next, assume that the interior of some segment of v, say t3yt; — {t1,t3}, is disjoint from
V(C). For i = 1,2, let u; € (t1yta — {t1,t2}) N V(C) with wu; closest to t;; and for i = 2,3,
let v; € (tayts — {ta2,t3}) N V(C) with v; closest to t;. Then by (1), N(w) C V(uaCvs —
{ua,v2}) UV (v3Cu; — {u1,v3}). Since |N(w) NV (C)| > 4, |N(w) NV (uaCva — {ug,ve})| > 2
or |[N(w) NV (vgCuy — {ui,v3})| > 2. In the first case, {t2, u2,v2, w} is cut in G separating A
from some neighbor of w, a contradiction. In the second case, {t1,t3,u1,v3, w} is a cut in G
separating A from at least two vertices, a contradiction.

Thus, (ti’ytprl — {ti,tprl}) N (V(C) — N(w)) #* @ for i = 1,2,3, where t4y = t;. For¢t=1,2,
let u; € (t1yta—{t1,t2})NV(C) with u; closest to t;; for i = 2,3, let v; € (taytzs—{t2,t3})NV(C)
with v; closest to ¢;; and for i = 1,3, let w; € (t3yt1 — {t1,t3}) NV (C) with w; closest to t;.
Then by (1), N(w) C V(uaCve —{ug, v2}) UV (v3Cws — {vs, w3}) UV (w1 Cuy —{u1, w1 }). Since
IN(w) NV (C)| >4, |IN(w) NV (uaCva — {uz,v2})| > 2 or |[N(w) NV (vsCws — {vz, wz})| > 2
or [IN(w)NV(wiCuy — {u1,w1})| > 2. In the first case, {t2, ua, v2, w} is a cut in G separating
A from some neighbor of w, a contradiction. In the second case, {t3,vs, w3, w} is a cut in G
separating A from some neighbor of w, a contradiction. In the third case, {¢t;,u1, w1, w} is a
cut in G separating A from some neighbor of w, a contradiction. |

As consequences of Lemma 2.10, we derive the following two results about independent
paths.

Corollary 2.11 Let G be a connected graph with |V(G)| > 7, A C V(G) with |A] =5, and
a € A, such that G is (5, A)-connected, (G — a, A — a) is planar, and G has no 5-separation
(G1,G2) with A C Gy and |V (G2)| > 7. Let w € N(a) such that w does not belong to the
outer walk of G —a. Then

(i) the vertices of G — a cofacial with w induce a cycle C in G — a,

(i1) G — a contains paths Py, P>, Py from w to A — {a} such that V(P; N P;) = {w} for
1<i<j<3,and |V(PNC)|=|V(P)NAl=1forl<i<3.

Proof. Let D denote the outer walk of G —a. Then A —{a} C V(D) and w ¢ V(D). Since G
is (5, A)-connected and by planarity of G — a, the vertices of G — a cofacial with w induce a
cycle C in G —a. Applying Lemma 2.10, we obtain four paths P;, P», P3, Py with one of them,
say Py, being wa. Now P, P», P3 are the desired paths. |

The next consequence of Lemma 2.10 is more technical. We require that G — a be K -free
instead of G. This is because in certain applications of this corollary, the vertex a is the result
of identifying several vertices and therefore may be contained in some K .

Corollary 2.12 Let G be a connected graph with |V(G)| > 7, A C V(G) with |A] =5, and
a € A, such that K; ¢ G —a, G is (5, A)-connected, (G — a,(A — a) U N(a)) is planar,
and G has no 5-separation (Gi,G2) with A C Gi and |V(G2)| > 7. Then G — a is 2-
connected. Moreover, either G is the graph obtained from the edge-disjoint union of an 8-cycle
T1ToX3X4T5TeL7x8x1 and a 4-cycle xoxgxersre by adding a and the edges ax;, 1 = 2,4,6,8,
with A = {a,x1,x3, 75,27}, or there exists w € V(G) — A such that

(i) the vertices of G — a cofacial with w induce a cycle C in G — a such that C N D = ),
where D denotes the outer cycle of G — a,



(1) there exist paths Py, Ps, Py, Py in G from w to A such that V(P;NP;j) = {w} for1 <i<
j<4,and |[V(BNC)| =|V(P)NAl=1forl1<i<4, and

(7i1) either a ¢ Ule V(P;), ora € U?:l V(P;) and we may write A — {a} = {a1,a2,a3,a4}
such that a € V(P1), a; € V(F;) for2 <i <4, and a1,a2,a3, V(P N D),as occur on D
in cyclic order.

Proof. Since G has no 5-separation (G1,Gz) such that A C G; and |V (Ga)| > 7,
(1) A is independent in G and every vertex in A has degree at least 2 in G.

We claim that
(2) G —a is 2-connected.

Otherwise, we may write G —a = Hy U Hy such that |V (Hy) NV (Hsy)| < 1 and |V (H;)| > 2 for
i=1,2. By (1), V(H;) — V(H1 N Hy) € A for i = 1,2. Note that |V (H;) N A| < 2 for some i.
Hence G has a separation (G, G2) such that Go— (V(G1)NV(G2)) = G[(H; — H3—;)U{a}] and
V(GiNGs2) = (V(H;)NA)UV (H1NH)U{a} (which has size at most 4). Clearly, A C V(G1).
Since V(Hy) — V(Hy1) € A, V(G2) — V(Gy) # 0. This contradicts the assumption that G is
(5, A)-connected.

By (2), let D denote the outer cycle of G — a; so A — {a} C V(D). We claim that

(3) every edge in (G — a) — E(D) with both ends on D must join two neighbors of a vertex
in A—{a}.

Let wv € E(G — a) — E(D) with u,v € V(D). Then G — a has a 2-separation (Hp, Hz) such
that V(H1) NV (Hs) = {u,v} and V(H;) — V(Hs—;) # () for i = 1,2. By symmetry, we may
assume that |V (H; — {u,v}) N A| < |V(Hy — {u,v}) N Al

First, suppose |V(H; — {u,v}) N A] = 2. Then, by (1) and since G is (5, A)-connected,
{a,u, v}U(V(H; —{u,v})NA) is a 5-cut in G separating A from just one vertex, say x, and x is
adjacent to all of {a, u, v} U(V(Hi —{u,v})NA). Then it is easy to see that K, C Hy C G—a,
a contradiction.

Thus, |V (H; —{u,v})NA| < 1. Since G is (5, A)-connected, {a,u, v} U(V(Hy —{u,v})NA)
cannot be a cut in G separating A from some vertex; so |V(Hi)] = 3 and the vertex in
V(H1) — {u,v} must belong to A. So we have (3).

Suppose V(G —a) = V(D). By (3) and because (G —a, A —{a}) is planar and G is (5, A)-
connected, we see that G must be the graph obtained from the edge-disjoint union of an 8-cycle
T1Tax324T5Ter7rgx1 and a 4-cycle xoxyxgrsrs by adding a and the edges az;, i« = 2,4,6,8,
with A = {a,x1, 23,25, x7}.

So we may assume that V(G — a) # V(D). We claim that

(4) there exists w € V(G — a) — V(D) such that w is not cofacial with any vertex of D.
For, suppose every vertex of V(G — a) — V(D) is cofacial with some vertex of D. Then

G —a— V(D) is outerplanar. So there exists w € V(G —a) — V(D) such that w has degree at
most 2 in G —a — V(D).
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Since G is (5, A)-connected and N(a) C V(D), w has at least three neighbors in D. Let
w1, ..., wy be the neighbors of w on D (so k > 3), and assume that they occur on D in this
clockwise order. Moreover, by planarity, we may choose w so that there is no vertex inside the
cycle wwi Dwpw. Since K € G —a, |V (w1 Dwy)| > 4. So by (1), V(w1 Dwy —{w1,wr}) € A.

Suppose for some v € V(wiDwy — {wi,wi}) — A, v ¢ N(w). By symmetry, assume
v € V(wiDwg_1). Then since G is (5, A)-connected and by (3), there exist vvi,vvy € E(G —
a) — E(D) such that {v,v;} = N(a;) for a; € A (i = 1,2), and N(v) = {a,a1,a2,v1,v2}.
Assume v; € V(w1 Dvy). Now by (1), {a,v1,v2} U (AN V(v2Dvy)) is a 5-cut of G separating
A from {w,wy}, a contradiction.

So V(w1 Dwy, — {w1,wi}) — A C N(w). Let v € V(wiDwy, — {wy,wy}) — A. Since G is
(5, A)-connected, there exists vv' € E(G —a) — E(D) with o' € V(D). By (3), {v,v'} = N(a;)
for some a; € A. By (1), v ¢ A; so v,v" € N(w). Now G[{a;,v,v',w}] = K, , a contradiction.
This completes the proof of (4).

Since G is (5, A)-connected and by planarity of G — a, we see that the vertices of G — a
cofacial with w induce a cycle C'in G — a. Then C N D = () by (4).

By applying Lemma 2.10, there exist paths P, P», P3, Py in G from w to A such that
V(IPENP) ={w}for1 <i<j<4,and [V(PNC)| =|V(P)NAl=1forl<i<4 If
a ¢ Ui, V(P,) then (iii) holds. So we may assume without loss of generality that a € V/(P,).

Let A — {a} = {a1,a2,a3,a4} such that a; € V(P;) for i = 2,3,4, let w; denote the
neighbor of w in P; for i = 1,2,3,4, and let a’ denote the neighbor of a in P;. If there exists a
permutation ijk of {2,3,4} such that a1, a;, a;, @', a;, occur D in cyclic order then (iii) holds. So
we may assume, without loss of generality, that a1, a’, as, a3, as occur on D in clockwise order.
Since CND = 0, a1 Da’ Ua’ Pyw contains a path P| from a; to w such that V(P{NC) = {w; }.
Now Pj, P2, P3, Py show that (iii) holds. ]

3 3-Planar chains

Throughout the rest of this paper, let G be a 5-connected nonplanar graph and x1, x2, y1, y2, Y3 €
V(G) be distinct such that K := G[z1, 22, Y1, y2,y3] = K23 in which z1, 22 have degree 3. Let
H:=G—{y1,y2,y3}-

In this section we will show that G contains T'K5 or H contains a 3-planar chain C from
x1 to x9 such that H — C' is 2-connected. We need the concept of a bridge. Let J be a graph
and L C J. An L-bridge of J is a subgraph of J induced by the edges of a component of J — L
and all edges from that component to L.

First, we prove a very useful lemma that G contains T K5 or no vertex other than x1 and
x9 may be adjacent to two of {y1,y2,y3}.

Lemma 3.1 Suppose 3 € V(H) — {z1,22} and |N(z3) N {y1,y2,y3}| > 2. Then G contains
TKs.

Proof. Without loss of generality, we may assume that xsy;, z3y2 € E(G). Note the symmetry
among x1, T2, ¥y1,y2 and between x3 and ys.

If G—{x3,y3} contains four independent paths from some u € V(G)—{x1, x2, 3, y1, Y2, Y3}
to x1, T2, Y1, Y2, respectively, then these paths and K U yyx3ys form a T K5 in G with branch
vertices u, X1, T2, Y1, Y2. S0 we may assume that such paths do not exist. Then
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(1) G has a 5-separation (Hi, Hy) such that {x3,y3} C V(H1)NV(H2), u € V(H1)—V(Hs),
and {z1,z2,y1,y2} C V(Ha).

We choose (Hy, H2) in (1) so that Hy is minimal. Let S := V(H1NH2) —{z3,y3} = {s1, s2, s3}.
We may assume that

(2) S ZA{z1,22,y1,92}

For, suppose S C {z1,22,y1,y2}. By symmetry we may assume that x; ¢ S. By Menger’s
theorem, Ho—{y1,y2,ys} contains two independent paths P, Ps from x; to 2, x3, respectively.
If Hy — y3 contains disjoint paths from zo to x3 and from y; to yo then these paths and
(K —y3) Uyi1z3y2 U P, U P3 form a T K5 in G with branch vertices 1, z2, 23, y1, y2. So we may
assume that such disjoint paths do not exist. Then by Corollary 2.3, (H; — ys3, 22, Y1, T3, Y2)
is planar. If |V(H;) — V(H2)| > 2 then, by Corollary 2.9, G contains T'K5. So we may
assume that |V (H;) — V(Hz)| = 1. Thus, since G is (5, A)-connected, the unique vertex in
V(Hy) — V(H3) is adjacent to 2,91, y2; so G contains K, and hence T'K5 by Theorem 1.1.

By (2) we may assume s; ¢ {z1,x2,y1,y2}. We claim that

(3) Hy—{xs3,ys} contains four paths S;, i = 0,1, 2, 3, from {1, z2,y1,y2} to s;, respectively,
where sp = s1, such that So N S1 = {s1}, and S; N S; = 0 whenever ¢ # j and {i,j} #
{0,1}.

Let H) be obtained from Hy — {z3,y3} by duplicating s;, and use so to denote the duplicate
of s1. (Hence, sy and s1 have the same neighborhood in Hj.) By the minimality of Hs and by
Menger’s theorem, H) contains four disjoint paths S; from {z1,z2,y1,y2} to s;, i = 0,1,2,3,
respectively. Note that Sp, Se,S3 are paths in Hy — {z3,y3}. By identifying so with s1, we
view Sy as a path in Hy — {z3,y3} from s;.

(4) We may assume that s; has a unique neighbor in H; — {s2, s3}, and denote it by w.

If Hy — {x3,y3} contains independent paths P», P3 from s1 to sa, s3, then SopU.S1 U (P U Sa) U
(P3US3) UK Uyixsys is a TK5 in G with branch vertices s1, 21, 22, y1,y2. So we may assume
that such paths do not exist. Then H; —{x3,y3} has a cut vertex v separating s; from {s9, s3}.
Since G is 5-connected, the v-bridge of Hy — {x3,y3} containing s; is induced by the edge sjv.
Hence (4) holds.

(5) We may assume that there exist by € Sy and by € S such that in Hy — {z3,y3},
{bo, b1, s2, s3} separates s; from {z1,x2,y1, 92}

To see this let HY be obtained from Hs — {x3,y3} by duplicating s; twice and identifying so
and s3 (also denote it by s2), and let s/, s| denote the duplicates of s;.

Suppose HY contains four disjoint paths from {s1, s}, s7, s2} to {x1, 22,91, y2}. Then Hy —
{z3,y3} has four independent paths to {z1,x2,y1,y2}, three from s; and one from sy or ss,
say so. Thus, these four paths, K Uy zsys, and a path in Hy; — {z3,ys3, s3} from s; to sy form
a T K5 in G with branch vertices s1, x1, T2, y1, y2.

So we may assume that such four paths in H) do not exist. Then HJ has a separation
(R, R') such that |[V(R) NV (R)| < 3, {s1,s],5],s2} € V(R), and {x1,22,y1,152} C V(R).
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Note that V(R) NV (R') # {s1, ), s} by (3). Since s1, s}, s/ have the same neighborhood in
HY, s1,8),8 ¢ V(R)NV(R'). Also, s2 = s3 € V(R)NV(R'); for otherwise, V(R) NV (R') is
a cut in H — {x3,ys} separating Hy from {1, x2,y1,y2}, contradicting the minimality of Ho
(among those (H1, Hs) satisfying (1)).

Thus, (Hy — {x3,y3}) — {s2,s3} has a cut T := V(RN R) — {s2 = s3} separating s from
{z1,22,91,92}, and s; ¢ T and |T| < 2. Since s; ¢ T and because of Sy and S in (3), |T| = 2;
so letting T' = {bg, b1} with by € Sy and by € S1, we complete the proof of (5).

Let R* denote the component of (Hy — {z2,23}) — {bo, b1, s2, s3} containing s;. Choose
{bo, b1} so that R* is minimal.

(6) We may assume that sg,s3 ¢ N(R*), and for any w € {x3,y3}, G[R* + {bo, b1, w}]
contains independent paths from s; to bg, b1, w, respectively.

First, assume that sy or s3, say s9, has a neighbor in R*. Then by the minimality of R*,
G[R* + {bg, b1, s2}] contains three independent paths from s; to by, b1, 2, respectively; and we
may assume that s1.5pbg and 515167 are two of them. Now these three paths, Sy U S; U Sy U
S3 U K Uyix3y9, and a path in Hy — {s2, x3,y3} from s; to s3 form a T K5 in G with branch
vertices s1,x1, T2, Y1, Y2

So we may assume that R* contains no neighbor of {s2,s3}. Since G is 5-connected and
by (4), R* has neighbors of both z3 and y3. If R* = {s;} then s1z3,s1y3 € E(G); so (6)
holds. Hence we may assume that |V(R*)| > 2. By the minimality of R*, we see that for any
w € {x3,ys3}, G[R* + {bg, b1, w}] contains independent paths from s; to w, by, b1, respectively.
Again, we have (6).

Let Ry = G[R*+{bo, b1, u, z3,y3}]. Note that when R* # {s1} we have symmetry between
Ry and Hy, since we will not need the minimality of Hy in the remainder of the proof.

(7) We may assume that |V (H;)| > 7.

For, suppose |V(Hp)| = 6. Then u (see (4)) is adjacent to all of {si,s9,s3,x3,y3}. If
s123,51y3 € E(G) then G[s1,u,x3,y3] contains K, , so G contains T K5 by Theorem 1.1.
Thus we may assume s;x3 ¢ E(G) or s1ys ¢ E(G). This implies |V (R*)| > 2 (as s1 has degree
at least 5 in G). If [V(R*)| > 3 then |V(R1)| > 7; so by the symmetry between R; and Hj,
we may assume |V (Hy)| > 7. Thus, we may assume R* = {s1,v}. Then v is adjacent to all of
{bo, b1, s1,23,y3}. Since s1z3 ¢ E(G) or s1y3 ¢ E(G), s1bo, s1b1 € E(G); so G[{s1,v,x3,y3}]
contains K ; if s1bg, s1b1 € E(G) then G[by, b1, s1,v] contains K, . Hence G contains T'K5 by
Theorem 1.1, completing the proof of (7).

We may assume by symmetry that Sg, S1,S2,.95 end at 1, y1, y2, T2, respectively. If Hy —s3
contains no disjoint paths from z3 to y3 and from s; to sg then by Corollary 2.3, (H; —
S3, T3, S1,Y3, S2) is planar, and G contains T'K5 by (7) and Corollary 2.9. So we may assume
that such disjoint paths exist in H; — s3. These disjoint paths, (K — zoys) Uy123y2 U bySoz1 U
b1S1y1 U Sz, and three independent paths in G[R* 4+ z3] from s; to x3, by, b1, respectively (by
(6)) form a T K5 in G with branch vertices s1,x1, z3, y1, y2. |

The next result will allow us to modify an existing xi-x2 path in H. An endblock in a
graph K is a block in K containing at most one cutvertex of K.
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Lemma 3.2 Let Q be an x1-x2 path in H and let B(Q) be a connected subgraph of H — Q.
Then G contains TKs, or H has an induced x1-vo path Q' such that H — Q' is connected
and B(Q) € H — @', or H has an induced x1-x2 path Q' such that H — Q' is connected and
{y1,y2,y3} € N(B(Q")) for some 2-connected block B(Q'") of H— Q'.

Proof. Suppose for any induced z1-z2 path Z in H with B(Q) C H — Z, H — Z has at least
two components. Let 3(Z) denote the number of components in H — Z. We choose Z so that

(1) B(Z) is minimum.

Let C denote a component of H — Z such that B(Q) N C = 0. Let uj,us € N(C)NV(Z)
such that u; Zus is maximal, and assume that x1, w1, us, x9 occur on Z in order. Then

(2) N(C U (u1Zuz —{u1,u2})) = {u1,u2,y1,y2, Y3 }-

For, otherwise, since G is 5-connected, u; Zus—{u1, ua} contains a neighbor of some component
of H — Z other than C.

We now use Lemma 2.1 to find a path P in G[C + {u1, u2}| from uj to ue. Let By ... B
denote the chain of blocks in G[C + {u1,us}] from u; to ue, with u; € By and ug € By. Let
C’ be obtained from G[C U wujZus] by contracting G[C' U uy Zus] — Ule B; to a single vertex
w. Then C" + ujus is 3-connected. So by Lemma 2.1, C’ + ujus contains an induced cycle T'
such that uyug € E(T), u ¢ V(T) and C’ — T is connected. Let P :=T — ujus.

Then G[C'Uuy Zuz] — P is connected. Let Q' := w1 Zx1 UPUugZxs. Then Q' is an induced
x1-T9 path in H. Since (u3 Zug — {uy,us}) N P =0 and uj Zug — {uy,us} contains a neighbor
of some component of H — Z other than C, we have 5(Q") < 3(X), contradicting (1).

We may assume that

(3) H — Z has just two components, namely C' and the component D containing B(Q), and
if wi,wy € N(D)NV(Z) such that N(D) NV (Z) C V(w1 Zws) then u; Zus C w1 Zws
and {uy,us} # {w1,wa}.

Let D be an arbitrary component of H — Z with D # C, and let wi,wy € N(D)NV(Z) with
w1 Zwy maximal.

First, suppose DNB(Q) = (). By (2), we may use Menger’s theorem to find in G[CUuj Zus+
{y1,y2,y3}] independent paths Py, Ps, P3, Py, P5 from some =z € V(C) to uy,uz2,y1,y2,Yys, re-
spectively. If uys Zug C wy Zws or w1 Zwe C ui Zug then by (2), {uy,us} = {wy,we} = N(D)N
V(Z) = N(C)NV(Z); hence, since G is 5-connected, y1,y2,y3 € N(D). In G[D + {y1,y2}]
we find a path P between y; and yo. Now (P UuiZx1) U (P UugZxy)UPsUP,UPUK is
a T K5 in G with branch vertices x, 1, x2,y1,y2. Thus we may assume that u; Zus € wiZwo
and wi Zwg € w1 Zug. Then by (2) and by symmetry we may assume that x1, wy, we, u1, ug, T2
occur on Z in this order. If G[DUw; Zws+ {y1, y2}] contains disjoint paths Q1, Q2 from y;, w;
to Y2, wa, respectively, then (Pl Uui Zws U U U)lZl‘l) U (P2 U UQZxQ) UPSUPLUQLUK is a
T K5 in G with branch vertices x, z1, T2, y1,y2. So assume that such 1, Q)2 do not exist. Then
by (2) and by Corollary 2.3, (G[DUw Zwa+{y1,y2}], y1, w1, Y2, w2) is planar. By Lemma 3.1,
we may assume |V (D) UV (w; Zwa — {wy,wa})| > 2. So it follows from Corollary 2.9 that G
contains T K.
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Therefore, we may assume that H — Z has only two components, namely C and D, and
B(Q) C D. If {wy,wa} = {u1,u2} then by (2), N(D)NV(Z) = {wy,w2}; so the argument
in the first half of the above paragraph shows that G contains T'K5. Now suppose uj Zus €
w1 Zwsy. Then by (2), we may assume that x, wy, we, u1, ug occur on Z in order. The argument
in the second half of the above paragraph shows that G contains T'K5, completing the proof
of (3).

By (2) and (3), we may assume that x1,wn,u1, us, we, x2 occur on Z in this order. Note
by (2) that {u1,u2,y1,y2,y3} is a cut in G separating C' U u3 Zus from D. By (3) and by
symmetry, we may assume that u; # w;. We now apply Lemma 2.1 as in the proof of (2) to
find an induced wy-w9 path P in G[D + {w1,wy}] such that G[D Uwy Xws] — P is connected.
Now let Q' be obtained from Z by replacing wy Zws with P. Clearly, Q)" is induced, and H — Q'
is connected. If G[C'U(u3 Zug —uz2)] is 2-connected, then it is contained in a 2-connected block
of H— @', which is the desired B(Q'). So suppose G[C U (u1 Zuz — u2)] is not 2-connected. By
Lemma 3.1, we may assume that every vertex in uj Zus — {uj,us} has at east two neighbors
in C. So G[C'U (u1Zuz — uz)] has an endblock, say C’, disjoint from uj Zug — ug. Let v be the
cut vertex of G[C'U (u1 Zug — uz)] contained in C”. Since G is 5-connected, y1,y2,y3 € N(C).
By Lemma 3.1, we may assume that C’ is 2-connected. So C’ is contained in a 2-connected
block of H — @', which is the desired B(Q"). |

The next lemma says that if H has an induced x1-z2 path Q such that H — () is connected
then we can choose an z1-z9 path X so that the minimum degree of H — X is at least 2. In
particular, H — X has a 2-connected block.

Lemma 3.3 Let Q be an induced x1-xo path in H such that H — Q is connected. Then G
contains T K5, or H contains an induced x1-x2 path X such that H — X is connected, contains
all 2-connected blocks of H — @, and has minimum degree at least 2.

Proof. For an arbitrary induced z;-z2 path Z in H for which H — Z is connected and contains
all 2-connected blocks of H — @, let a;(Z) denote the number of vertices of H — Z with degree
at most 1 in H — Z, and let as(Z) denote the number of vertices of H — Z with degree at
least 2 in H — Z. (Note that such Z exists because of ).) We choose such Z that ay(Z) is
minimum and, subject to this, ae(Z) is maximum.

If @1(Z) = 0, then X := Z is the desired path. So assume a;(Z) > 1, and let u be a vertex
of degree 1 in H — Z.

Since G is b-connected, it follows from Lemma 3.1 that we may assume that u has at least
three neighbors on Z. Let uj,us € N(u) NV (Z) with u; Zus maximal, and we may assume
that x1,u1, ue, x2 occur on Z in order. Let X = x1ZujuusZxs. Clearly, X is an induced path
in G, and all 2-connected blocks of H — Z (hence those of H — Q) are contained in H — X.

By Lemma 3.1, we may assume that each vertex of u; Zug — {uy, u2} has at least 1 neighbor
in H—Z7 —wu. If |V(u1 Zuz)| = 3 then Glu1Zug + u] =2 K ; G contains T K5 by Theorem 1.1.
So assume |V (u1Zug)| > 4. Then a1(X) < a1(Z) and az(X) > a(Z), a contradiction. ]

Recall that we wish to find an induced path X in H from xz1 to xo such that H — X is
2-connected, which will be the work of the next two sections. But first we show that we can
find a 3-planar chain C in H from z; to xo such that H — C is 2-connected, and we also need
H — C to have neighbors of as many y; as possible. This leads to the following notation:

Y(X) == max{|N(B) N {y1,y2,y3}| : B is a 2-connected block of H — X},
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and let B(X) denote a 2-connected block of H — X with |[N(B(X)) N {y1,y2,y3}| = v(X).

By Lemmas 3.2 and 3.3, we may assume that there exists an induced x1-z2 path X in H
such that H — X is connected and has a 2-connected block. So v(X) and B(X) are defined
for such X. Throughout the rest of this paper, we choose X and B(X) so that the following
are satisfied in the order listed:

(1) y(X) is maximum,
(2) Hyi : IN(yi) " V(B(X))| > 2}, 1 <i < 3}| is maximum, and
(3) B(X) is maximal.

When understood, we will simply refer to B(X) as B.
The following lemma allows us to exclude certain 2-cuts in H.

Lemma 3.4 G contains TKs, or H contains no 2-cut separating B from some vertex.

Proof. Suppose that {u,v} is a 2-cut in H separating B from some vertex. Let D denote a
{u,v}-bridge of H not containing B. Since H is 2-connected, {u,v} C V(D).

Suppose u,v € V(X). Then, since H — X is connected and X is induced, D = uXw. Since
G is 5-connected, each vertex of D — {u,v} is adjacent to all of y1,y2,y3. So by Lemma 3.1,
G contains T K.

Thus we may assume that {u,v} € V(X). Since H— X is connected and B is a 2-connected
block of H — X (so {u,v} € V(B)), we may assume that H has disjoint paths P,, P, from u,v
tox € V(X),b e V(B), respectively, and internally disjoint from BU D U X, and that v ¢ X.
Then u ¢ B as B is a block in H — X. Since G is 5-connected, {y1,y2,y3} € N(D — {u,v}).

We claim that {y1,y2,y3} C N(B). If D—u is 2-connected then this follows from Lemma 3.2
and the choice of X (as D —u C H — X). So we may assume that D — u is not 2-connected,
and let C' denote an endblock of D — u. Since G is 5-connected, {y1,42,y3} € N(C). By
Lemma 3.1, we may assume that C is 2-connected. Hence, since C' C H — X, it follows from
Lemma 3.2 and the choice of X that {y1,y2,y3} C N(B).

By Lemma 3.1, we may assume that no two of {y1,¥y2,y3} share a common neighbor.
Thus, since B is 2-connected, G[B + {y1, y2,y3}] has two disjoint paths Q1, Q2 with ends in
{b,y1,y2,y3}. Without loss of generality, we may assume that @) is between y; and y and
Q)5 is between y3 and b.

If GID + {y1,v2,y3}] — u contains disjoint paths R;, Ry from yi,y2 to v,ys, respectively,
then Q1 U(Q2UP,UR;)URsUX UK is a TK5 in G with branch vertices x1, x2,y1, Y2, y3. S0
we may assume that such Rp, R do not exist. Then by Corollary 2.3, (G[D + {y1,y2,y3}] —
u,Y1,Y2,v,ys3) is planar. By Lemma 3.1 we may assume that |V (D) — {u,v}| > 3. Hence G
contains T K5 by Corollary 2.9. |

In [3], it is shown that 4-connected graphs contain non-separating planar chains between
any two specific vertices. We now use a similar argument to show that H — B is a 3-planar
chain. We proceed by proving four lemmas.

Lemma 3.5 Suppose H has two connected subgraphs C, D such that
o |V(CNB)| <L V(CNX)={u,v}, C—(BUX) is connected,
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e |V(DNB)| <1, V(IDNX) =A{u,v} or V(DN X) = V(uXv), and D — (B U X) is

connected, and

e {u,v} UV(CNB) isa cutin H separating C from BU DU X, and {u,v} UV (DN B)
is a cut in H separating D from BUC U (X —uXv).

Then G contains T K.
Proof. Without loss of generality assume that x1,u, v,z occur on X in order. Let
S =A{u, 0} UV(CNB)U(N(C —{u,v} = V(CNB)) N{y1,y2,y3})

and
Sp ={u, v} UV(DNB)U(N(D —A{u,v} = V(DN B))N{y1,y2,y3}).

Since G is 5-connected, | S| > 5 and |Sp| > 5. By Lemma 3.4, we may assume V(CNB) = {c}
and V(DN B) = {d}.

We claim that |[N(B) N {y1,y2,y3}| > 2. Let A denote an endblock of C' — {u,v} and let
a € V(A) such that if A = C'—{u, v} then a = ¢, and if A # C'— {u, v} then a is the cut vertex
of C'—{u,v} contained in A. Since G is 5-connected, we see that |[N(A —a)N{y1,y2,y3}| > 2.
By Lemma 3.1, we may assume that A is 2-connected. Hence the claim follows from the choice
of X and Lemma 3.2.

By Lemma 2.4, G[C + S| contains five independent paths Py, Py, P3, Py, P5 from some
vertex w € V(C) to S¢ such that V(PN P;) = {w} for 1 <i < j <5, |V(P)NSc| =1 for
1<i<5 ueV(P), and v € V(P,). By symmetry, we may assume that y; € V(P3) and
Y2 € V(P4)

If y1,y2 € Sp then G[D + {y1,y2}] — {u,v} contains a path @ between y; and y,; and
(PrUuXz))U(PaUvXxe) UPSUP,UQUK is a TKy in G with branch vertices w, 1, z2, y1, ya2.
Similarly, if y;,y2 € N(B) then G[B + {y1,y2}] contains a path @ between y; and y,; again
(PiUuXz)U(PoUvXxe)UPsUPLUQUK is a TK5 in G with branch vertices w, x1, z2, Y1, yo.

Thus we may assume that y; ¢ Sp and {y1,y2} € N(B). Hence y2,y3 € Sp. By Menger’s
theorem, G[D U Sp| contains five independent paths Q1, Q2, @3, Q4, Qs from some x € V(D)
to u, v, yo, ys3, d, respectively.

If yo,y3 € N(B) then G[B + {y2,y3}] contains a path R between ys and ys3; so (@1 U
uXz) U (QaUuXz)UQsUQgURUK is a TKs in G with branch vertices z, z1, x2, y2, ys.
Similarly, if yo,y3 € S¢ then G[C + {y2,y3}] — {u, v} has a path R between y, and y3; again
(Q1UuXz1)U(Q2UuvXz2)UQ3UQ4URUK is a TK5 in G with branch vertices z, x1, z2, y2, y3.

Hence we may assume that {y2,y3} € N(B) and {y2,y3} € Sc. Therefore, y;,ys € N(B)
(since y1,y2 ¢ N(B)) and y3 ¢ Sc (since y2 € Sc). Thus G[B + {y1,y3}] contains a path
Ry3 between y; and ys3, and G[C + {y1,y2}] — {u, v, c} contains a path R;2 between y; and
y2. If G[D + {y2,y3}] — d contains disjoint paths R;, Ry from u,y2 to v, ys, respectively, then
RisUR13URyU (21 XuURyUvXag)UK is a TKs in G with branch vertices x1, x2, y1, y2, ys3-
So we may assume that Rj, Ro do not exist. Then by Corollary 2.3, (G[D + {y2,y3}] —
d,u,y2,v,ys) is planar. Since y2,y3 € N(D — {d,u,v}), we may assume by Lemma 3.1 that
V(D) —{d,u,v}| > 2. So G contains T' K5 by Corollary 2.9. ]

Let B denote the set of B-bridges of H — X. For each D € B, V(B) N V(D) consists of
exactly one vertex, denoted by rp. For any z,y € V(X), we denote x < y if z € V(X |[z1, y]).
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If <y and x # y, then we write x < y. By Lemma 3.4, we may assume that, for each D € B,
D —rp has at least two neighbors on X. Let [p and hp denote the the neighbors of D —rp on
X such that Ip < hp and [pXhp is maximal. For each vertex u of H — X, we define u* = rp
if u € V(D) for some D € B, and v* = u if u € V(B). We say that a member D of B is a nice
bridge if there exist u,v € Ng(IlpXhp — {lp,hp)) such that u,v ¢ V(D —rp) U V(X) and
u* # v,

Lemma 3.6 G contains T K5, or there is no nice B-bridge in H.

Proof. Suppose D is a nice bridge in H. Let u,v € Ng(ipXhp — {ip,hp}) such that
u,v ¢ V(D —rp)U V(X)) and uv* # v*. We now use Lemma 2.1 to find a path P in
G[D + {ZD,hD}] —rp from lp to hp.

Let Bj...Bj denote the chain of blocks in G[D + {ip,hp}] — rp from Ip to hp, with
Ip € V(By) and hp € V(Bg). Let D’ be obtained from G[D UlpXhp] by identifying G[D U
IpXhp|— Ule B to a single vertex u. Then by Lemma 3.4, we may assume that D' +ujusg is
3-connected. So by Lemma 2.1, D'+ wujus contains an induced cycle T such that ujugs € E(T),
u ¢ V(T), and D' —T is connected. Let P := T — ujuy. Then G[DUIpXhp]— P has at most
two components, each containing rp or I(pXhp — {lp,hp}.

Let Q' := 21XIp U PUhpXxs. Then @' is an induced z1-z2 path in H and H — X' is
connected. However, H — X' has a block containing B(X) and a path from u* to v* internally
disjoint from B(X), contradicting the choice of X. ]

We say that two B-bridges C' and D in B overlap if E(lcXhc) N E(IpXhp) # 0. Define
an auxiliary graph G with V(G) = B such that C, D € B are adjacent in G if, and only if, C'
and D overlap. The following two lemmas are similar to results in [2,3]. The difference is that
we need Lemma 3.5 here instead of 4-connectedness in [2, 3].

Lemma 3.7 Let D1D2Ds3 be a path in G. Then |{rp, : i =1,2,3}| <2 or G contains TK.
Moreover, if D1D2D3 is an induced path in G then rp, = rp, or G' contains T K.

Proof. First, suppose D1DsDs is an induced path in G. Then D; and Ds do not overlap.
Thus we may assume lp, < hp, < Ip, < hp,. Moreover, Ip, < hp, and lp, < hp,. Let
u € V(D) —{rp,} such that uhp, € E(G) and let v € V(D3) —{rp,} such that vip, € E(G).
Clearly, u,v € Ng(Ip,Xhp, —{lp,,hp,}), u,v & (V(D2) —{rp,}) UV (X), and u* = rp, and
v* = rp,. So by Lemma 3.6, rp, = rp, or G contains T K.

Now assume that D; and D3 overlap. By symmetry, we may assume that Ip, Xhp, is
not properly contained in Ip,Xhp, for i = 2,3. Then for each ¢ € {2,3}, either Ip,Xhp, =
lDthpl, or lDi S V(lDthpl) — {leth}a or hDi € V(ZD1XhD1) — {lDl,th}- Therefore,
by Lemma 3.5 and by relabeling Dy, D, D3 (if necessary), we may assume that there exist
x € V(lp,Xhp, —{lp,,hp,}) NN(D2—1rp,) and y € V(Ip, Xhp, —{lp,, hp, }) "N(D3—rp,).
Let u be a neighbor of z in Dy — rp,, and v be a neighbor of y in D3 — rp,. Then u* = rp,
and v* = rp,. By Lemma 3.6, we may assume u* = v*; so [{rp, : i =1,2,3}| <2. ]

Lemma 3.8 Let G;, i = 1,...,k, denote the components of the graph G. Then |{rp : D €
V(G)}H <2 foralli=1,...,k, or G contains TKj.
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Proof. For, suppose [{rp : D € V(G;)}| > 3 for some 1 < i < k. Choose D1, D2, D3 € V(G;)
such that rp,,rp,, rp, are pairwise distinct and, subject to this, the connected subgraph of G;
containing { D1, D2, D3}, denoted by 7, has the minimum number of edges.

Thus, 7 is a tree whose leaves belong to { D1, Dy, D3}. So we may assume that D; and Do
are two leaves of 7. Then rp, # rp for j = 1,2 and for all D € V(T) — {D;}; as otherwise
T — D;j contradicts the minimality of 7. We may assume that |7| > 4; otherwise, G contains
T K5 by Lemma 3.7. Thus, Ds is not a leaf of 7; otherwise, 7 — D3 contradicts the minimality
of 7. Therefore, 7 is actually a path between D; and Ds. Hence, since |7| > 4 and |7 is
minimum, 7 has a subpath of length 2 with ends D; and D such that this path is induced in
G and rp, # rp; so G contains T K5 by Lemma 3.7. |

We are now ready to assume that H — B is a 3-planar chain.
Lemma 3.9 G contains TKs, or H — B is a 3-planar chain from x1 to xo.

Proof. Let G;,i =1,...,k, denote the components of the graph G. For each i, UDeV(gi) IpXhp
is a subpath of X; and let u; < v; denote the ends of this path. By Lemma 3.4, we may assume
u; < v; for all 4. Let B; denote the subgraph of H — B that is induced by the union of u; Xv;
and D —rp for all D € V(G;). Then B; N X;, i = 1,...,k, are pairwise edge-disjoint, and no
cut vertex of B; separates u; from v;. By Lemma 3.8, |N(B; — {u;,v;}) NV(B)| < 2.

Suppose |V (B;)| > 3. Then, since B is a block of H— X, we may assume by Lemma 3.4 that
B is 2-connected. Since X is induced and H — X is connected, |N(B; — {u;,v;}) NV (B)| > 1.
If IN(B; — {uj,v;}) N V(B)| = 1 then by Lemma 3.5, we may assume that B; — {u;,v;} is
connected. Now assume N (B; — {u;,v;}) N V(B) = {wy, wa}.

We may assume that (G[B; 4+ {w1, wa}] — wiwa, ui, w, v;, we) is 3-planar. For, otherwise, it
follows from Lemma 2.2 that B] := G[B; + {w1, w2}] — wiws contains disjoint paths P, Q) from
ui, wi to v;, we, respectively. Let C' denote a chain of blocks in B] — @ from u; to v;. Since B;
is 2-connected, B] — C'is connected. Let C’ be obtained from Bj + u;v; by contracting B — C
to a single vertex u. Note that C” is 2-connected and C” — u is 2-connected. Suppose C’ is not
3-connected, and let T be a cut set in C’ such that v ¢ T and |T'| = 2. Since uv; € E(C'), T
is also a cut in H separating B from some vertex. Therefore, G contains T K5 by Lemma 3.4.
So we may assume that C’ is 3-connected. Then by Lemma 2.1, C’ contains an induced path
P’ from w; to v; such that u ¢ V(P’) and C' — P’ is connected. Let X" be obtained from X by
replacing u; Xv; by P’. Then H — X" is connected, and B U Q is contained in a 2-connected
block of H — X", contradicting the maximality of B.

We may assume that B; — {u;,v;} is connected. For suppose not, and let C7,Cy denote
two components of B; — {u;,v;}. Since B; is 2-connected, {u;,v;} C N(Cj) for j = 1,2. So by
the above claim we may assume that w; ¢ N(C2) and we ¢ N(C7). Now by Lemma 3.5, G
contains T K5. Therefore, H — B is a 3-planar chain. |

We adopt the following notation throughout the rest of this paper. Let D be a block in
H — B, and let up,vp € V(D N X) with upXvp maximal such that x1,up,vp,ze occur on
X in order. If [IN(D — {up,vp}) NV (B)| = 2, let N(D — {up,vp}) N V(B) = {bp,cp},
and we say that D is a block of type I in H — B. If |[N(D — {up,vp}) N V(B)| = 1, let
N(D —{up,vp})NV(B) ={bp} and c¢p = bp, and call D a block of type Il in H — B. Also,
let D’ be obtained from G[D + {bp,cp}] by deleting edges from {bp,cp} to {up,vp}. Note
that D' — {bp,cp} = D which is 2-connected when |V (D)| > 3.
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4 Blocks of type 1

The aim of this section is to show that if there is a block of type I in H — B, then G contains
TKs. So let D be a block of type I in H — B, and recall the notation for D', bp, cp,up,vp.
Also recall that D’ contains no edge from {bp,cp} to {up,vp}, bp,cp € B, and x1,up,vp, T2
occur on X in order.

We will be interested in the graph obtained from G[D’+{y1, y2,y3}] by identifying y1, y2, y3
as y. The idea is to apply Corollaries 2.11 and 2.12 to this graph; so we need it to be
(5,{bp,cp,up,vp,y})-connected. Thus, we need to know when D’ is not (4, {bp,cp,up,vp})-
connected.

Lemma 4.1 Suppose S is a minimal cut in D' such that |S| <3 and D' — S has a component
C disjoint from {bp,cp,up,vp}. Then G contains TKs, or |S| = 3 and one of the following
holds:

(1) D — C contains a path P from up to vp such that S € V(P), or

(i1) SN{bp,cp,up,vp} = {vp}, and S — {vp} is a 2-cut in D' separating C + vp from
{bp,cp,up}, or

(i4i) SN {bp,cp,up,vp} = {up}, and S — {up} is a 2-cut in D" separating C + up from
{bp,cp,vp}.

Proof. By Lemma 3.4, we may assume |S| = 3. Note that S C N(C) by the minimality of
S. Suppose D — C contains no path from up to vp. Then let C7, Cy denote the components
of D — C containing up, vp, respectively. Since |S| =3, [SNV(C1)| <1or SNV (Cy)| < 1.
Suppose |S NV (Cs)| < 1. Because D is 2-connected, we must have S N V(C2) = {vp} and
bp,cp ¢ S. Note that bp, cp have no neighbors in C' and, in D', neither bp nor ¢p is adjacent
to vp. So S — {vp} is a 2-cut in D’ separating C' + vp from {bp,cp,up}, and (ii) holds.
Similarly, if |[S N V(C1)| <1 then (iii) holds.

Thus we may assume that D — C contains a path P from up to vp. If S Z V(P), then (i)
holds. So we may assume that S C V(P) for any path P in D — C from up to vp.

Let s1,s9 € S with s;Pse maximal, and assume that up, s1, s, vp occur on P in order.
Since (D', bp,up,cp,vp) is 3-planar, D’ is the union of two subgraphs D; and Do such that
V(Dl N Dg) - V(P), E(Dl) OE(DQ) =0,bp € V(Dl) and cp € V(DQ) Note that sy = vp,
or {s2,cp} is a 2-cut in Dy separating vp from up; otherwise we can modify P inside Dj to
avoid sy. Similarly, s = vp, or {bp, s2} is a 2-cut in D; separating vp from up. Since D is
2-connected, we must have s = vp. By the same argument, we also have s; = up. Since S is
minimal and C' is connected, C' C D; or C C Dy. However, as (D', bp,up,cp,vp) is 3-planar,
{up,vp} must be a cut in D’ separating bp from c¢p. Thus G contains T K5 by Lemma 3.5. 11

The next result will allow us to assume that D’ is (4, {bp, cp,up,vp})-connected.

Lemma 4.2 Suppose S is a minimal cut in D' and C is a component of D' — S such that
S| <3 and V(C)N{bp,cp,up,vp} =0. Then G contains TKs.

Proof. Note that the minimality of S implies S C N(C'). We choose S and C so that
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(1) C is maximal and, subject to this, |S N {bp,cp}| is minimum.
Since D is 2-connected, |S — {bp,cp}| > 2 and there exist s,t € S — {bp, cp} such that
(2) D — (S — {s,t}) contains disjoint paths P, P” from s,t to up,vp, respectively.

By Lemma 4.1, we may assume that |S| = 3, and (i) or (ii) or (iii) of Lemma 4.1 holds.
Let S — {s,t} = {r}. Since G is 5-connected, |N(C) N {y1,y2,ys}| > 2. We may assume that

(3) |N(B) N {y1,y2,y3}| > |N(C") N {y1,y2,ys}| for any 2-connected endblock C” of C, and
IN(B) N {y1, 92,53} > 2.

First, suppose there is a path P in D — C from up to vp such that S € V(P), and let X’ be
obtained from X by replacing upXvp with P. Then C' C H — X’; so by Lemma 3.2 and the
choice of X, we have |[N(B)"{y1, y2,y3}| > |N(C")N{y1, y2, y3}| for any 2-connected block C” of
C. If C is 2-connected, then C’ = C and hence |N(B)N{y1,y2, y3}| > |N(C")N{y1,y2,y3}| > 2;
so (3) holds. Thus we may assume that C' is not 2-connected. Let C,...,C} denote the
endblocks of C', where k > 2. Suppose |N(C;)NS| < 2 for some i. Then, since G is 5-connected,
IN(C;) N {y1,y2,y3}| > 2. Hence by Lemma 3.1, we may assume that C; is 2-connected. So
C; is contained in a 2-connected block of H — X’ and we may assume (3) by the choice
of X and Lemma 3.2. So we may assume S C N(C;) for ¢ = 1,...,k. This implies that
G[C + (S — V(P))] is 2-connected, and hence is contained in a 2-connected block of H — X'.
By the choice of X and by Lemma 3.2, we may assume (3).

Now, suppose that there is no path in D — C from up to vp such that S € V(P). Then
by symmetry, we may further assume that S, C satisfy (ii) of Lemma 4.1. Then vp = ¢, and
bp,cp ¢ S. Since G is 5-connected, |N(C) N {y1,y2,y3} > 2. So by Lemma 3.1, |[V(C)| > 3.

We claim that vp = x9 and there is no path in H from z3 to B internally disjoint from
B U X UC. For, otherwise, H — C' contains a path X’ between z; and x5 (which could
use a path in D — C from bp or ¢p to up). So by Lemma 3.2 and the choice of X, we
may assume |[N(B) N {y1,y2,y3}| > |N(C’) N {y1,y2,ys}| for any 2-connected block C’ of C.
Clearly, |N(B) N {y1,y2,y3} > 2 if IN(C") N {y1,y2,y3}| > 2 for some choice of C’. So assume
IN(C") N {y1,y2,y3}| < 1 for any choice of C'. Then C’ # C and S C N(C') (since G is
5-connected); so G[C' + S| — vp is 2-connected and contained in H — X’'. So by Lemma 3.2
and the choice of X we may assume |N(B) N {y1,y2,y3}| > 2.

Note that S — {vp} is a 2-cut in D separating vp = 2 from {bp,cp,up}. Let J denote
the (S — {vp})-bridge of D containing C' and vp = z2. Suppose J is not 2-connected, and
let z be a cut vertex of J. Since D is 2-connected, z must separate some r € S — {vp} from
S — {r}. By Lemma 3.4, we may assume that the z-bridge of J containing r is induced by
the edge rz. Let J' be obtained from J by deleting every vertex in S — {vp} that has degree
1 in J; then J' is 2-connected. Let T' = {v1,v2} C V(J') be the cut of D separating J' from
{bp,cp,up}. Since G is 5-connected and |C| > 3, we may assume y2,ys € N(J —{v1,v2, z2}).
So by Lemma 3.1, we may assume |V (J')| > 5.

Note that {vi,ve,y1,%2,y3} is a cut in G, and we can write G = G U G2 such that
V(G1NG2) = {v1,v2,y1,92,y3}, J' C G1, and B C Go. Since Go — {v1, va, 1, y1} is connected,
it contains three independent paths from some vertex u € V(G2 — 1) — V(G1) to x1,¥2,ys,
respectively. Thus by Lemma 2.4, G2 has five independent paths Py, P, Ps, Py, P from u to
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S":= {v1,v2,1,Y1,Y2,y3} such that V(PN P;) = {u} for 1 <i<j <5, |[V(P)NS'| =1 for
1<i<b, 21 € V(P), y2 € V(P), and y3 € V(P3). We may assume that Py ends in {vi,va}.

We may assume that y; € N(J' — {v1,v2,z2}). For, suppose not. Then {v1,vs, 22,42, y3}
is a 5-cut in G. Without loss of generality, assume v1 € V(Py). If G[J 4+ {y2,y3}] — v2 contains
disjoint paths Q1, Q2 from vy, y2 to x2,ys3, respectively, then Py U(PyUQ1)UP,UPsUQoUK is
a T Ky in G with branch vertices u, z1, T2, y2,ys. S0 we may assume such ()1, Q2 do not exist.
Then by Corollary 2.3, (G[J' + {y2,y3}] — va2,v1,y2,22,y3) is planar. So G contains T K5 by
Corollary 2.9.

We claim that for any v;, there exists {p, ¢} C {1, 2,3} such that G[J" + {yp, yq}] contains
disjoint paths from v;, y, to z2,y,, respectively. To prove this let J” be obtained from G[J' +
{y1,92,y3}] by identifying y; and yo as y. If J” contains disjoint paths from v,y to xo,ys,
respectively, then this claim holds for some p € {1,2} and ¢ = 3. Otherwise, by Lemma 2.2,
(J",v1,y,22,y3) is planar. Then since J' is 2-connected, we see that the claim holds for p = 1
and g = 2.

Now we may assume without loss of generality that G[J' 4 {y2, y3}] contains disjoint paths
R1, Ry from vy, y2 to x2,ys, respectively. (The notation can be chosen this way so that we
can use the paths Pi,..., Ps above.) If v; € V(FPy) for some k € {4,5}, then P, U (P, U R;) U
P,UPsU Ry UK is a TKs in G with branch vertices u,x1,%2,y2,y3. S0 we may assume
vy ¢ V(PysU Ps). Hence we may further assume that vo € V(Py) and y; € V(P5). Now
by the above claim there exists {p,q} C {1,2,3} such that G[J' + {yp, y,}] contains disjoint
paths R, R from vy, y, to 2, y,, respectively. Then P; U (P, U R}) U R, UK and P, U Py (if
{p,q} =1{2,3}), or PoUP5 (if {p,q} = {1,2}), or PsU P; (if {p,q} = {1,3}) form a TK5 in G
with branch vertices u, x1, 2, ¥, y4. This completes the proof of (3).

(4) We may assume {y1,y2,y3} Z N(C).

Suppose {y1,y2,y3} € N(C). Let S" := SU{y1,92,y3}

We may assume {y1,y2,y3} € N(B). For, suppose {y1,y2,y3} C N(B). Since G[C +
{y1, s,t}] is connected, it contains three independent paths from some vertex u € V(C) to
Y1, S, t, respectively. So Lemma 2.4 implies the existence of five independent paths P;, Py, P3, Py, P
in G[C + 5] from u to S’, such that V(PN Pj) = {u} for 1 <i < j <5, |[V(P) NS =1 for
1<i<5, 4y € V(P),seV(Ps),and t € V(P;). We may assume by symmetry (between
y2 and y3) that P, ends at yo, and let @) denote a path in G[B + {y1,y2}] between y; and ys.
Then by (2), (PsU P UupXx1)U(PyUP"UvpXaz)UPLUP,UQUK is a TKj5 in G with
branch vertices u, x1, x2, Y1, y2.

If (i) of Lemma 4.1 holds, then let X’ be the path obtained from X by replacing upXvp
with P. We may assume that the paths P’ and P” in (2) are subpaths of P. Then G[C' + 1] C
H — X'. If G[C + r] is 2-connected then by (3), it follows from Lemma 3.2 and the choice of
X that G contains TKjy as {y1,y2,y3} C N(C) and {y1,y2,y3} € N(B). So we may assume
G[C + r] is not 2-connected. Let J be an endblock of G[C' + r| and v be the cutvertex of
G[C + r] contained in J such that r ¢ V(J —v). If {y1,y2,y3} € N(J — v) then by (3), it
follows from Lemma 3.2 and the choice of X that G contains T'K5 as {y1,y2,y3} € N(B).
Hence we may assume y1,y2 € N(J —v) and y3 ¢ N(J —v); so s,t € N(J —v). By Menger’s
theorem, G[J + {s,t,y1,y2}] contains five independent paths Q1,Q2,R@3, Q4,5 from some
u € V(J —v) to y1,y2, 8, t,v, respectively. Since y3 € N(C) we see that P; can be extended
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through G[C — (J —v) +ys] to a path Q} ending at y3. If y1,y2 € N(B) then let Q be a path in
G[B+{y1,y2}] between y; and yo; now Q1UQ2U(Q3sUP' UupXx1)U(QsUP"UvpXze) UQUK
is a TK5 in G with branch vertices u,x1,x2,y1,y2. So we may assume by (3) that y;,ys €
N(B) for some ¢ € {1,2}. Let Q' be a path in G[B + {yi,ys}] between y; and y3. Then
QiUQsU(QsUP UupXz1)U(QsUP"UvpXae)UQ' UK is a TK5 in G with branch vertices
U, 1, T2, Yi, Y3-

Therefore, we may assume by symmetry that (ii) of Lemma 4.1 holds. So t = vp. Without
loss of generality and by (3), assume yi,y2 € N(B). Note that G[C + {t,y1,y2}] contains
independent paths from some u € V(C) to y1,y2, t, respectively. So by Lemma 2.4, G[C + 5’|
contains five independent paths Q1,Q2, Q3, Qs, Q5 from u to S’ such that V(Q; N Q;) = {u}
for 1 <i<j <5 |V@Q)NS|=1forl <i<5 y1 € V(Q1), y2 € V(Q2), and t €
V(Q3). We may assume that Q4 ends at v € {r, s}. Since D is 2-connected, D — C' contains
a path R from v to up. Let @ be a path in G[B + {y1,y2}] between y; and ys. Then
Q1UQ2U (QsUvpXxe) U (QeURUupXx)UQUK is a TKs in G with branch vertices
u,r1,T2,Y1,y2. This completes the proof of (4).

By (4), let y1,y2 € N(C) and y3 ¢ N(C). Since G is 5-connected, C' := G[C + (S U
{y1,92})] is (5,5 U {y1,y2})-connected. By Menger’s theorem, C’ contains five independent
paths Py, Py, P3, Py, P5 from some vertex z € V(C) to y1, 2, s,t,r, respectively.

If y1,y92 € N(B), then G[B + {y1,y2}] contains a path A from y; to y2. So by (2),
PUP,U(PsUP UupXax1)U(PyUP"UvpXaxe)UAUK is a TKjy in G with branch vertices
Z1,2%2,Y1,Y2, 2.

Hence we may assume that y; ¢ N(B). So by (3), y2,y3 € N(B). Let @ denote a path in
G[B + {y2,y3}] between ys and ys.

(5) We may assume y3 ¢ N(D —{up,vp}).

Suppose y3 € N(D—{up,vp}). First, consider the case when r ¢ {bp,cp}. If G[D—C+ys]
contains disjoint paths @1, Q2, @3 from S to up, vp, ys, respectively, then by symmetry among
r, s and ¢, we may assume that s € Q1 and t € Q2; now P, U(P;UQ3)U(PsUQ1UupXxy)U
(PLUQ2UuvpXze) UQU K is a TKy in G with branch vertices 1, z2, 42, y3, 2. So we may
assume that G[D — C + y3] has a minimal cut T, |T| < 2, separating S from {up,vp,ys}.
Thus 7' — {ys3} is a cut in D separating C' + S from {up,vp}. Since D is 2-connected, y3 ¢ T
and |T'| = 2. Let D; denote the T-bridge of D containing C' (so D1 — T' is connected), and
let Dy denote the minimal union of T-bridges of D containing {up,vp} (so D2 consists of at
most two T-bridges of D). If neither bp nor ¢p has a neighbor in Dy — T, then T is a cut
of D' separating D; from {bp,cp,up,vp}; so T U{y1,y2} is a 4-cut in G, a contradiction.
Hence, we may assume that bp has a neighbor in Dy — T'. If ¢p has no neighbor in Dy — T
then 7'U {bp} is a minimal cut of D’ separating D; from {bp,cp,up,vp}; so T U{bp}, D1
contradict the choices of S,C in (1). Hence we may assume that cp also has a neighbor in
Dy —T. Then G[Dy — T 4 {bp, cp}] contains a path from bp to c¢p. Since (D', bp,up,cp,vp)
is 3-planar, it follows from Lemma 2.2 that D’ contains no disjoint paths from bp to c¢p and
from up to vp. Hence, up and vp belong to different components of Dy, and this contradicts
the 2-connectedness of D and completes the proof of (5).

Now consider the case when r € {bp,cp}, say r = bp. Let w € N(y3) N V(D — {bp,cp}).

We claim that D — C — ({s,t} — {w}) has independent paths Wy, W5 from w to up,vp,
respectively. For otherwise, D — C has a cut T” separating {up,vp} from w such that {s,¢} —
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{w} C T, |T'| < 3, and |T'| < 2 when w € {s,t}. Let Dy denote the T’-bridge of D — C
containing w. Since D is 2-connected and (D', bp,up,cp,vp) is 3-planar, ¢p has no neighbor
in Dy —T’. Moreover, if bp has a neighbor in Dy —T” then bp and two vertices from 7" form
a 3-cut in D’ separating C' + w from {bp,cp,up,vp}, contradicting the choice of S in (1).

Suppose w € {s,t}, say w = t. Then (W) UupXz1)U (W UvpXza) Uwys U (PyU
P,)UQUK is a TK5 in G with branch vertices w, x1, x2,ys,y2. So assume w ¢ {s,t}. By
Lemma 2.4, G[D' — C + {y1,y2}] has four independent paths Q1,Q2,Q3, Q4 from w to 5" :=
{bD,cD,uD,vD,S,t,yl,yg} such that [V (Q; N Q]) = {w} for 1 <i<j <4, |V(Qi)N S/‘ =1
for 1 <i<4,up € V(Q1), and vp € V(Q2).

Ift e V(Q3) then (Ql @] UDXJ,’l) U (QQ U ’UDXxQ) Uwys U (Qg UPuU PQ) UQUK isaTKj
in G with branch vertices w, z1, z2,y3,y2. So we may assume t ¢ V(Q3). Similarly, we may
assume t ¢ V(Q4), s ¢ V(Q3) and s ¢ V(Q).

If yi € V(Q3) for some i € {1,2} then in G[B U C] we find a path R from y3 to y;;
now (Q1 UupXx1) U (Q2UuvpXay) Uwys UQRsURUK is a TKs in G with branch vertices
w,T1,22,Ys3, Y. LThus we may assume y; ¢ V(Qs) for i € {1,2}. Similarly, we may assume
that y; ¢ V(Q4) for ¢ € {1,2}.

Thus, we may assume bp € V(Q3) and cp € V(Q4). By symmetry we may assume that
in D', Q3 U Q4 separates C' U Q7 from Q. Let (D1, D2) denote a separation of D" such that
V(DiNDy) CV(QR3UQy), CURL C Dy and Q2 C Dy. Then, since D is 2-connected and
(D',bp,up,vp,cp) is 3-planar, Dy — bp has independent paths @}, Q% from w to up,{s,t},
respectively. Now with @}, Q% in place of Q1,Q3 above, we can show that G has a TKs,
completing the proof of (5).

Let y5 be a neighbor of y3 in B. By symmetry, assume r # cp. If there is a minimal cut T
in D' — ¢p, with |T'| < 2, separating C' U S from {bp,up,vp}, then T or T U {cp} contradicts
the choice of S in (1). So we may assume that

(6) D' — C — ¢p has disjoint paths Ry, R, R from up,vp,bp to s,t,r, respectively.
(7) We may assume N (y3) NV (B) = {y4}.

For, suppose there exists y§ € N(y3)NV(B)—{y5}. If N(y2)NV(B) # {bp} then G[B+{y2,y3}]
has independent paths @1, Q2 from ys to bp and ys, respectively; so P,U(PsUR3UQ1) U (PsU
RiUupXz)U(PtURyUvpXxe)UQaUK is a TKs in G with branch vertices 1, 22, y2, y3, 2.

Thus, we may assume N(y2) NV (B) = {bp}. Then for some i € {1,2}, G has a path R
from x; to r € V(B) and internally disjoint from X U B U D’; otherwise, {x1, 22} = {up,vp},
and either {bp,cp,up = x1,ys} or {bp,cp,vp = x2,ys3} is a 4-cut in G separating B from
D, a contradiction. By symmetry, assume ¢ = 1. Then let R}, R} be independent paths in
G[BU R+ ys] from bp to r,ys, respectively. Now (PsU Py Uysbp) UR| U (PsURy UupXai)U
(PyURyUvpXao) U (RyUysxe) Uziyras is a TKp in G with branch vertices bp, z, x1, 22, y2.
So we have (7).

(8) We may further assume that H — B has a 2-connected block F' such that y3 € N(F),
ys € {bp,cr}, and z1,up,vp, up,vp, x2 occur on X in order.

For, otherwise, by (7) and by symmetry, we may assume that ys3 has a neighbor y; €
V(upXxi1 — x1). If y3 € N(up) then we find independent paths Li, Lo in G[D + yo| from
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up to ya,vp, respectively; now up Xz, U (Ly UvpXao) UL Uupys UQ U K is a TKs in G
with branch vertices up, 1, z2,y2, y3. Thus we may assume y4 € V(up Xz — {up,z1}).

Since X is induced and H — X is connected, H — D has a path R from y4 to B and
internally disjoint from B U X.

We claim that R must end at y5 and we may choose R to be a path of length at least 2.
First, we may assume that C’ — y; has disjoint paths Ly, Lo from s,7 to t,yo, respectively;
for otherwise, (C' — y1,s,7,t,y2) is planar by Corollary 2.3, and hence G contains TKj5 by
Corollary 2.9 (since |V(C)| > 2 by Lemma 3.1). If G[B U R + {y2,y3}] has disjoint paths
M, M from y4,y3 to ya,bp, respectively, then M; U yfys U ys Xz U (y5Xup U Ry UL U
RyUwvpXao) U (M2UR3U Lg) UK is a TKs in G with branch vertices z1, z2,y2,y3, y5. If
G[B U R + {y2,y3}] has disjoint paths Ni, No from v4,ys to bp, y2, respectively, then (N; U
Rs U Lg) ) ygyg U ng.Z'l U (nguD URiULiURyU ’UDXQJQ) UNy UK is a TK5 in G with
branch vertices z1, 2, y2, y3,y45. So we may assume that M;, My do not exist, and Ny, Ny do
not exist. Therefore, R must end at y5. Moreover, we may choose R to be a path of length at
least 2; as otherwise there are two edges from y3 to B, and My, My or N, Ny would exist.

Note that R — y5 is contained in a 2-connected block F of H — B, and let b, cp, up,vp be
defined as before; so y € {bp,cr}. Then we may assume that 1, up,vp, up,vp, 2 occur on
X in order. This completes the proof of (8).

By (7) and (8), let w € N(y3) N V(F — {up,x1}). We may assume that

(9) w ¢ {ur,vr}.

Suppose w € {up,vp} for any choice of w. Then y3 ¢ N(F —{up,vr}). Hence we may assume
that y1,y2 € N(F — {up,vr}), which follows from 5-connectedness of G when bp = cp, or
from the planarity of (F',bp,up,cp,vr) when bp # cp (as otherwise G contains T'K5 by
Corollary 2.9 and Lemma 3.1).

Let S" := {bp,cp,up,vp,y1,y2}. Since G[F + y1] is connected, it contains three inde-
pendent paths from some vertex u € V(F) — {up,vr} to up,vp,y1, respectively. Since
G[F' + {y1,y2}] is (5,5)-connected, it follows from Lemma 2.4 that G[F' + {y1,y2}] con-
tains five independent paths Wi, Wo, W3, Wy, W5 from u to S” such that V(W; N W;) = {u}
for 1 <i<j<5 |[VIW;)NnS|=1forl<i<5b upec VW), vpe V(W) and y; € V(W3).
Without loss of generality, we may assume that Wy ends in {bp, cp}. Thus Wy can be extended
through G[B + y2] to a path W} ending at yo.

If C"—r contains disjoint paths L1, Ls from y1, s to y2, t, respectively, then W3 UW,; U (W7 U
upXx1)U(WeUvpXupUR;ULyURsUvpXa)UL UK is a TK5 in G with branch vertices
u, 1, T2, Y1,y2. Thus we may assume that Lq, Ly do not exist in C' — r. By Corollary 2.3,
(C"—7r,y1, 8, Y2, t) is planar; so G contains T'K5 by Corollary 2.9 (as |V (C)| > 2 by Lemma 3.1).
This proves (9).

By (9), w € V(F) — {up,vp}. Let S’ := {bp,cp,up,vp} U (N(F — {up,vr}) N {y1,y2}).
It is clear that G[F' + S'] is (4,5")-connected. Also note that F' has independent paths from
w to up,vp, respectively (as F' is 2-connected). So by Lemma 2.4, G[F’ + S’| contains four
independent paths Wy, Wa, W3, Wy from w to S” such that V(W;NW;) = {u} for 1 <i < j <4,
VW) NS |=1for1<i<4, upe VW), and vp € V(W3). Without loss of generality, we
may assume that bp = y5 and cp ¢ V(Ws).
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If W5 or Wy, say W3, ends at ya, then wys UW3U (Wi UupXz)U(WaUvpXa) UQUK
is a T K5 in G with branch vertices w, z1, z2, y2,y3. (Recall that @ is given before (5).)

Now assume that W3 or Wy, say W3, ends at y;. If C’/ — yo has disjoint paths Ly, Lo
from r, s to yi,t, respectively, then let Q" denote a path in G[B + y3] between bp and ys; so
wys U W3 U (W1 U UFX.TU1> U (W2 UvpXup UR1 ULy U Ry U’UDXI'Q) U (Q, UR3U Ll) UK is
a T K5 in G with branch vertices w, x1, x2,y1,y3. So we may assume that Lq, Ly do not exist.
Then by Corollary 2.3, (C" — yo, 7, 8,y1,t) is planar; so G contains T K5 by Corollary 2.9 (as
[V (C)| > 2 by Lemma 3.1).

We may thus assume that W3 ends at by = y4 and Wy ends at cp (so by # cp). Suppose
N(y2 NV (B) # {bp}. In G[B + y2] we find independent paths Q1, Q2 from bp to bp, ya,
respectively. Then (ygyé UWsu ygw) U (l’lyg U QQ) UziysU (leup U Wl) U (mlyl U Pl) U (P5 U
R3s U Ql) U (P3 URiUupXvp U Wg) U (P4 URyUvpXao U xgyg) is a TK5 in G with branch
vertices w, x1,y3, Y5, 2.

So assume N(y2) N V(B) = {bp}. If 1 # up then G has a path Z from z; to b € V(B)
and internally disjoint from B U D U X; and if 1 = up then Z can be chosen so that b =
cp # bp. If b # bp then let Z1, Zs be independent paths from bp to b, br, respectively; then
(PQUP5UR3Uy2bD)U(P3UR1UUDX$1)U(P4UR2UUDXIQ)U(Z1UZ)U(ZQUbe3$2)U(K—y3)
is a TK5 in G with branch vertices z, x1, z2,bp,y2. So assume b = bp. Now (wysbp U W3) U
(Wi UupXz) U (WyUvpXas) U Z U (QUbpyaze) U (K — y2) is a TKs in G with branch
vertices z,x1, T2, br, ys. |

Let D* be obtained from G[D’ + {y1,y2,ys}] by identifying y1,y2,ys to a single vertex y,
and let A* := {y,bp,cp,up,vp}. Recall that D’ does not contain edges from {bp,cp} to
{up,vp}, and

(D* —y,bp,up,cp,vp) is planar.

Since D is of type I, [V(D) — {bp,cp}| > 2. So we may assume

IN(D — {up,vp}) N {y1,y2,y3}| > 2;

as otherwise, G' contains T K5 by Corollary 2.9. By Lemma 3.1, we may assume |V (D)| > 4;
so |[V(D*)| > 7. By Lemma 4.2, we may assume that

D* is (5, A*)-connected.

Let C denote the facial walk of D* — y containing A* — {y} and assume that it is the outer
walk of D* —y. Then C is a cycle, or bp (or ¢p) has degree 1 in C' and C' —bp (or C —¢p) is
a cycle, or bp, cp both have degree 1 in C and C' — {bp,cp} is a cycle.

We now show that there exist paths in D* as shown in Corollaries 2.11 and 2.12.

Lemma 4.3 G contains TKs, or there exist w € V(D*) — A* and a cycle Cy, in D* —y such
that Cy, consists of all vertices of D* — y cofacial with w, and one of the following holds:

(1) w is a neighbor of y and D* — y has three independent paths Py, Ps, Py from w to
{bp,cp,up,vp} such that V(P; N P;) = {w} for 1 <i < j <3, and |[V(P;NCy)| =
[V(P)NA* =1 fori=1,2,3;

26



(2) y has no neighbor in D*—C, CNC,y, = 0, and D* has four independent paths Py, Py, P, Py
from w to A* such that V(P; N Pj) = {w} for 1 <i<j <4, |[V(PBNCy)| = V()N
A*| =1 for 1 <i < 4, and either (a) y ¢ Ui, V(P), or (b) y € U, V(P:) and we
can write A* — {y} = {a1,a2,a3,a4} such that y € V(P1), a; € V(F;) for i = 2,3,4,
ay,az, a3, V(PLNC), a4 occur on C in cyclic order.

Proof. If D* has a 5-separation (F1, F») such that {bp,cp,up,vp,y} C V(F1) and |V (F3)| > 7,
and we choose (F1, F») so that F; is minimal and let A := V(F1)NV (F2); otherwise let F, = D*
and A := {bp,cp,up,vp,y}. By the minimality of F», A is independent in F» and Fy — y is
2-connected. Let C’ denote the the outer cycle of F» — y, which contains A — y.

We may assume y € A; for, otherwise, (Fy, A) is planar, and hence G contains T K5 by
Lemma 2.6. We may also assume D* — y contains no K, as otherwise G contains K, , and
hence G contains T'K5 by Theorem 1.1.

By Menger’s theorem, there are four disjoint paths in F; —y from A — {y} to A* — {y},
which allows us to extend the paths we will find in F5 to the desired paths in D*.

If y has a neighbor inside C’, say w, then (1) follows from Corollary 2.11 (after appropriate
extension of the paths to A*). Hence we may assume that C’ contains all neighbors of y in
F,. If F, is not the exceptional graph in Corollary 2.12, then (2) follows from Corollary 2.12
(after appropriate extensions of the paths to A*).

So we may assume that Fj is the exceptional graph. Let A = {V/,¢/,v/,v'} and tuvwt be
the cycle in Fy — A such that C' = Vtv'udvu/wb’, and let Q1, Q2, @3, Q4 be disjoint paths in
Fy —y from ¥, ¢, v/ ,v' to bp,cp,up,vp, respectively.

Since G is 5-connected and by Lemma 3.1, we may assume that each of {t,u,v,w} has
exactly one neighbor in {y1,y2,y3}. Since G contains no K, , we may assume by symmetry
that y3 € N(u) N N(w) and that either yo € N(t) N N(v) or y; € N(v) and yp € N(t).

Suppose y2 € N(t)NN(v). Then by Lemma 3.1, we may assume y; ¢ N ({t,u,v,w}). Note
that G’ := G — {t,u,v,w,ya,y3} contains two paths Ry, Re from V' to {c,u/,v'} such that
R1 N Ry = {b'}; for otherwise, G’ has a cut T, |T| < 1, separating b’ from {c/,u,v'}, and so
{V, y2,y3} UT would be a cut in G, contradicting 5-connectedness of G. Clearly, Ry, Ry can be
extended, using u'v or ¢'v and v'u or c'u, to give independent paths R}, R, in G — {t,w, y2,y3}
from b’ to u, v, respectively. Now b't Ub'w U R} U R, U tuvwt Utysv Uuysw is a TK5 in G with
branch vertices V', ¢, u, v, w.

Thus we may assume that y; € N(v) and yo € N(t). Note that the triangle b'twd’ is
contained in a block of H — (z1Xup U Q3 U vw/vuv’ U Qq UvpXxy) and has two neighbors in
{y1,92,y3}. So by Lemma 3.2 and by the choice of X, we may assume |N(B)N{y1,y2,y3} > 2.
If y1,y2 € N(B) then let @ be a path in G[B + {y1,y2}] between y; and yo; now (twu' U Q3 U
upXx1) U (tv' U Qs UupXas) U (tuvyy) Uty UQ U K is a TKs in G with branch vertices
t,x1,x2,Y1,Yy2. So by symmetry we may assume that ya,y3 € N(B). Let R denote a path in
G[B + {y2,y3}| between yo and y3. Then (tuvu' U Qs UupXzi)U (tv' U Qs UvpXaxe) Utys U
twys U RU K is a T K5 in G with branch vertices ¢, 1, x2, yo, ys3. |

Lemma 4.4 Suppose D* contains w,Cy, Py, Py, P3 which satisfy (1) of Lemma 4.3. Then G
contains T K.

Proof. Without loss of generality, we may assume that y;w € E(G). Let L =C, UP, U P, U
P; Uyjw. We may assume that
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(1) {bp,cp} CV (L), and vp € V(L) (by symmetry).

If {bp,cp} C V(L), then (1) holds by letting vp € V(L) using symmetry between up and vp.
So assume {up,vp} C V(L). By symmetry, we may assume bp € L.

We may assume that 1 = up and x9 = vp. Otherwise, we may assume by symmetry that
z1 # up. Then H has a path Q from z; to bp and internally disjoint from X U D’. Now
QUzy1 Uz Xup U (x1y202 Uze Xvp)U L is a TKs in G.

We may further assume that z1,z9 € V(Cy). For, suppose not. Then by symmetry
assume z1 ¢ V(Cy). Since G is 5-connected and up = x1 and vp = w9, there exists ¢ €
{1,2,3} such that y; € N(B — {bp,cp}). Let R be a path in G[B + y;] from y; to bp.
If i = 1 then RUyizy Uyiza U L is a TK5 in G. So we may assume ¢ € {2,3}. Then
r1y1 U (.Ilyi U R) Uz1ys—ixe UL is a TK5 in G.

If |V (22Cyx1)| = 2 then z122 € E(G); so Glx1,22,y1,Y2] = K, and G contains T' K5 by
Theorem 1.1. So we may assume that |V (x2Cyz1)| > 3.

Suppose w has no neighbor in 29Cyx1 —{z1, z2}. Since D* is (5, A*)-connected, {1, x2,¢cp}
cannot be a cut in D separating {bp,cp,x1,z2} from some vertex. Therefore, 29C,x1 =
xocpxy. As D is of type I, cpw € E(G), a contradiction.

Therefore, we may assume that w has a neighbor w’ € V(z9Cyx1) — {21, 22}. If D contains
a path @Q from w’ to cp and internally disjoint from C,,, then replacing the path in L from w
to up with Q+{w,ww'} we get (1). So we may assume that such @ does not exist. Then since
(D* — y,bp,up,cp,vp) is planar, there exist u € V(w'Cypr1 — w') and v € V (220, w’ — w')
such that {u,v,w} is a cut in D separating {bp,cp, 1, z2} from w’, contradicting the fact
that D* is (5, A*)-connected. This proves (1).

(2) We may assume z1 ¢ V(Cy).

For, suppose z; € V(Cy). Then x1y; U (z1y222 U zoXvp) U L and a path in B between bp
and c¢p form a T K5 in G with branch vertices w, z1 and P; N Cy, i = 1,2,3. So we have (2).

(3) We may assume that D —up and D — vp are 2-connected, and D’ — {up,vp} is a chain
of blocks from bp to c¢p.

First, suppose D — up is not 2-connected. Then let J be an endblock of D —up and v be
the cut vertex of D — up contained in J such that vp ¢ V(J — v). Since D is 2-connected,
up € N(J —wv) and up € N(D —up — J). In particular, D — (J — v) contains a path from
up to vp. Thus, since (D', bp,up,cp,vp) is planar, bp ¢ N(J —v) or ¢cp ¢ N(J —v), say the
former. Then {cp,up,v} is a cut in D’ separating J from {bp, cp,up,vp}, contradicting the
assumption that D* is (5, A*)-connected.

Thus we may assume that D — up is 2-connected. Similarly, we may also assume that
D — vp is 2-connected.

By the definition of 3-planar chain, D — {up,vp} is connected. So D' — {up,vp} is
connected. Now suppose D' — {up,vp} is not a chain of blocks from bp to c¢p. Then let
J be an endblock of D' — {up,vp} and v be the cut vertex of D' — {up,vp} such that
D" —{up,vp} — (J — v) has a path between bp and c¢p. Then {up,vp,v} is a cut in D’
separating J from {bp, cp,up,vp}, contradicting the assumption that D* is (5, A*)-connected.
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4) We may assume up = ri, and H contains no path from x1 to B internally disjoint from
)
BuD' UX.

Suppose (4) fails. Note that if up # x1 then H contains a path from z7 to B internally disjoint
from BU D' U X. So let R be an arbitrary path in H from z; to € V(B) and internally
disjoint from B U D' UvpXzs.

Suppose x may be chosen so that there exists some y; € N(B — x). Then G[B U R + y;]
contains disjoint paths @Q1, Q2 from {bp,cp} to x1,y;, respectively. Recall z; ¢ V(C,,) from
(2). If i = 1 then (y121 U Q1) U Q2 U (y122 UxeXvp) U L is a TK5 in G. So assume i # 1.
Then 1 U (I‘lyi @] Qg) Uziyr U ($1y5,i$2 @] .TQX’UD) ULisaTKs5in G.

Therefore, we may assume that x is unique and y; ¢ N(B — z) for all i = 1,2,3. So by
Lemma 3.1, we may assume |N(B) N {y1,y2,y3}| < 1.

Suppose H has a path from z2Xvp to B internally disjoint from B U D’ U X. Then we
may assume r1; = up; otherwise H has a path from x; to z9 and disjoint from D — vp, and
hence by Lemma 3.2 and the choice of X, G contains T K5 (or else |N(B) N {y1,y2,y3}| >
IN(D —vp) N{y1,y2,y3}| > 2 by (3), a contradiction). Similarly, we may assume z2 = vp.
Since G is H-connected, V(B) = {bp,cp,x} and z is adjacent to x1,x2 and some y;. So
Gl{z,x1,x2,y;}) = K, and, by Theorem 1.1, G contains T K.

Thus we may assume that H has no path from x2Xwvp to B internally disjoint from
BUD' UX; so z9 =vp. Since {bp,cp,up,x} cannot be a cut in G, we see that |B| = 3 and
x ¢ {bp,cp}. Since x has at least three neighbors outside B, G—D’ contains independent paths
Q1,Q2 from x to x1,y;, respectively, for some i € {1,2,3}. If i = 1 then (Q1 U z1y222) U Q2 U
(B—bpcp)ULisaTKs in G5 and if i # 1 then (Q1Uz1y2)U(Q2Uy;x2Uxe Xvp)U(B—bpep)UL
is a TK5 in G. Hence we have (4).

(5) We may assume that y; ¢ N(B — {bp,cp}) and |[N(y1) N B| < 1.

First, suppose |N(y1) N B| > 2. Then G[B + y;| has two independent paths @1, Q2 from y; to
bp, cp, respectively. So Q1 U Q2 U (y122 Uz Xvp)U L is a TK5 in G.

Now let {¢j} = N(y1) N V(B — {bp,cp}). Since G is 5-connected, G — (D — vp) has a
path from B — {bp,cp} to x2aXvp + {y2,y3}. If G — (D — vp) — y1 has three independent
paths @1, Q2, Qs from | to bp,cp,vp, respectively, then Q1 U Q2 U Q3 Uyjy1 UL is a TK5
in G. So we may assume that such @1, Q2,3 do not exist. Then there is a 2-cut S in
G — (D —vp) — y1 separating v} from {bp,cp,vp}. Since B is 2-connected, S C V(B). But
then by (4), SU{x1,y1} is a 4-cut in G, a contradiction which completes the proof of (5).

Let S := {bp,cp,y2,y3} UV (z2Xvp). Then by (4) and (5), G' := G —y1 — (D —vp) is
(5, S)-connected and, since H — X is connected, G’ —{y2, y3} contains a path from B—{bp,cp}
to some v € V(z2Xvp) and internally disjoint from X. We choose v so that vXvp is minimal.
Note that G' —{y2,ys} — (z2Xvp—v) has independent paths from some u € V(B)—{bp,cp} to
bp,cp, v, respectively. So by Lemma 2.4, G’ contains five independent paths Q1, Q2, Q3, Q4, Q5
from u to bp, cp, v, 21, 29, respectively, where z1, 29 € S—{bp, cp, v} such that |V (Q;)NS| =1
for 1 < i < 5. If v # x2 then Q4 can be extended through G[(zoXv — v) + {y1,92,y3}] to
a path @) ending at y1; so @1 U Q2 U (Q3 UvXvp)UQ, UL is a TKs in G. So assume
v = x3. Then by the minimality of vXvp, we see that z; € {y2,ys}, say 21 = y2. Now by (2),
Q1UQQU(QgUUXvD)U(Q4Uy2x1y1)ULisaTK5 in G. |
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Lemma 4.5 Suppose D* contains w,Cy,, P1, Py, P3, Py which satisfy (2) of Lemma 4.3. Then
G contains T K.

Proof. Let L=Cp, UP,UP,UP3UPy. If y¢ V(L) then L, upXx1 Uziy120 UreXvp and a
path in B between bp and c¢p form a T'K5 in G. So we may assume y € V(P;) and, without
loss of generality, we may view P; as a path in G with y; € V(Py).

We may assume bp,cp € V(L). For, suppose up,vp € V(L). By symmetry, we may
assume that up € V(P), bp € V(P3), vp € V(P,), and cp,up,bp,V (P, N C),vp occur
on C in clockwise order. If P, NvpCecp # 0 then by planarity we may modify P, to end
at c¢p; so we could assume bp,cp € V(L). Hence we may assume that P, NvpCecp = 0.
Then, since C N Cy, = 0, there exists a path P; in Py UwvpCecp from w to ¢p such that
V(P) NV (Cy)| =1. Let L' = C, UP; UP,U P3U Py, and let @ be a path in B between bp
and c¢p. Now Q U (y121 U1 Xup)U L' is a TK5 in G.

By symmetry, we may assume that bp € V(P), vp € V(P3), cp € V(Py), and up, cp,vp,
V(PN C),bp occur on C in counterclockwise order.

Recall that C,, N C = (. Then P; U cpCup contains a path P; from w to up such
that |V(P; N Cy)| = 1; and in this case we let L' = C,, U Py U P, U P3 U Pj. Similarly,
P, UupChbp contains a path PJ from w to up such that |[V(PyNCy)| = 1; and in this case we
let L" = Cy, UP,UP)UP3U Py.

We may assume that H contains no path from zeXvp + {y2,y3} to B — {bp,cp} and
internally disjoint from B U D U X. For, otherwise, H contains a path @ from vp to bp and
disjoint from (D — vp) Uz Xup + ¢p. Then QU (y121 Uz Xup) U L' is a TK5 in G.

Thus zo = vp. Moreover, x1 # up; otherwise {bp, cp,x1,y1} would be a 4-cut in G. So
H has a path X; from x; to bp and internally disjoint from D U X.

If H has a path @ from y; to some y; € V(upXxz1 — x1) and internally disjoint from
BUD'UX, then (QU vy Xup) U (X7 Uziysxe) UL is a TK5 in G; so we may assume that
Ny)N(V(H —x1) = V(BU(D —up))) = 0. If H has a path @ from y; to ¢p and disjoint
from D U X U {bp} then Q U (xoysr1 U 21 Xup) U L" is a TK5 in G; so we may assume
N(y1)NV(B —cp)=0. Hence N(y1) C V(D' —up)U{x1,x2}.

Thus, let ¥ € N({y2,y3}) N V(upXx1 — 1) with upXy" minimal; so ' € N(y;) for some
i € {2,3}. Since {bp,cp,up,y’} cannot be a 4-cut in G, H has a path from y' Xz — ¢ to
B — bp and internally disjoint from B U D U X. Thus H has a path R from x; to ¢p and
internally disjoint from y' Xxzo U D. Now (z2y;y’ Uy’ Xup) U (1121 UR)U L" is a TK5 in G. 1

We can now summarize the results in this section as the following

Lemma 4.6 If some block in H — B is of type I then G contains T K.

5 Blocks of type II

In this section we show, with the help of Lemma 4.6, that if H — B has a block of type II then
G contains T'K5. Let D be a block of H — B of type II, and recall the notation D', bp,up,vp
(in particular, z1,up,vp,xs occur on X in this order). Let D” := D — {up,vp} which is
connected by the definition of a 3-planar chain. Since G is 5-connected and D is of type II,
IN(D") N {y1,y2,y3}| = 2. An important step is to show that |[N(B) N {y1,y2,ys}| > 2.
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Lemma 5.1 If H— B has a block of type II then G contains TKs or |N(B)N{y1,y2,y3} > 2.
Proof. First, we may assume K, Z G, as otherwise GG contains T'K5 by Theorem 1.1.
(1) We may assume that D" or G[D" + bp] is 2-connected.

Since |[N(D") N {y1,y2,y3}| > 2, we have |V (D")| > 2 by Lemma 3.1. In fact, |[V(D")| > 3 as
D is 2-connected and K, ¢ G. Let C1,...,C}) denote the endblocks of D”. We may assume
k > 2, as otherwise D" is 2-connected and hence (1) holds. Let v; € V(C;) such that v; is a
cut vertex of D".

If {up,vp} € N(C; — v;) for some 1 < ¢ < k, then {up,v;} or {vp,v;} is a cut in H
separating B from some vertex; so G contains T K5 by Lemma 3.4. Thus we may assume
up,vp € N(CZ —’Ui) for 1 <i<k.

Suppose |N(C;) N {y1,y2,y3}| > 2 for some 1 < i < k. Then by Lemma 3.1, C; is 2-
connected. Let X’ be obtained from X by replacing up Xvp with a path in G[Cj+{up,vp}|—v;
(for some j # i) between up and vp. So C; is contained in a 2-connected block of H — X’.
Hence by Lemma 3.2 and by the choices of X, we may assume |N(B) N {y1,y2,y3}| > 2.

Thus we may assume that for 1 < i < k, [N(C;) N {y1,y2,y3}| < 1. Then, since G is
5-connected, bp € N(C; —v;) for 1 <i < k. So G[D" + bp] is 2-connected, and we have (1).

(2) We may assume that D — up and D — vp are 2-connected.

Suppose D — up is not 2-connected. Since D is 2-connected, D — up is connected. Let C be
an endblock of D —up and let v be the cut vertex of D —up such that vp ¢ V(C —v). Then
{up,v} is a cut in H separating B from some vertex; so G contains T K5 by Lemma 3.4. Hence
we may assume D —up is 2-connected. Similarly, we may assume that D —vp is 2-connected.

(3) We may assume up # x1, vp = x2, and H contains no path from zo to B internally
disjoint from BU D' U X.

If up = 1 and vp = x2 then, since G is 5-connected, |N(B — bp) N {y1,y2,y3}| > 2. So we
may assume by symmetry that up # z1. Then, since H is 2-connected, H has a path from x
to B internally disjoint from BU D' U X.

Suppose H also has a path from zo to B internally disjoint from B U D’ U X. Then H
contains a path X’ between 1 and z2 and disjoint from D — vp. So by (2) and Lemma 3.2
and by the choice of X, we may assume |N(B)N{y1,y2,y3}| > |[N(D —vp)N{y1,y2,y3} > 2.

So we may assume z9 = vp and H contains no path from zs to B internally disjoint from
BUD'"UX. This proves (3).

Since D" is connected, we have

(4) for any y;,y; € N(D"), GID" +{x2,y:, y;}] contains three independent paths from some
vertex u € V/(D") to x2,y;,y;, respectively.

By (3), there are at most two 2-connected blocks in H — B. So we have two cases.

Case 1. D is the unique 2-connected block in H — B.
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By Lemma 3.1 and since G is 5-connected, |N(z) N V(B)| > 2 for each x € V(z1Xup) —
{z1,up}.

Subcase 1.1. N(y;) C V(D")U{x1,x2} for some i € {1,2,3}, say i = 1.

Then {bp,up,x1,y2,y3} is a cut in G. Let Gy := G — (D" + {x2,y1}). By Lemma 3.1,
V(G =T

Suppose y2,y3 € N(D"). Then by (4) (with {i,7} = {2,3}) and by Lemma 2.4, there
exist four independent paths Py, Py, Ps, Py in G[D' + {y2,y3}] from some vertex v € D" to
x2,Y2,Y3,S € {bp,up}, respectively, such that |V (FP;) N {up,vp,z2,y2,ys}| <1 for 1 <i < 4.
Let t € {bp,up} — {s}. If G; — t has disjoint paths @1, Q2 from x1,ys to s,ys, respectively,
then PLU(PLUQ1)UP,UP3sUQR2UK is a TK; in G with branch vertices u, x1, 22, y2,y3. So
we may assume that such paths do not exist. Then by Corollary 2.3, (G1 — t,x1,¥2, S,y3) is
planar; and hence G contains T K5 by Corollary 2.9.

So we may assume that y3 ¢ N(D"). Then {bp,up,x2,y1,y2} is a cut in G separating D"
from BUupXx.

We may assume that G[D’ + ys] contains disjoint paths Q1,Q2 from up,bp to z9,ys,
respectively; for, otherwise, it follows from Corollary 2.3 that (G[D' + ya|,up,bp,x2,y2) is
planar; so G contains T'K5 by Corollary 2.9 (as |V (D")| > 3). Similarly, we may assume that
G[D' + y2] contains disjoint paths @}, Q5 from up,bp to ya, 2, respectively.

Suppose |N(y3) N V(B)| > 2. We may assume yo ¢ N(B), or else the assertion of the
lemma holds. Hence yo has a neighbor u € V(upXx1) — {up,x1} (otherwise {x1,bp,up,ys}
would be a 4-cut in G). Now G[B + {u,y3}] contains independent paths R;, Rs from ys to
u, bp, respectively, and uys U Ry UuXx1 U (uXup UQ1) U (R2UQ2) UK is a TK5 in G with
branch vertices u, x1, x2, Y2, y3.

Thus we may assume that |[N(y1) N V(B)| < 1. Hence, there exist distinct v,v" € N(y3) N
V(upXx1 — x1), and assume that z1,v,v’,up occur on X in order. We may assume that
y2 ¢ N(B —bp); for otherwise G[B + {y2,v}]| has independent paths R, Ry from v to y2,bp,
respectively, and vys U Ry Uv Xz U (R U Q%) U (y3v' Uv' Xup UQ)) UK is a TK5 in G with
branch vertices v, x1, z2, Y2, y3. So y2 has a neighbor u € V(upXx1) — {up, z1}; as otherwise
{bp,up,x1,ys} would be a 4-cut in G.

Suppose u € V(z1Xv —v). Let R be a path in G[B + u| from u to bp. Then uys U
(uXvUvys) UuXx; U(RUQL) U (ysv' U Xup UQ)) UK is a TKs in G with branch vertices
U, T1,22,Y2,Y3-

Now assume u € V(vXv') — {v,v'}. Then in G[B + v] we find a path R from v to bp. So
vys U (vXuUuys) UvXz; U(RUQS) U (ysv' Uv' Xup UQ)) UK is a TK5 in G with branch
vertices v, T1, X2, Y2, Y3.

Therefore, we may assume by Lemma 3.1 that u € V (v' Xup)—{up,v'}. If G[B+{u,v,z1}]
has disjoint paths Rj, Ry from z1,v to u,bp, respectively, then uys U (uXv' Uv'y3) U Ry U
(uXupUQ@1) U (ysvU Ry UQ2) UK is a TK5 in G with branch vertices u, z1, 22, y2, y3. So we
may assume that R, Ry do not exist. Then by Lemma 2.2, (G[B + {u, v, x1}],21,v,u,bp) is
3-planar; so G[B + {u,v,z1}] contains disjoint paths L, Ly from z1,v to bp,u, respectively.
Hence X' := Q/Q U Ly is a path in H between x; and x9, and uXv U Ls is a cycle in H — X’
and contains neighbors of both yo and y3. So by Lemma 3.2 and by the choice of X we may
assume |N(B) N {y1,y2,y3}| > 2.

Subcase 1.2. N(y;) € V(D')U {x1,x2} for all i =1,2,3.
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We may assume |N(B) N {y1,y2,y3}| < 1, as otherwise the assertion of the lemma holds.
So by symmetry let yi,yo ¢ N(B); hence y1,y2 € N(x1Xup — {z1,up}). Further, if
ys € N(z1Xup — {x1,up}) then, by symmetry among yi,y2,ys, we may assume that the
neighbor of {y1,y2,y3} on x;Xup closest to up is a neighbor of y3, denoted by wvs. Let
v; € N(y;) N V(21 Xup — {z1,up}), i = 1,2. We may assume by symmetry between y; and
y2 that x1,v1,v9, up occur on X in order. Note that |[N(v;)) NV(B)| > 2 for i = 1,2. Let X;
denote a path in G[B + z1] from 2 to bp.

We may assume y3 € N(D"). For, suppose y3 ¢ N(D”). Then {bp,up,x2,y1,y2} is a
5-cut in G separating D’ from B UupXz. In G[D' + {y1,y2}] we apply Menger’s theorem
to find five independent paths Py, Py, Ps, Py, P5 from some u € V(D") to yi1,y2,22,bp,up,
respectively. Now P; U P U Ps U (P4 U X1) U (y1v1 Uvi Xvg Uveys) U K is a TK5 in G with
branch vertices u, x1, x2, Y1, yo.

We may also assume y1,y2 € N(D”). For, suppose y; ¢ N(D"). Then ys,y3 € N(D") as
G is b-connected, and {bp,up,z2,y2,y3} is a cut in G separating D' from B UupXx;. By
Menger’s theorem, G[D’ + {y2,ys}| has five independent paths Pi, P, P3, Py, P5 from some
vertex u € V(D) to y2,ys, x2,bp,up. If vg is defined then P U P, U P3U (PyU X7) U (y2ve U
vaXv3Uwvsys) UK is a TK5 in G with branch vertices u, x1, 22, y2, y3. So we may assume that
v3 is not defined. Thus y3 € N(B) (as we are in Subcase 1.2). Moreover, G[B + {v2,y3}]
contains a path R from vy to ys. If G[D'+ {y2,ys}] — bp has disjoint paths Q1, Q2 from up, yo
to x2,ys, respectively, then voys U R U ve Xy U (voXup UQ1) UQ2 U K is a TK5 in G with
branch vertices vs, x1, T2, y2,y3. So assume that @1, Q2 do not exist. Then by Corollary 2.3,
(GID" + {y2,y3}| — bp,up, y2,T2,ys3) is planar; so G contains T K5 by Corollary 2.9. Hence,
we may assume y; € N(D"”). Similarly, we may assume ys € N(D").

Let S := {bp,up, x2,y1,y2,y3}. By (4) (with {4, j} = {1,2}) and by Lemma 2.4, G[D" + 5|
has five independent paths Py, P, P3, Py, P5 from some vertex u € V(D”) to S such that
V(IPENP) ={u}for 1 <i<j <5 |[V(P)NS|=1forl1<i<5,y € V(P),y2 € V(P),
and zo € V(P;). We may assume that P, ends in {bp,up}. We may further assume that Py
ends at up; or else, P, U P, U P3U (PyUX1) U (y1v1 Uvi Xvg Uvoye) UK is a TKy in G with
branch vertices u, x1, x2, y1, y2.

We may further assume that vz is not defined. For, otherwise, v3 € V(upXv') — {up,v'}
by the definition of vs. Let X| be a path in G[B + {vs,z1}] from z1 to v3. Then P, U P U
P U (PyUupXuz U X)) U (101 U v Xvg Uwgye) UK is a TKy in G with branch vertices
Uy T1,22,Y1,Y2-

So y3 € N(B — bp) since N(y3) € V(D) U{z1,22}. Let D* be obtained from G[D’ +
{y1,y2,y3}] by identifying up and bp as w.

Suppose D* — y3 contains disjoint paths @1, Q2 from y1,w to yo, x2, respectively. We view
Q2 as a path in G; so up € V(Q2) or bp € V(Q2). If bp € V(Q2) then let @ be a path in
G[B + v1] from v; to bp; now viy; U (v1 Xva Uwvaye) U Xz U(QUR2)UQ1 UK is a TKs in
G with branch vertices v1,x1,x2,y1,y2. So we may assume up € V(Q2). Let R be a path in
G[B + {v2,21}] from v2 to x1. Then vays U (veX vy Uviy1) URU (v2Xup UQ2) UQ1 UK is a
TKs5 in G with branch vertices vs, 1, 2, Y1, yo.

Therefore, we may assume that such @1, Q2 do not exist in D* — y3. So by Lemma 2.2,
(D* — y3,y1,w, Y2, x2) is 3-planar. Since D is 2-connected, D* — {y1,y2,y3} is 2-connected.
Thus, D* — y; contains disjoint paths Rj, Ry from yo,x2 to y3,w, respectively, or D* — yo
contains disjoint paths Ry, Re from y1, x2 to ys, w, respectively. By symmetry between y; and
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Y2, we may assume the latter. We view Ry as a path in G; so bp € V(R2) or up € V(Rz2).
Note that G[B + {v1,y3}] contains independent paths L1, Lo from vy to ys, bp, respectively. If
bp € V(Ry), then v1y; UL Ui Xa1 U (LaURy)UR; UK is a TK5 in G with branch vertices
V1, X1, X2, Y1, Y3. S0 we may assume up € V(Ry). Then vy UL1Uvi Xz1U(v1 XupURe)URJUK
is a T K5 in G with branch vertices vy, 1, T2, Y1, Y3-

Case 2. H — B has a 2-connected block D; such that Dy # D.

Then by (3), up, = =1, and H contains no path from x; to B internally disjoint from
BUF'UX. Hence Dy and Dy := D are the only 2-connected blocks of H — B. For i = 1,2,
let D! = D; —{up,vp} and b; := bp,, and let vy := vp, and uy := up,. We may assume
IN(B)N{y1,y2,y3}| < 1, or else we have the assertion of this lemma. So, since G is 5-connected,
there is an edge between v; Xuy and B — {b1,bs2}. Moreover, if by = by then x; € N(B — b;)
for some i € {1,2}, and we may assume by symmetry that zo € N(B — bs).

Subcase 2.1. y1,y2,y3 € N(DY) for i = 1,2.

We claim that there exist {4,5} C {1,2,3} such that G[D}] + {v;,y;}] contains disjoint
paths Q1,Q2 from x1,y; to vy,y;, respectively. This is clear if there exist y; and y; both
with neighbors on v1 Xz, for X is induced, D; is 2-connected, and Di — v1 X7 is connected
(because of by as H — X is connected). Thus we may assume (by pigeonhole principle) that
there exist y; and y; both with neighbors in Dy — v1Xx1. So, since H — X is connected,
G[D} +{vi,y;}] — viXz1 has a path between y; and y;.

Without loss of generality, we may assume that {7, 7} = {1,2}. By (4) (with {3, j} = {1,2})
and by Lemma 2.4, G[D) + {y1,y2, y3}] contains five independent paths Py, P, P3, Py, P5 from
some vertex u € V(DY) to S := {ba, us, x2,y1, y2,y3} such that V(PN P;) = {u} for 1 <i <
j < 5, |V(PZ) N S’ =1forl << 5, Y1 € V(Pl), Yo € V(Pg), and zo € V(P3)

If there exists P € {P4, P5} such that uy € V(P) then P; UPQUPgU(PUUQXUl UQl)UQQUK
is a T K5 in G with branch vertices u, x1, X2, y1,¥y2. So we may assume that P ends at by and
Ps5 ends at ys.

If by # by then, since there is an edge between vy Xug and B — {b1,b2}, we see that
G[BUwv; Xug] — by contains a path @ from by to vi; hence PLUP,UPsU(PLUQUQRQT)UQ2UK
is a T K5 in G with branch vertices w, x1, x2, Y1, Yo-

So we may assume by = by. Then G[B Uwvxug + x2] — by contains a path @ from vy to z2,
and G[Dy — z1 + {y1, y2}] has a path R from y; to y2. Hence, Pi U P U Py U (P5 U ysz1) U
(QUQR)UQRU (K —y3) is a TK5 in G with branch vertices u, z1, 22, y1, y2. This completes
Subcase 2.1.

So by symmetry, we may assume that y1,y2 € N(DY), ys ¢ N(DY), and y1 € N(DY).

Subcase 2.2. yo € N(DY).

Then by (4) (with {i,7} = {1,2}) and by Lemma 2.4, G[D} + {y1,y2,y3}] contains five
independent paths Py, Py, Ps, Py, P5 from some vertex u € V(D)) to S := {ba, ua, 2, y1,y2,y3}
such that V(PN Pj) = {u} for 1 <i < j <5, |[V(P)NS|=1for1 <i<5, y1 € V(P),
y2 € V(P), and x9 € V(P3). We may assume that Py ends in {by, us}.

First, assume that Py ends at ug. If G[D] + {y1,y2}] — b1 has disjoint paths Q1, Q2 from
v1,Yy2 to 1,1, respectively, then Py U P, U P3 U (PyUueXv UQ1)UQ2UK is a TKy in
G with branch vertices w, x1,x2,y1,%2. So we may assume that such Q1,Q2 do not exist.
Then by Corollary 2.3, (G[D] + {y1,y2}] — b1,v1,y2,21,y1) is planar. So G contains T K5 by
Corollary 2.9 (as |[V(DY)|ge2 by Lemma 3.1).
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Now assume Py ends at be. Let @ be a path in B from by to by. If G[D] +{y1,y2}] —v1 has
disjoint paths Q1, Q2 from by, y2 to x1, y1, respectively, then PyUP,UPsU(P,UQUQR1)UQ2UK is
a T K5 in G with branch vertices u, x1, 2, Y1, y2. So assume that @1, Q2 do not exist. Then by
Corollary 2.3, (G[D}+{y1,y2}]—v1,b1,y2, z1,y1) is planar. So G contains T K5 by Corollary 2.9
(as |V(DY)|ge2 by Lemma 3.1).

Subcase 2.5. ya ¢ N(DY) and yo2 € N(B UugXvy).

In G[D1+{y1,y2}] we use Menger’s theorem to find five independent paths Q1, Q2, @3, Q4, Qs
from some u € V(DY) to y1, ya, x1, b1, v1, respectively. Since yo € N(BUugsXv1), G[BUua X v+
y2] has disjoint paths Ry, Re from s € {b1,v1},y2 to {ba,us}.

We may assume that G[D’2 + y1] contains disjoint paths Ly, Ly from be,us to xo,y1, re-
spectively. For, otherwise, by Corollary 2.3, (G[D) + y1], b2, u2, 2,y1) is planar. Since in this
case {ba,u2,x2,y1,y3} is a cut in G, G contains T K5 by Corollary 2.9 (as |[V(Dj)| > 2 by
Lemma 3.1). Similarly, we may assume that G[D), + y1] contains disjoint paths L}, L} from
ba, ug to y1, za, respectively.

Let s € V(Q;) where i € {4,5}. If by € Ry, then Q1 UQ2UQ3U (Q; URy UL;)U(RyU
L) UK is a TK5 in G with branch vertices u, x1, z2,y1,y2. So assume us € V(Rp). Then
Q1UQ2UQ3U(Q;UR ULL)U(R2UL))UK is a TK5 in G with branch vertices u, x1, 2, Y1, y2.

Subcase 2.4. y2 ¢ N(DY) and yo ¢ N(B UuzsXv1).

Let v € N(z1) N V(DY) and G’ := G[D} + {y1,y2}]. By Menger’s theorem, G’ — 1 has
four independent paths @1, Q2, @3, Q4 from v to y1,y2, b1, v1, respectively. We may assume
that Q;, 1 < i < 4, are induced paths in G’, and let L = U?zl Q;, where Q5 = vz1.

Note that |N(y2) N V(DY)| > 3. So G’ has an L-bridge, say J, containing an edge yau such
that u ¢ V(Q2 + x1). We now show that L,J may be chosen so that J has an attachment
in (@1 UQ3UQy) —v. For, otherwise, all attachments of J are contained in Q2 + z1. Since
G is 5-connected, J has an attachment on Q2 — y, say z, and we choose z so that zQsv is
minimal. Again since G is 5-connected, there is a path in G’ — z1 from y2Q22 — {y2, 2} to
(Q1UQ3UQ4) —v. Now letting Q) be obtained from Q2 by replacing y2Q2z with a path
in J from ys to z and internally disjoint from Q2 + z1, we see that for Q1, @5, @3, Q4, the
corresponding L, J satisfy the desired properties.

Therefore, J contains a path Y from ys to y € V(Q1 U Q3 U Q4 — v) internally disjoint
from L. Let R be a path in B between b; and by. As in Subcase 2.3, we may assume that
G[D), + y1] contains disjoint paths L, Ly from b, us to x2,yi, respectively, as well as disjoint
paths L}, L), from bo, us to y1, x9, respectively.

Ify € V(Ql —U) then vy UQQU(QgURULl)U(Q4U01XUQUL2)U(YUyQ1y1)UK isaTKs5
in G with branch vertices v, x1, x2,y1,y2. lf y € V(Q3 —v) then va; UQ1 UQ2U (QqUvy XugU
LU (Y UyQsby URUL))UK is a TK5 in G with branch vertices v, x1, 2, y1, y2. So we may
assume y € V(Qq —v). Then vz UQ1UQ2U (Qs URU L) U (Y UyQqaui Uvi Xug U La) U K
is a T K5 in G with branch vertices v, z1, T2, y1, yo. |

Lemma 5.2 If H — B has a 2-connected block then G contains T K.
Proof. By Lemma 4.6, we may assume that no 2-connected block in H is of type I. For any

2-connected block D in H — B, recall the notation D", D’,bp,up,vp. Since G is 5-connected,
IN(D") N {y1,y2,y3}| > 2. So |[V(D")| > 2 by Lemma 3.1.
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Case 1. [IN(D") N {y1,y2,y3}| = 2 for each 2-connected block D in H — B.

Let D be a 2-connected block of H — B. Without loss of generality, let y;,y2 € N(D")
and y3 ¢ N(D"). Using Menger’s theorem, we find independent paths Py, Py, P, Py, P5 in
G[D" + {y1,y2}] from some vertex u € V(D") to y1,y2,up,vp, bp, respectively.

If y1,y2 € N(B) then in G[B + {y1, y2}] we find a path @ from y; to ya; so P, U P, U (P3U
upXz1)U (P UvpXaxe) UQUK is a TK5 in G with branch vertices u, z1, 22, y1, y2. Thus we
may assume y; ¢ N(B); hence by Lemma 5.1 we may assume ys,y3 € N(B).

Subcase 1.1. N(y1) € V(D) U {z1,z2}.

Then G — {y2,y3} contains a path P from y; to some vertex u € V(BU X) — (V(D") U
{x1,22}) and internally disjoint from BU D' U X. If u € V(B) then G[BU P + ys| has a path
Q@ between y; and y2, and Py U P U (PsUupXx1)U (PyUvpXzo) UQUK is a TK5 in G with
branch vertices u, x1, x2, Y1, yo.

So we may assume that u ¢ V(B) for any choice of P. Hence, since H — X is connected,
all neighbors of y; outside D are on X; in particular, u € V(upXz1 —{up,z1}) UV (vp Xz —
{vp,z2}) and V(P) = {y1,u}. By symmetry we may assume that v € V(upXz;) — {up,x1}.
Since X is induced and H — X is connected and by Lemma 3.1, H contains a path from u
to B and internally disjoint from B U D U X, which can be extended through G[B + ys] to
a path R from u to yo. If G[D' + {y1,y2}] — bp has disjoint paths Ry, Re from y1,up to
Y2, vp, respectively, then uy; U RUuXz; U (uXup U Ra UvpXag) UR UK is a TKs in G
with branch vertices u,x1, z2,y1,y2. Thus we may assume that such Ry, Ry do not exist. So
by Corollary 2.3, (G[D' + {y1,y2}] — bp,y1,up,y2,vp) is planar. Now G contains T K5 by
Corollary 2.9.

Subcase 1.2. N(y1) C V(D)U{z1,22}, and N(y2) C V(D') U {x1, z2}.

Then N(y2) NV (B) = {bp}, and {bp,up,vp,x1,z2} is a cut in G separating B + y3 from
D"+ {y1,y2}. So x1 # up and x9 # vp, as G is 5-connected. Therefore, H — D contains a
path X’ from z1 to z2. Note that D is 2-connected; so it is contained in a 2-connected block
of H— X'. Also note that y; and yo each have at least two neighbors in D. So it follows from
Lemma 3.2 and the choice of X that ys,ys should each have at least two neighbors in B, a
contradiction as we are in Subcase 1.2.

Subcase 1.3. N(y1) C V(D) U{z1,z2}, and yo € N(F") for some 2-connected block F' in
H - B.

Let v € N(y2) N V(F”). Without loss of generality, assume that z1,up,vp, up,vp, 2
occur on X in order. Since N(y1) C V(D)U{x1,z2}, y1 ¢ N(F"); and since G is 5-connected,
ys € N(F"). Let Q be a path in G[B+vys] from ys to bp. If G[F'+{y2,y3}]—br contains disjoint
paths Q1, Q2 from up, y2 to vr, y3, respectively, then PoU(PsUQ)U(P3Uup X vpUQUupXx)U
(PyUvpXao)UQ2UK is a TKy in G with branch vertices u, 21, 22, y2, y3. S0 we may assume
that such Q1, Q2 do not exist. Then by Corollary 2.3, G[F’" + {y2,y3}] — br, ur, y2, v, y3) is
planar. Hence G contains T K5 by Corollary 2.9 (as |V(F')| > 7 by Lemma 3.1).

Subcase 1.4. N(y1) C V(D)U{x1, 22}, N(y2) € V(D) U{z1, 22}, and yo ¢ N(F") for any
2-connected block F' in H — B other than D.

Then, since G is 5-connected, D is the unique 2-connected block of H —B. Solet v € N (y2)
such that v € V(B —bp) U (V(X) — V(upXvp + {z1,22})). By symmetry, we may assume
that v € V(B —bp) UV (z1Xup — {z1,up}).
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We may further assume that v € V(B — bp). For, otherwise, N(y2) N V(B) = {bp}
and we may assume v € V(x1Xup) — {z1,up}. Hence by Lemma 3.1, y3 € N(B — bp).
Thus, G[B + {v,y3}] contains independent paths R, Ry from bp to ys,v, respectively. Now
yY2bp U Ry Uvya U (192 U1 Xv U z1y3s U R1) U (PaU PsU Py Uy121 UP3sUupXw) is a TKy in
G with branch vertices bp, u, v, 1, ys.

We may assume that G[D’ + ys| contains disjoint paths Q1,Q2 from bp,vp to ya,up,
respectively; for otherwise by Corollary 2.3, (G[D’ + y2|,bp,vp, y2,up) is planar, and so G
contains T K5 by Corollary 2.9. Similarly, we may assume that G[D’ + ys] contains disjoint
paths @), Q) from bp,vp to up, ya, respectively, as well as disjoint paths QY, Q5 from bp,up
to vp, Yo, respectively.

Suppose y3 has at least two neighbors in B. Then G[B + y3] contains independent paths
R1, Ry from y3 to v, bp, respectively. Then P, U (Ps U Re) U (PsUupXz1) U (PyUvpXae) U
(R1 Uvys) U K is a TK5 in G with branch vertices u, x1, x2, Y2, y3.

Thus we may assume that ys has only one neighbor in B. Therefore y3 must have at least
two neighbors in (up Xz —x1) U (vpXaxo — x2). By symmetry, we may assume that ys has a
neighbor in vpXxo — x2.

First, assume that y3 has two neighbors wy,ws € V(vpXxgy — z2), with wy € V(zeXws).
Since v € V(B — bp) and |[N(w1) N V(B)| > 2 (by Lemma 3.1 and 5-connectedness of G),
G[B + {w1,y2}] has independent paths Rj, Ry from wy to bp,ys, respectively. So wi Xz U
(R1UQUupXz1)URyUwiysU (yswa Uwe Xvp UQRL)UK is a TKs in G with branch vertices
w1, x1,22,Y2, Y3-

Next assume that y3 has exactly one neighbor w; € V(vpXxe — x2). Then ys3 also has a
neighbor wy € V(up Xz —x1). Clearly, z1,x2 € N(B); so G[B+ {x1,z2}] contains a path X’
between x; and x2. We claim that |N(y2) NV (B)| > 2; otherwise, we have a contradiction to
the choice of X and Lemma 3.2 because D is in a 2-connected block of H— X', y1,y2 € N(D"),
and |N(y1)NV(D)| > 3. Thus y2 has a neighbor w € V(B) such that 1 € N(B—w). Suppose
wy # vp. In G[D' + {y1,y2}] — {bp,up} we find a path @ from vp to yo through y;, which
exists because D is 2-connected and N(y;) C V(D')U{z1,22}. In G[BUupXx; +w;| we find
independent paths Ry, Ry from w; to z1,w, respectively. Then Ry U wyXaxo U (Re U wys) U
w1 Xvp UQ U K is a TKy in G with branch vertices wi,x1,x2,y1,y2. S0 we may assume
wy = vp. In G[D + y2] we find independent paths R;, Ry from w; to up,ya, respectively, and
let R be a path in G[B+{ys2, y3}] from y3 to y3. Now wiysURyUwi XxoU(RyUupXaz1)URUK
is a T K5 in G with branch vertices w1, z1, T2, Yo, ys3.

Case 2. There exists a 2-connected block D in H — B such that {y1,y2,y3} C N(D").

By Lemma 5.1, we may assume that y1,y2 € N(B). Let @ be a path in G[B + {y1,y2}]
between y; and ys.

We may further assume that G — {y1,y2} contains no path from y3 to B and internally
disjoint from BU D’ U X. For, let P be such a path in H. Then, for any {s,t} C {1,2,3},
G[B U P +{ys,y}] contains a path Q4 between ys and y;. Note that D contains independent
paths from some u € V(D") to up,vp, respectively. So by Lemma 2.4, G[D" + {y1,y2,ys3}]
has five independent paths Py, Py, P3, Py, P5 from u to S := {bp,up,vp,y1, y2,y3} such that
V(IPENP) = {u} for 1 <i < j <5 [V(P)NS| =1forl <i <5, up € P, and
vp € P». Without loss of generality, we may assume that P; ends at y; and P4 ends at y;.
Now (PiUupXz1) U (P UvpXao)UP3UPLUQ;; UK is aTKs in G with branch vertices
Uy L1, T2, Yis Yy
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In particular, we may assume y3 ¢ N(B).

Subcase 2.1. D — up is not 2-connected or D — vp is not 2-connected.

By symmetry we may assume that D — up is not 2-connected. Let C' denote an endblock
of D — up, and let v be the cut vertex of D — up such that v € V(C) and vp ¢ V(C — v).
By Lemma 3.4, we may assume bp € N(C — v). By Lemma 3.5 we may assume that vp # v.
Since G is 5-connected, |N(C — v) N {y1,y2,y3}| > 2; hence by Lemma 3.1, C' is 2-connected.

Since D is 2-connected, D — C' has a path P from up to vp. So C is contained in a
2-connected block of H — (z1Xup U P UvpXxg). Hence, |[N(C —v) N {y1,v2,y3}| = 2,
for, otherwise, it follows from Lemma 3.2 and the choice of X that {y1,y2,y3} C N(B),
contradicting the assumption that y3 ¢ N(B).

Suppose y1,y2 € N(C —v). Then y3 ¢ N(C —v). Since G is 5-connected, there are five
independent paths Q1, Q2, @3, Q4, Q5 in G[C'+{bp,up, y1, y2}] from some vertex u € V(C —v)
to up,v,y1, Y2, bp, respectively. Let R denote a path in D —up — (C' —v) from v to vp. Then
(Q1UupXz1)U(Q2URUvpXao) UQsUQRsUQUK is a TK5 in G with branch vertices
u, 1,2, Y1, Y2

Thus, by symmetry, we may assume that ys,y3 € N(C —wv). So y1 ¢ N(C —v). Let
C":= (D —up) — (C —v).

We may assume that G[C" + {up,y1}] — v has three independent paths from some vertex
u e V(C")—{v,up} to up,vp,y1, respectively. For, suppose not. Then v is a cut vertex of C’
separating vp from N(y;) NV (C”). Let C, denote the v-bridge of C’ containing vp, and let C
be a v-bridge of C” such that y; € N(C, —v). Let X’ be a path obtained from X by replacing
upXwvp with a path in G[C, +up] — v from up to vp. Then X' N(BUC UC,) = ). Suppose
ys € N(Cy —v). Then G[Cy + {y1,y3}] — v has a path Q); between y; and y3. Let Q2 be path
in G[B + {y1,y2}] between y; and y92, and Q3 be a path in G[C + {y2,y3}] — v between yo and
y3. Now Q1 UQ@2UQ3U X' UK is a TK5 in G with branch vertices w1, T2, y1,y2,y3. Thus
we may assume assume that y3 ¢ N(C, — v). Hence, since G is 5-connected, bp,up,y1,y2 €
N(Cy —wv). So by Menger’s theorem, G[Cy + {bp,up,y1, y2}| contains five independent paths
Q1,Q2,Q3,Q4, Q5 from some vertex u € V(Cy —v) to up, v, y1,y2, bp, respectively. Note that
the path Q2 can be extended through C, to a path @ ending at vp. Then (Q1 UupXxq) U
(Q5UvpXxe) UQsUQsUQUK is aTKs in G with branch vertices u, z1, x2, Y1, y2.

Let S = {bp,up,vp,v,y1} U (N(C") N {y2,y3}). So G[C" + S] is (5, S)-connected. Hence,
by Lemma 2.4, G[C’" + S] has five independent paths Q1, Q2, @3, Q4, Q5 from u to S such that
V(Q; ﬂQ]’) ={u}for1 <i<j <5 |V(Qi)NS|=1for1<i<5 upe€V(Q1),vp € V(Q2),
and y1 € V(Q3). We may assume Q4 ends in {v, y2,y3}.

If yo € V(Q4) then Q33U Q41U (Q1 UupXz1)U(QaUupXaa) UQUK is a TK5 in G with
branch vertices u, x1, x2,y1,y2. If v € V(Q4) then we extend Q4 through G[C + y2] to a path
@), ending at y2; now Q3UQ,U(Q1UupXx1)U(Q2UvpXao)UQUK is a T K5 in G with branch
vertices u, 1, T2, y1,y2. So assume that y3 € V(Q4). Let Q" be a path in G[BUC+{y1, y3}]—v
between y; and y3 (using bp € N(C —v)); then Q3UQ4U(Q1UupXz1)U(QaUvpXxo)UQ'UK
is a T K5 in G with branch vertices w, x1, x2, Y1, 3.

Subcase 2.2. D —up and D — vp are 2-connected.

First, assume up = x1; and vp = x3. Then since y3 ¢ N(B), {bp,z1,z2,y1,y2} is a
cut in G separating B from D. In G[B + {x1,x2,y1,y2}] we use Menger’s theorem to find
five independent paths Pj, Ps, P3, Py, P5 from some vertex u € V(B — bp) to 1,22, y1, Y2, bp,
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respectively. In G[D"” + {y1,y2}] we find a path Q" between y; and y2. Now P U P, U P3 U
P,UQ' UK is a TKs5 in G with branch vertices u, 1, x2, y1, yo.

Thus we may assume that up # x1. We may further assume that vp = o, and H contains
no path from x5 to B and internally disjoint from BUD'UX. For, otherwise, since up # x1, H
contains a path X’ from z to z2 and internally disjoint from DU X. Thus D —wvp is contained
in a 2-connected block of H — X'. Since y1,y2,y3 € N(D") and y3 ¢ N(B), it follows from
Lemma 3.2 and the choice of X that G contains T K.

Suppose N(y3) C V(D). Then {bp,up,z1,y1,y2} is a cut in G separating BUupXx; from
D’. Let Gy denote the {bp,up,x1,y1,y2}-bridge of G containing BUupXz1. Since D —up is
2-connected, G[D"” + {vp,y1,y2}] has independent paths from some u € V(D") to y1,y2,vp,
respectively. So in G[D' + {y1,y2,y3}] we use Lemma 2.4 to find five independent paths
Q1,Q2,Q3,Q4,Qs from u to S := {bp,up,vp, y1,Y2,y3} such that V(Q; N Q;) = {u} for 1 <
1<j<5|V(Qi)NS|=1for1<i<5 y1 € V(Q1), y2 € V(Q2), and vp € V(Q3). We may
assume Q4 ends in {bp,up}. Ifup € V(Q4) then Q1UQ2UQ3U(Q1UupXz1)UQUK isa TKj
in G with branch vertices u, z1, z2,y1, y2. So we may assume bp € V(Q4). If G1 —up contains
disjoint paths Ry, Rg from x1,y2 to bp, y1, respectively, then Q1 UQ2UQ3U(Q4UR;)URyUK
is a T K5 in G with branch vertices u,x1,2,y1,y2. So we may assume that such R;, Ry do
not exist; then by Corollary 2.3, (G1 — up, x1,¥y2,bp, y1) is planar. Hence G contains T' K5 by
Corollary 2.9 (as |V(G1)| > 7 by Lemma 3.1).

Thus, we may assume that there exists u € N(y3) N V(upXz1 — {up,z1}).

We claim that for any permutation ijk of {1,2,3} there are (not necessarily distinct)
vertices v1,v,v2 on X in order from x7 to up or there exist a 2-connected block F' # D in
H — B and v € F”, with v; = up and vy = vp, such that H + {y;, y;} has independent paths
Py, P, P3, Py from v to vy, va,¥;, y;, respectively, and internally disjoint from v1 X x1 Uve X 2o U
D U K. This is easy to verify when u ¢ V(F) for any 2-connected block F' of H — B; as in
this case u has at least two neighbors in B (by Lemma 3.1) and, since y1,y2 € N(B), we get
the desired paths by setting v = v; = vy = u, letting P, = {v;} and P» = {v2}, and finding
independent paths Ps, Py in G[B+{v,y1,y2}] from v to y1, y2, respectively. So we may assume
that w € V(F) for some 2-connected block F' in H — B. Since H — X is connected and X
is induced, F' contains a path R from u to bp and internally disjoint from X. So, because
y1,y2 € N(B), the claim holds whenever 3 € {i,j} by setting v; = vo = v = u and letting
P, = {vi1}, P, = {v2}, P+ = uys, and P3 be the union of R and a path in G[B + y;] from
br to y;. Now suppose {i,7} = {1,2}. Let v1 = up and vy = vp. First, assume y; € N(F")
and y; ¢ N(F"). Then by Menger’s theorem we find five independent paths P, Py, P3, P, P!
in G[F + {v;,y3}] from some vertex v € V(F") to vy, va,y;, b, y3, respectively. By extending
P; through G[B + y;| to a path P ending at y;, we find the desired paths. So we may
assume that y;,y; € N(F"). Note that G[F +y;] contains independent paths from some vertex
v € F” to vy,v9,y;, respectively (as F is 2-connected). So by Lemma 2.4, G[F' + {y1,y2, y3}]
contains five independent paths Py, P, P3, Py, Pt from v to S := {bp,v1,v2,¥i,Y;,y3}, such
that V(PsNP) = {v} for 1 < s <t <5 |[V(Ps)NS| =1forl <s <5, v € V(P),
vg € V(P), and y; € V(P3). We may assume Pj ends in {bp,y;}. If P; ends at y; then let
Py := Py; if P ends at by then we extend Pj through G[B + y;| to a path P; ending at y;.
Now Py, P, P3, P, give the desired paths.

Let D* be obtained from G[D + {y1, y2,y3}| by identifying y; and y2, and use y to denote
the new vertex. Recall that vp = xs.
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Suppose D* contains disjoint paths Q1, Qs from up,y to vp,ys, respectively. Then in G,
Q2 is a path from y; to ys for some i € {1,2}. Using the paths Py, P, Ps, P, for {i,j} = {i, 3},
we see that (P Uv1 Xz1)U (PaUveXupUQ1)UPsUPUQ2UK is a TKs in G with branch
vertices v, T1, X2, Yi, Y3

Thus we may assume that such @1, Q2 do not exist. So by Lemma 2.3, (D*,up,y,vp, y3)
is 3-planar. Since D is 2-connected, we see that G[D + {y1, y2}] has disjoint paths R;, Ry from
up,y2 to vp, y1, respectively. Therefore, using the paths Pi, Py, P3, Py for {i,j} = {1,2}, we
see that (P Uv1Xx1) U (PaUveXup UR))UP3UPyURyUK is aTKs in G with branch
vertices v, 1, T2, Y1, Y2- |

6 H-B=X

By Lemmas 4.6 and 5.2, it suffices to deal with the case when H — B = X is simply an induced
path. First, we show that two of {y1,y2,y3} each have at least two neighbors in B.

Lemma 6.1 Suppose H — B = X. Then G contains TKs, or [{y; : 1 € {1,2,3} and |[N(y;) N
V(B) > 2} > 2.

Proof. Suppose on the contrary that |{y; : i € {1,2,3} and |N(y;) N V(B)| > 2}| < 1. Then
since G is 5-connected and X is induced in G, there exist distinct vertices vy, v € X —{x1, 22}
such that each v; is a neighbor of some y; and y; has at most one neighbor in B. We choose
v1 and vy so that v1 X v is maximal.

Without loss of generality, we may assume that xq,wv1,v9, 2z occur on X in this order,
IN(yi) "N V(B)| <1 fori=1,2, and v; € N(y1) and v2 € N({y1,v2}). Note that, since G is
5-connected and by Lemma 3.1, each v; has at least two neighbors in B.

First, assume that vo € N(y;). Without loss of generality, let wa,us € N(y2) N V(X —
{x1,x2}) such that vy, ws,ug,ve occur on X in order. In G[B + {v1,x2}] there is a path P
from vy to xo. Thus vi Xx1 U P Uviyr U (v1 Xwy Uwaya) U (yous UugXve Uvayr) UK is a TKj
in G with branch vertices vy, x1, T2, y1, 2.

Hence we may assume that vo € N(y2). For ¢ = 1,2, let w; € N(y;) N V(1 Xve —
{v1,v2}). Note that the only possible cut vertex in G[B + {v1, v2, x1}| exists when x; has a
unique neighbor in B. Thus G[B + {v1, v2, z1}] has independent paths P, Q from vy to z1, vy,
respectively. Then P U v Xz U vays U (Q U viyr) U (y1wp Uwi Xwe Uwaye) UK is a TK5 in
G with branch vertices vo, x1, T2, Y1, Y. |

We now reduce the problem to the case when N(y;) C V(B) U {z1,z2} for i = 1,2,3. We
will make use of Lemma 2.5.

Lemma 6.2 Suppose H — B = X. Then G contains TKs, or N(y;) C V(B) U {z1,z2} for
i=1,2,3.

Proof. By Lemma 6.1, we may assume that |[N(y;) N V(B)| > 2 fori =1, 2.

Suppose there exists some i € {1,2,3} such that y; € N(B) and y; € N(X —{z1,x2}). Let
u € N(yi) N V(X — {x1,22}). Then there exists j € {1,2} — {i} such that G[B + {u,y;, y;}]
contains two independent paths Py and P, from y; to u, y; respectively. Now uy;UP UXUP,UK
is a T'K5 in G with branch vertices u, 1, 2, y;, y;-
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Thus, we may assume that N(y;) C V(B) U {z1,x2} for i = 1,2, and N(y3) C V(X) or
N(y3) C V(B) U{z1,22}. We may further assume that N(y3) C V(X), or else the assertion
of the lemma holds.

For any u € V(X) — {x1, 22}, since X is induced and by Lemma 3.1, |[N(u) N V(B)| > 2.
So R, = G[B +{u,y1,y2}] is 2-connected. If R, contains a cycle T' containing {u, y1, y2} then
TUXUK is a TKy in GG with branch vertices u, x1, 2, y1,y2. Thus we may assume that such
T does not exist. Then, by Lemma 2.5, R, has a 2-cut S separating y; from {u,y2}. Clearly,
S C V(B) (as B is 2-connected) and in B, S separates N(y1) from N(y2). We choose u and
S such that the component C of R, — S containing y; is minimal. Since G is 5-connected and
N(y3) C V(X), there exist v € V(X) — {x1,22,u} such that v € N(C). Now the minimality
of C' implies that no 2-cut in R, := G[B + {v, y1,y2}| separates y; from {v,y2}. Hence, by
Lemma 2.5, R, has a cycle T" containing {v,y1,y2}. Now T"U X U K is a TK5 in G with
branch vertices u, x1, 2, Y1, Y2. |

We now show that G contains T'K5. By Lemma 6.2, we may assume that N(y;) C V(B)U
{z1,22} for i = 1,2,3; so R := G[B + {y1, y2,y3}] is 2-connected and each y; has degree at
least 3 in R.

If R has a cycle C' containing {y1,y2,ys}, then C U X U K is a TK5 in G with branch
vertices x1,Z2,Y1,Y2,y3. S0 we may assume that such a cycle does not exist in R. Then by
Lemma 2.5, we have three cases to consider.

Case 1. There exists a 2-cut S in R and there exist three distinct components D1, Do, D3
of R — S such that y; € V(D;) for each i € {1,2,3}.

Let S = {a,b}. Since each y; has degree at least 3 in R, |V(D; —y;)| > 1for 1 <i¢ < 3.
Since G is 5-connected, N(D; — y;) N V(X — {x1,22}) # 0. Moreover, since B is 2-connected,
G[D; + S] — y; is a chain of blocks from a to b; so let @Q; C G[D; U S] be a path from a to b
containing y;.

We may assume ab ¢ E(G). For, suppose ab € E(G). Since X is induced, x; has at least
two neighbors outside D; U D; for some {3,j} C {1,2,3}. Then G[R — (D; U Dj;) + x1] has
independent paths L1, Ly from 1 to a,b, respectively. Now Q; UQ; UabU y;xoy; U L1 U Ly U
z1Y; Ux1yj is a T K5 in G with branch vertices a,b, x1, y;, ;.

Let A; be a path in G from a to some a; € N(D; —y;) NV (X —{z1,x2}) which is internally
disjoint from (R — D;) U X. We may assume |{ai,a2,a3}| > 2. For, suppose a; = as = as.
Then by symmetry, we may assume that G[R+a;] has independent paths P; (for i = 1,2) from
ay to ¢; € V(y;Q;b) and internally disjoint from Q;UDs. Now a1 Xx1Ua; XzoU(PLUq1Q1y1)U
(Py U q2Q2y2) U (y1Q1a U aQay2) U K is a TK5 in G with branch vertices a1, z1, x2,y1, y2.

We may further assume that R — S has only three components and N(a) N V(X) = 0.
Otherwise, there exists a path A from a to some o’ € V(X) which is internally disjoint from
Dy UDyU D3sU X. Without loss of generality, we may assume that a’ € V(z1Xas — a3) (since
{a1,a2,a3}| > 2). Then aQ1y1 U aQay2 U (11Q10 U bQ2y2) U (A3 UazXxo) U(AUd Xz) UK
is a TK5 in G with branch vertices a, x1, z2, Y1, yo.

Therefore, a has degree at least 5 in R. By Lemma 3.1, we may assume | N (a)N{y1, y2, y3}| <
1. Hence, since ab ¢ E(G), there exists some i € {1,2,3} such that |(N(a) NV (D;)) — yi| > 2,
say 1 = 1.

We claim that G[D; U X + a] — y; has independent paths P;, Py from a to distinct ¢1,co €
V(X) and internally disjoint from X. For, suppose P;, P, do not exist. Then G[D1UX +a]—y;
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has a cut vertex c separating a from X. Hence, {a,b,c,y1} is a cut in G as [(N(a) NV (Dy)) —
y1| > 2, a contradiction.

Without loss of generality, we may assume that x1,c1, ca, 22 occur on X in order. Then
(PrUci Xz1)U(PaUceXx2) UaQay2 UaQsys U (y2Q2bUbQsys) UK is a TK5 in G with branch
vertices a, x1, T2, Y2, y3-

Case 2. There exist a vertex b of R, 2-cuts S1, 52,53 in R, and components D; of R — S;
containing y;, for all 7 € {1, 2,3}, such that S;NS2NS3 = {b}, S; —{b} = {a;} where a1, a2, a3
are distinct, and D1, D3y, D3 are pairwise disjoint.

For convenience, let R’ := R— (D1 UD2UD3). We choose S, Sa, S5 such that D1 UDyU D3
is maximal. Then R’ — b is connected.

As in Case 1, let Q; € G[D; U S;] be a path from a; to b which passes through y;, and
let A; be a path from a; to ¢; € N(D; — y;) N V(X — {z1,22}) and internally disjoint from
(R — D;) U X. We may choose ¢; so that |{c1, c2,c3}| > 2; the proof is the same as in Case 1
(for showing |{a1,az2,as}| > 2) since R’ — b is connected.

Suppose there exists a vertex u € V(R')—{a1, az, as, b} such that R'—b has two independent
paths from u to two distinct vertices of {ay, az, as}, say a; and ag, and a3 is not in these paths.
Let S = {a1,a2,a3,b} U(N(R')NV(X)). Note that G[R' + S] — b is (4,5 — {b})-connected
and R’ — a3 contains independent paths from wu to ai,as, respectively. So by Lemma 2.4,
there exist four independent paths Py, P», P3, Py in G[R' + S| — b from u to S — {b} such that
VIPENP)) ={u}for 1 <i<j<4, |V(P)N(S—{b})|=1for1<i<4, a; € V(P), and
az € V(P2). We may assume that P3 ends at some vertex v € V(X) and Py ends at some
vertex w € V(X)U{as}. If w € V(X) then by symmetry we may assume v € z1Xw; now
(P1Ua1Q1y1)U(PQUagQQyQ)U(P?,UvX:Ul)U(P4Uwa2)U(y1Q1bUbQ2y2)UK isaTKsin G with
branch vertices u, z1, X2, Y1, y2. SO we may assume that w = a3. If v # c3 then by symmetry we
may assume v € x1Xc3; now (PrUa1Q1y1) U(PeUasQoyz) U(PsUvXxy)U(PyUAsUcsXxg)U
(11Q10 U bQ2y2) U K is a T K5 in G with branch vertices u, x1, 2, y1,y2. So we may assume
that v = ¢3. Then v # ¢ or v # ¢co. By symmetry, we may assume that v # co and v € 21 X ca.
Then (PyUa1Q1y1) U (PsUaszQsys) U (PsUvXxy) U (P UAyUcaXwo) U (y1Q10UbQ3y3) is a
TKs5 in G with branch vertices u, x1, z2, Y1, ¥3.

So we may assume that for any vertex u € V(R') — {a1,a2,as,b}, there exists a 2-cut
Sy = {b,b,} in R separating u from {aj,as,a3}. We choose u and S, so that the S,-bridge
of R’ containing u is maximal. Then b, € {a1,a2,a3}, say b, = as, and R’ — {a1,as} is the
unique b,-bridge of R’ — b containing u. Since R — {y1,y2,y3} is 2-connected, R[{a1, a2, as}]
must be connected.

We may assume that R[{a1,as2,a3}] is a triangle. Otherwise, for some permutation ijk of
{1,2,3}, we have a;a; ¢ E(G) and a;ay,ajar, € E(G). Then {b,a;} is a 2-cut of R such that
Y1,Y2,ys belong to three different components of R — {b, a;} whose union properly contains
Dy U Dy U D3, contradicting the choice of S, S2, S5 (to maximize D1 U Dy U D3).

Suppose for some i € {1,2}, N(a;) Z {a1,az2,a3,b} UV (D;). Then H has an edge a;v; with
v; € V(X). Since {a;, b, y;,v;} is not a cut in G, we see that A; may be chosen so that ¢; # v;.
Without loss of generality, we may assume that v; € V(21X¢; — ¢;). Let {i,j} = {1,2}. Now
(Az U CZ'XJ,‘Q) U (aﬂ)i U ’UiX.’El) U (aiaj U CLijyj) U (aiag U CLgngg) @] (ij]‘b U deyd) UK is a
TKs in G with branch vertices a;, x1, T2, ¥;, ¥3-

Thus we may assume that for all ¢ € {1,2}, N(a;) C {a1,a2,as3,b} UV (D;). Suppose
|IN(a1) N V(D1 — y1)| > 2. Then, since G is 5-connected, there exist two independent paths
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P, Py in G[(D1 4 a1) U X] — y; from a1 to ¢1,ca € V(X)) respectively, and internally disjoint
from X. Without loss of generality, assume ¢ € V(21X ¢2). Now (PyUci Xx1)U(PaUce Xxo)U
(a1a3 U azQsys) U (a1az U aaQay2) U (y3Q3b U bQ2y2) U K is a TK5 in G with branch vertices
a1, T1,T2,Y2,Y3-.

Thus, we may assume that |N(a;) N V(D1 — y1)| < 1. Hence, since G is 5-connected,
ya1 € E(G). Let y € V(D) be a neighbor of y;. Then D; has two independent paths
from y to a1,b, respectively. So by Lemma 2.4, G[Dy + {a1,b} + N(D1) NV (X)] — y1 has four
independent paths Py, P, P3, Py from y to {a1,b}U(N(D1)NV (X)) such that V(P,NP;) = {y}
for 1 <i< j<4, a1 € V(P)) and b € V(P,). Let vi,v9 € V(X) with v; € V(P;) and
vy € V(Py), and assume that x1,v1,vs, 22 occur on X in order. Now yy; U (P2 U bQaya) U
(Ps Uv1 X)) U (PyUveXxo) U (yra1a2 U ae@oy2) U K is a TK5 in G with branch vertices
Y,T1,T2,Y1,Y2-

Case 3. There exist pairwise disjoint 2-cuts S7,S2, 53 in R and components D; of R — S;
containing y;, for all ¢ € {1,2,3}, such that D, Da, D3 are pairwise disjoint and R — (D U
Dy U D3) has exactly two components, each containing exactly one vertex from S;, for all
i€{1,2,3}.

Let S; = {a;,t;} for all i € {1,2,3} such that {a1, a2, a3} is contained in a component A of
R — (D1 U Dy U D3) and {t1,t2,t3} is contained in a component 7" of R — (D1 U Dy U Ds3).

Note that each T' K5 we found in Case 2 uses b to connect y; and s, which can be done in
this case by using T'. So by treating T, A here as b, R’ —b in Case 2, respectively, the arguments
in Case 2 work for Case 3 as well and produce a T K5 in G. |

ACKNOWLEDGMENT. We would like to thank Robin Thomas for providing key ideas for
Lemmas 2.7 and 2.10. We also would like to thank the anonymous referees for helpful com-
ments.

References

[1] E. Aigner-Horev, Subdivisions in apex graphs, Abhandlungen aus dem Mathematischen
Seminar der Universitt Hamburg 82 (2012) 83-113.

[2] S. Curran and X. Yu, Non-separating cycles in 4-connected graphs, SIAM. J. Discrete
Math. 16 (2003) 616-629.

[3] S. Curran, O. Lee and X. Yu, Non-separating planar chains in 4-connected graphs, SIAM
J. Discrete Math. 19 (2005) 399-419.

[4] G. A. Dirac, A property of 4-chromatic graphs and some remarks on critical graphs,
J. London Math. Soc., Ser. B 27 (1952) 85-92.

[5] R. Krakovski, D. C. Stephens and X. Zha, Subdivisions of K5 in graphs embedded on
surfaces with face-width at least 5, J. Graph Theory 74 (2013) 182-197.

[6] K. Kawarabayashi, unpublished (2010).

[7] A. K. Kelmans, Every minimal counterexample to the Dirac conjecture is 5-connected,
Lectures to the Moscow Seminar on Discrete Mathematics (1979).

43



[8] A. E. Kézdy and P. J. McGuiness, Do 3n — 5 edges suffice for a subdivision of K5? J.
Graph Theory 15 (1991) 389-406.

9] J. Ma, R. Thomas, and X. Yu, Independent paths in apex graphs, Unpublished
Manuscript, 2010.

[10] J. Ma and X. Yu, Independent paths and K5-subdivisions, J. Combin. Theory Ser. B 100
(2010) 600-616.

[11] J. Ma and X. Yu, K5-Subdivisions in graphs containing K, , J. Combin. Theory Ser. B
103 (2013) 713-732.

[12] W. Mader, 3n — 5 Edges do force a subdivision of K5, Combinatorica 18 (1998) 569-595.

[13] H. Perfect, Applications of Menger’s graph theorem, J. Math. Analysis and Applications
(22) (1968) 96-111.

[14] N. Robertson and K. Chakravarty, Covering three edges with a bond in a nonseparable
graph. Annals of Discrete Math. (Deza and Rosenberg eds) (1979) 247.

[15] P. D. Seymour, Private Communication with X. Yu.
[16] P. D. Seymour, Disjoint paths in graphs, Discrete Math. 29 (1980) 293-309.

[17] Y. Shiloach, A polynomial solution to the undirected two paths problem, J. Assoc. Comp.
Mach. 27 (1980) 445-456.

18] R. Thomas, Private communication, 2011.
19] C. Thomassen, 2-Linked graphs, Furop. J. Combin. 1 (1980) 371-378

[18]
[19]
[20] W. T. Tutte, How to draw a graph, Proc. London Math. Soc. 13 (1963) 743-767.

[21] M. E. Watkins and D. M. Mesner, Cycles and connectivity in graphs, Canadian J. Math.
19 (1967) 1319-1328.

[22] X. Yu, Subdivisions in planar graphs, J. Combin. Theory Ser. B 72 (1998) 10-52.

44



