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Abstract

Let H denote the tree with six vertices two of which are adjacent and of degree three.
Let G be a graph and w1, us, a1, as, as, aq be distinct vertices of G. We characterize those
G that contain a topological H in which wuy,us are of degree three and aq,as,as,as are
of degree one, which include all 5-connected graphs. This work was motivated by the
Kelmans—Seymour conjecture that 5-connected nonplanar graphs contain topological K.
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1 Introduction

The work in this paper was motivated by the well known conjecture of Kelmans [7] and
Seymour [14]: Every 5-connected nonplanar graph contains a topological K5 (i.e., subdivision
of K5). Earlier, Dirac [3] conjectured an extremal function for the existence of a topological
Kj: If G is a simple graph with n > 3 vertices and at least 3n — 5 edges then G contains
a topological K5. This conjecture was established by Mader [13]. Kézdy and McGuiness [8]
showed that the Kelmans-Seymour conjecture, if true, implies Mader’s result. (It is easy to see
that Mader’s theorem does not hold if multiple edges are allowed. However, multiple edges do
not make a difference for the Kelmans-Seymour conjecture. So in this paper we will consider
only simple graphs, and we delete multiple edges which result from graph operations.)

The Kelmans-Seymour conjecture is also related to the k = 4 case of the Hajés conjecture
(see [2]) that every graph containing no topological K1 is k-colorable. Hajds’ conjecture is
false for k > 6 [2,4] and true for k = 1,2, 3, and remains open for k =4 and k = 5.
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An approach to the Kelmans-Seymour conjecture is to study the so called rooted Ky
problem. Given a graph G and four distinct vertices x1,x9, 3, x4 of G, when does G contain
a topological Ky in which x1,xs,z3, x4 are the vertices of degree three? This problem was
solved for planar graphs (see [16]), and the result was used by Aigner-Horev [1] to prove the
Kelmans-Seymour conjecture for apex graphs. A different and shorter proof for the apex case
was found independently by Kawarabayashi [6] and Ma, Thomas and Yu [10].

One important step in [16] is to solve the following problem for planar graphs: Let H
represent the tree on six vertices two of which are adjacent and of degree 3. (See Figure 1.)
Let G be a graph and wq,uo, a1, a9, as,as be distinct vertices of G. When does G contain a
topological H in which uy,uy are of degree 3 and aq, a9, ag,as are of degree 17 We say that
such a topological H is rooted at uq,us,{a1,as,as,as}. For convenience, we use quadruple to
denote (G, uq,us, A) where uy,uy are distinct vertices of a graph G, A C V(G) — {u1, us}, and
|A| = 4. We say that (G, u1,us, A) is feasible if G has a topological H rooted at uq,us, A.
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Fig. 1: The graph H.

The main result of this paper is a characterization of feasible quadruples, which implies
the following theorem whose proof is given after the full statement of the characterization in
Section 2 (see Theorem 2.1).

Theorem 1.1. (G,uy,us, A) is feasible when G is 5-connected.

The connectivity in Theorem 1.1 is tight. Let G be obtained from Kg by deleting the
edge between two vertices up,ug2, and let A = V(G) — {u1,u2}; then G is 4-connected and
(G, u1,uz, A) is not feasible.

In Section 2, we describe the obstructions to feasibility of quadruples (there are four types)
and state the main result (Theorem 2.1). In Section 3, we consider a related problem about
the existence of k disjoint paths in a graph between two given sets of vertices and containing a
given edge. We solve the case k = 3 which will be used to characterize quadruples. In Section
4, we deal with those quadruples (G, uq,us, A) in which G admits certain cuts of size at most
3. In Section 5, we study quadruples containing critical pairs, i.e., quadruples (G, uq,ug, A)
in which there exist distinct x,y € V(G) — A — {uq,u2} such that (G/xy,ui,uz, A) is an
obstruction (where G/xy is obtained from G by identifying  and y and removing loops or
multiple edges). In Section 6, we deal with the case when G/zy has a certain cut of size
at most 4, which reduces to the case when GG has a certain cut of size 5. The proof is then
completed in Section 7 by finding an appropriate edge xy € E(G — A — {uy,uz2}) such that
{z,y} is a critical pair.



We devote the rest of this section to notation and terminology. Let G be a graph. (We
remind the reader that only simple graphs are considered in this paper.) By S C G we mean
that S is a subgraph of G. For S C G, we use G[S] to denote the subgraph of G induced by
V(S). For any = € V(G) we use Ng(z) to denote the neighborhood of z in G, and for S C G
let Ng(S) ={z € V(G) —V(S) : Ng(x) NV (S) # 0} and Ng[S] = V(S) U Ng(S). When
understood, the reference to G may be dropped. For any S C E(G), G — S denotes the graph
obtained from G by deleting all edges in S. For any S C V(G), G — S denotes the graph
obtained from G by deleting S and all edges of GG incident with S.

A separation in a graph G consists of a pair of subgraphs G1, G2, denoted as (G1, G2), such
that G = G1 U Ga, E(G1 N G3) = 0 and, for i = 1,2, V(G;) — V(G3—;) # 0 or E(G;) # 0.
(Thus, we allow V(G;) — V(Gs—;) = 0, but if this happens we require E(G;) # 0.) The order
of this separation is |V (G1 N Gs)|, and (G1,G2) is said to be a k-separation if its order is k.
Thus, a set S C V(G) is a k-cut (or a cut of size k) in G, where k is a positive integer, if
|S| = k and G has a separation (G1,G2) such that V(G1 NGs) = S and V(G; — S) # 0 for
i€ {1,2}. If v € V(G) and {v} is a cut of G, then v is said to be a cut vertez of G.

Given a path P in a graph and z,y € V(P), xPy denotes the subpath of P between x and
y (inclusive). We may view paths as sequences of vertices; thus if P is a path between x and
y, @ is a path between y and z, and V(PN Q) = {y}, then PyQ denotes the path PUQ. The
ends of the path P are the vertices of the minimum degree in P, and all other vertices of P (if
any) are its internal vertices. A path P with ends u and v (or an u-v path) is also said to be
from u to v or between u and v. Let G be a graph. A collection of paths in G are said to be
independent if no vertex of any path in this collection is an internal vertex of any other path
in the collection. A path P in G is said to be internally disjoint from a subgraph @) of G if no
internal vertex of P belongs to Q.

Let G be a graph. Let K C G, S C V(G), and T a collection of 2-element subsets
of V(K)US; then K 4+ (S UT) denotes the graph with vertex set V(K) U S and edge set
EK)UT,and if S =0 and T = {{z,y}} we write K + zy instead of K + {{z,y}}.

2 Obstructions

We refer the reader to Figures 2 and 3 for intuition on the following discussions about ob-
structions. We will show that modulo certain separations there will be just four types of
obstructions.

A quadruple (G, uy,uz, A) is an obstruction if G has subgraphs Uy, Us (called sides) and
Ajie k] :={1,2,...,k} (called middle parts), such that

G) = V(Ul) U V(UQ) U A[k], where A[k} = Uie[k]V(Ai)a
A;),i € [k], are vertex-disjoint,

(
(
(G — A) is the disjoint union of E(U; — A), E(Us — A), and E(A; — A) (for i € [k]),
(

|V(A2)| =1 and V(AZ) - V(U1 N UQ) N A,



(6) if [V(A4;)] > 2, then V(A;) NV (U1 UUz) N A =0 and Ng(V(A4;)NA) CV(4).

Note that V(A;) NV (U UUz) N A # 0 iff [V(4;)] =1, in which case there is no restriction on
N(A;).

To see that obstructions are not feasible, let (G, u1,u2, A) be an obstruction, J a topological
H in G rooted at uy,us, A, and P the uj-ug path in J. By definition, V(P) N A = 0 and (in
particular, by (4)) P has to pass through some A; with |V (A;)] > 2; so |[V(P)NV(4;) N
V(UL UUy)| > 2. Also J — V(P — {u1,u2}) contains |V(4;) N A| independent paths from
{uy,ug} to V(A;) N 4; so |(V(J) —V(P))NV(4)N V(U1 UUs)| > |[V(A;) N A|l. Thus,
[V(A;) N V(U Uls)| > |V(A;) N A| + 2, contradicting (5
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Fig. 2: Obstructions of type I and type II

An obstruction (G, uq,us, A) is said to be of type I'if k =3, |[V(A;)NA| =1fori=1,2,
[V(A3) N Al =2, |[V(Uin Aj)| =1 for (i,5) # (1,3), and |V(U; N A3)| = 2.

An obstruction (G, uy,ug, A) is said to be of type ITif k = 2, |V (A1) NA| =1, |[V(4A2)NA| =
3,and for : = 1,2, |[V(U; N A1) =1 and |V(U; N Ag)| = 2.
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Fig. 3: Obstructions of types III and IV

An obstruction (G, uq,u9, A) is said to be of type IITif k=2, |[V(A;)NA| =2 fori=1,2,
V(Ui N Ay =[V(U2NAg)| =1, and [V(Ur N A2)| = [V(Uz N Ay)| = 2.

An obstruction (G,u1,uz,A) is said to be of type IV if k = 4 and, for 1 < i < 4 and
Je{L2} [V(A)NnAl=[V(U;NnA)| =1

Theorem 2.1. Let (G,uy,us, A) be a quadruple. Then one of the following holds:

(1) (G,u1,u2,A) is feasible.



(i) G has a separation (K,L) such that |V(K N L)| < 2 and for some i € {1,2}, u; €
V(K)—=V(L) and AU{us_;} CV(L).

(i7i) G has a separation (K,L) such that |V(K N L) < 4, uj,ug € V(K) — V(L), and
ACV(L).

() (G,u1,ug,A) is an obstruction of type I, or II, or III, or IV.

Note that (ii) implies that (G, u1, ug, A) is not feasible, and (iii) implies that (G, uy,ue, A) is
not feasible, or when |V (KNL)| = 4 the feasibility of (G, u1, ug, A) reduces to (K, u1,uz, V(KN
L)).

To see that Theorem 2.1 implies Theorem 1.1, we apply Theorem 2.1 to the quadruple
(G—E(G[A]),u1,u2,A). Since G is 5-connected, (ii), (iii) and (iv) of Theorem 2.1 do not hold
for (G — E(G[A]),u1,us, A). Hence (G — E(G[A]),u1,us, A) is feasible. Since any topological
H in G — E(G[A]) rooted at uj,us, A is also a topological H in G rooted at uy,us, A, we see
that (G, u1,uz, A) must be feasible.

3 Disjoint paths containing a given edge

In this section we prove a result about the existence of disjoint paths from three given vertices
to three other given vertices such that a specific edge is used by one of these paths. This result
will be used several times in the proof of Theorem 2.1. The problem for finding two disjoint
paths between two pairs of vertices and through a given edge is equivalent to the problem for
finding a cycle through three given edges. The following result is due to Lovész [9].

Lemma 3.1 (Lovéasz). Let G be a 3-connected graph and ey, ea, e3 be distinct edges of G not all
incident with a common vertex. Then G contains a cycle through ey, ea, es iff G — {e1,ea,e3}
s connected.

We need an easy generalization of Lemma 3.1. For a subgraph K of a graph G, a K-bridge
of G is a subgraph of G that is induced either by an edge of G — E(K) with both ends in K,
or by all edges in a component of G — V(K) and all edges from that component to K. The
K-bridges of the latter type are said to be nontrivial.

Lemma 3.2. Let eq,e0,e3 be distinct edges of a graph G not all incident with a common
vertex. Then one of the following holds:

(1) {e1,e2,e3} is contained in a cycle in G.

(i1) G has a separation (Gy,G2) such that |V(G1 N Ga)| < 2, V(G;) — V(G3—;) # 0 for
i=1,2, and |E(G;) N{e1,ez,e3}| =1 for some i € {1,2}.

(1i1) {e1,e2,e3} is contained in a component H of G, and H — {ey,e2,e3} is not connected.

Proof. Suppose the assertion is false, and choose a counterexample G,eq,eo,e3 such that
|V (G)| is minimum. Then G is connected, or else (i7) holds or we get a smaller counterexam-
ple. Moreover, G is not 3-connected, as otherwise (i) or (7i7) holds by Lemma 3.1. So let T be



a cut in G with |T'| < 2. Since G has at least two nontrivial T-bridges, we may assume that
B is a nontrivial T-bridge of G such that |E(B) N{e1,e2,e3}| < 1. If |[E(B)N{e1,e2,e3}| =1
then (i¢) holds. So E(B)N{ei,ez,e3} =0. If |[T| =1let G := G-V (B-T), and if |T| = 2 let
G’ be obtained from G — V(B — T') by adding an edge between the vertices in 7. Now by the
choice of G, e1, g, e3, we see that (i) or (i7) or (iii) holds for G’, e1, e, e3. It is straightforward
to verify that (i) or (ii) or (#ii) holds for G, ey, e, e3. 1

The following figure gives illustrations of conclusions (i) — (v) of Lemma 3.3. Note that
there are three pairs of vertices {vi,v2}, {w1, w2} and {a1, a2} in the statement of Lemma 3.3.
These pairs appear symmetric in the first part of the statement; however, we state the second
part of the lemma according to the locations of vertices ai,as, to facilitate later applications
where {a1, as} will play different roles than {vy,ve} and {wy,wa}.
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Fig. 4: The separation (G1,G2) in Lemma 3.3.

Lemma 3.3. Let G be a graph and vy, ve, w1, we, a1,as € V(G) be distinct such that ajaz, viv,
wiwe ¢ E(G). Then G has three disjoint paths with one from {vi,ve} to {wi,wse}, one from
{v1,v2} to {a1,a2}, and another from {wi,wa} to {ai,as}, or G has a separation (G1,G2)
such that one of the following holds:

(i) [V(G1 N Ge)| <2, {a1,a2} € V(G1), and for some i € {1,2}, {vi,v2} C V(G;) and
{w1,wa} CV(G3-;).

(’lZ) ‘V(Gl N G2)| <2, {al,ag} - V(Gl), and {’1)1,’1)2,’11)1,11}2} - V(Gg)

(i1i) G1NGe =0, ay € V(G1), ay € V(G2), and for some i € {1,2}, {v1,v2} C V(G;) and
{w1, w2} CV(Gs-i).

(iv) Gi1NGy = @, ay € V(Gl), as € V(GQ), and fori € {1,2}, |{’L)1,’U2}ﬂV(Gi)| = |{w1,w2}ﬂ
V(G| =1.

(v) G1NGy =10, {a1,a2} CV(G1), and [{v1,v9, w1, w2} NV(Gy)| = 3.

Proof. Let G' = G + {ajag,v1v2, wiwy} and apply Lemma 3.2 to G',ajaz2,v1vy, wywe. If
Lemma 3.2(7) holds, i.e., G’ contains a cycle C containing ajas,vivy and wiws, then C —
{a1aa,v1,v9,wywe} gives the desired paths in G. If Lemma 3.2(i7) holds then let (G}, G%)
be a separation in G’ such that |V(G) N Gb)| < 2, V(G}) — V(GS) # 0, and |E(G}) N
{a1az,v1v9, wiws}| = 1; then (i) holds if {vjve, wiwe} N E(G)) # 0, and (i) holds if ajas €
E(G)). So assume that Lemma 3.2(¢77) holds. Then G is the disjoint union of two graphs G;



and Go, and one of the pairs {a1,as}, {v1,v2}, {w1, w2} has one element in G; and another
in GQ.

Suppose a1 € V(G1) and ag € V(Ge). If there exists ¢ € {1,2} such that [{v1,va, w1, w2} N
V(G))| <1, then (G; +a3—;, Gs—; + {v1,v2, w1, ws}) shows that (i7) holds. If [{v1, va, wy, wa}N
V(G;)| =2 for i = 1,2 then (¢i7) or (iv) holds.

So assume (by symmetry) that ai, a2, v1 € V(G1) and ve € V(G2). If [{w1, w2 }NV(G1)| <1
then (G1,Ga + {v1, w1, wa}) shows that (i) holds; if {wy, w2} C V(Gy) then (v) holds. 1

In general one could ask the following question. Given two disjoint k-sets of vertices A, B
and an edge e in a graph G, when does G contain k disjoint paths from A to B and passing
through e? The main result of this section is an answer to this question for k£ = 3. Note that
when (i) of Lemma 3.4 occurs, the desired paths do not exist if |[V(G1 N Ge)| < 2, and the
problem reduces to the smaller graphs Gy or Gy if |V(G1 N G2)| = 3.

B-4i-HE

Fig. 5: The separations in Lemma 3.4.

Lemma 3.4. Let G be a graph, A, B C V(G) be disjoint, and e € E(G) such that |A| = |B| =3
and V(e)N (AU B) =0. Then G has three disjoint paths from A to B and through e, or one
of the following holds:

(1) G has a separation (G1,G2) such that |V(G1 N G2)| <3, ACV(Gy), and B C V(Ga).
(i7) G has a separation (G1,G2) such that |V(G1NG2)| <1, e € E(G1), and AUB C V(Ga).

(ZZ’L) G = G1 UGy UG3 such that G N G3 = @, e € E(Gg), |V(Gz N G2)| <1 fori=1,3,
V(G1) N A = [V(G1) N B| = 1, and |V(Gs) N A] = [V(Gs) A B| = 2.

(iv) G = G1UG2UG3 UGy such that e € E(G1),V(GiNGj) =0 for2 <i<j <4, and
[V(GiNG;)| =|V(GiNnA)| =|V(GiNB)|=1 forie {2,3,4}.

Proof. We may assume that A, B are independent sets in G, as otherwise (i) holds. We may
also assume that G has three disjoint paths Pj, Py, P from A to B, or else (i) follows from
Menger’s theorem. Let P :=J_, P;. We may assume that e ¢ E(P) for any choice of P; for,
otherwise, G has three disjoint paths from A to B and through e. Let Lp denote the P-bridge
of G containing e. We choose P (i.e., Py, P5, P3) so that

(1) Lp is maximal.
Let A = {ay,a2,a3} and B = {by,be, b3} such that P, is from a; to b; for i = 1,2,3. Let
xi,y; € V(P; N Lp) (if not empty) such that z;Py; is maximal and a;, z;, y;, b; occur on P,



in this order. For convenience, let L' := Lp — V(P N Lp) and let L; := G[L' U z; Py;] for
1=1,2,3.

(2) If x;,y; are defined then no P-bridge of G intersects both a; P;x; — z; and x; P;b; — x;, or
both a; P;y; — y; and y; P;b; —y;. For, suppose GG has a P-bridge J intersecting both a; P;x; — x;
and x; P;b;—x;. Then J # Lp, and J contains a path @; from some u; € V(a; P;z; —x;) to some
v; € V(x; P;b;—x;) and internally disjoint from PULp. Let P' := (P—V (PB;))Ua; Piu;Q;v; P;b;.
Then the P’-bridge of G containing e contains Lp + z;, contradicting (1).

(3) If x;,y; are defined and L; has a separation (L;1, Li2) such that |V (L N Lig)| = 1,
xi,yi € V(L;1), and e € E(L;g), we choose (L;1, Liz) so that Lo is minimal, and let w; €
V(Ly N Lig). If x;,y; are defined and the above separation does not exist, then we may
assume x; = ¥;; as otherwise, L; contains a path @); from x; to y; and through e, and hence
(P —V(F))Ua; Px;Q;y; P;b; gives the desired paths. In this latter case, we set w; = z; = y;,
and let L;; consist of w; only, and Lijs = L;.

(4) We may assume that w;,x;,y;, i = 1,2, are defined, and wy # wq. To see this, let
I = {i : w;,x;,y; are defined}. If I = () then the separation (Lp,G — Lp) shows that (i7)
holds. So assume I # (). Thus, if (4) is not true then |I| =1 or w; = w; for all ¢, j € I; so the
separation (N;erLiz, G — NierV (Liz — w;)) shows that (i7) holds.

By (4) and by the minimality of L;o for i = 1,2 (see (3)), Lp — V(P — {w1,w2}) contains
a path from w; to wy through e and internally disjoint from P; hence L1, Lo; are disjoint.
So for {i,j} = {1,2}, Lp contains a path @Q;; from z; to y;, through e, and internally disjoint
from P.

(5) We may assume that no P-bridge of G other than Lp intersects both a1 Piy; — y1 and
29 Poby — 9, or both agPays — y2 and 21 P1by — z1. Otherwise, by symmetry assume that some
P-bridge J of G, J # Lp, intersects both a1 P1y1 — y1 and zoPabs — xo. Then J contains a
path @ from some u € V(a1 Piy; — y1) to some v € V(zoPyby — x2) and internally disjoint
from PU Lp. Now a1 PiuQuPsbs, asPoxoQo1y1 P1b1, P3 are three disjoint paths from A to B
and through e.

Case 1. ws, x3,ys are defined.

Suppose w3 ¢ {wi,w2}. Then by the same argument following (4), we may assume that
for any 1 < i # j < 3, Lp has a path Q;; from x; to y; through e and internally disjoint from
P, and (5) holds for any P;, P; with i # j. Thus, {z1,22,23} or {y1,y2,y3} separates A from
B (i.e. (i) holds); or {x1, 29,23} = {a1,a2,a3}, {y1,y2,y3} = {b1,b2,b3}, and no P-bridge of
G other than Lp contains two of {x1, 2,23} or two of {y1,y2,y3}. In the latter case, (iv)
holds with Gy = L1as N Log N L3o, L11 U P, C Go, Loy U Py C G4, and L3; U P3 C G3. Thus, by
symmetry assume ws = ws.

Hence, again by the same argument following (4), for all {7, j} # {2,3}, Lp has a path Q;;
from x; to y; through e and internally disjoint from P, and we may assume that

(¥) no P-bridge of G other than Lp intersects both a; Pyy; —y1 and (zePeby —x9) U (23 Psbs —
x3), or both 1 P1by — 21 and (aaPays — y2) U (a3 P3ys — ys3).

If no P-bridge other than Lp intersecting P; also intersects P, U Ps, then (ii7) holds with
Go = L1oN Ly, L11UP; C Gy, and Loy U L3y UP, U P3 C (G3. So assume that G has a path @



from some u; € V(P) to some ug € V(P U P3) and internally disjoint from PU Lp. Note that
if for every choice of @, we have u1 = x1 = y; then, since a1 # by, {u1,a2,a3} or {uy,be,b3} is a
cut in G separating A from B; so (i) holds. Hence, by symmetry, assume uy € V(a1 Piy; —y1).
Then by (), ug € V(agPaxe U asPsz3). By symmetry, let ug € V(asPazo).

First, assume that Q may be chosen so that uy € V(x1Piy1 — {z1,y1}). Then by (x),
Tg = Yo = ug. Since ay # by, we may let ay # x9 (by symmetry). If {x1, 22,23} is a cut
in G separating A from B then (i) holds. So by (2) and (%), G has a path R internally
disjoint from Lp U P U @, which is from some r € V(ayPyxy — x2) to some s € V(z3Psbs —
x3), or from some r € V(xoPyby — x2) to some s € V(azPsrs — x3). In the former case,
a1 Pru1QuaPoby, as Por RsPsbs, ag Psx3sQs1y1 Prby are disjoint paths from A to B and through
e. In the latter case, a1Piz1Q13Yy3P3b3, as PousQuq P1by, a3 P3sRr Poby are disjoint paths from
A to B and through e.

Therefore, we may assume uy € V(a3 Pyz1—y1). Thus, @ implies the existence of a path Q’
in G from some vg € V(agPexs) to some v1 € V(a1 Py —y1) UV (a3Psxs — x3) and internally
disjoint from PULp, and we choose Q' with vo Pyx9 minimal. Let vy € P3 with v3P3a3 maximal
such that v = as, or G contains a path R from v3 to some r € V(a1 Pyx1 —x1)UV (ag Povy —v2)
and internally disjoint from P U Lp.

Suppose v3 € V(z3P3bs — x3); so R is defined. By (2) and (x), RNQ’ = 0; and by (%), r €
V(CLQPQ’UQ — ’Ug). If V1 € V(a1P1:171 — yl) then a1P1’U1Q/U2P2b2, (IQPQT’R’nggbg, a3P3x3Q31y1P1b1
are disjoint paths from A to B and through e. So assume v; € V(azPsx3 — x3). Then P,
ag Por Rug Psbs, asPsv1Q've Paby contradict the choice of P (the maximality of Lp in (1)).

Thus, vs € V(agPsxs3). If {x1,v9,v3} is a cut in G separating A from B then (i) holds.
So by (2) and (*) and by the choices of v9 and v3, we may assume that there is a path R’
from some s’ € V(azP3v3 — v3) to some 1’ € V(vaPoby — v2) and internally disjoint from P.
Then R is defined, and by the minimality of voPoxo, 1’ € V(x2Pyby — x3). So RN R = 0 by
(2) and (x). If r € V(agPovy — v9) then Pi,asPar RuzPsbs, azPss' R'r’ Pyby contradict (1); and
if r € V(a1 Pix1 — x1) then a1 PyrRugPsbs, asPaxaQ21y1 Piby, and aszPss’' R'r' Poby are three
disjoint paths from A to B and through e.

Case 2. ws, 3, ys are not defined.

Let u € V(P3) with wPsbs minimal such that u = a3 or u belongs to some P-bridge of G
intersecting (aqPix1 — x1) U (agPazo — x2). We may assume {x1,z9,u} = {a1,a9,a3}. For,
suppose {z1,x2,u} # {a1,as,as}. We further choose Ps (while fixing Py, P», Lp) so that uPsbgs
is minimal; hence no P-bridge of G intersects both a3 P3u —u and uP3b3 — u. If G has no path
from agPsu — u to (z1P1by — 1) U (x2Pobe — x2) and internally disjoint from P U Lp, then
by (2), (5) and the choice of u, {z1,x2,u} is a cut in G separating A from B, and (i) holds.
So assume that G has a path @) from some z € V(asPsu — u) to some y € V(z1P1by —x1) U
V (zoPyby — x2) and internally disjoint from P U Lp. Let R be a path in G from u to some
z € V(a1 Prx1 — 1)UV (ag Poxg — x2) and internally disjoint from PU Lp, and by symmetry let
z € V(agPaxa —x2). By (2) and (5), QN R = (). Since we are in Case 2, (Lp—P)N(QUR) = 0.
If y € V(xoP2by — x9) then Py, asPrzRuPsbs, a3 PsxQyPsbe contradict the choice of P (i.e.,
(1)). Soy € V(z1Piby — z1). Then a1 Pix1Q12y2Paba, aoPaz RuPsbs, ag PsxQyPy by are three
disjoint paths from A to B and through e.

Similarly, let v € V(P3) with azPsv minimal such that v = b3 or v belongs to some P-bridge



of G intersecting (y1 P1b1 — y1) U (y2Paby — y2), and we may assume {y1,y2,v} = {b1,bs, b3}.

If no P-bridge of G intersecting P3 also meets P (respectively, P») then (ii7) holds with
Gy = LioN Ly, P,UP3; C Gz and P, C Gy (respectively, PLUP; C Gz and P, C Gl) So
assume that some P-bridge of G meets both P and P3 and some meets both P, and Ps.

Suppose G has a P-bridge J such that JNP; # 0 for i = 1,2,3. Then J # Lp as w3, 3,y3
are not defined. So by (5) and by symmetry, we may assume V(J N P;) = {a;} for i = 1,2.
Let w € V(J N P3) with agPsw maximal. We further choose P3 (while fixing Py, P, Lp)
so that wPsbs is as short as possible; then no P-bridge of G intersects both asP3w — w
and wP3bs — w. We may assume that G has a path @ from some z € V(azPsw — w) to
some y € V(P —a1) UV (Py — a2) and internally disjoint from P U Lp U J; for otherwise
{a1,as,w} is a cut in G separating A from B, showing that (i) holds. By symmetry, assume
y € V(P2 —ag). Let Q1 denote a path in J from w to a; and internally disjoint from P. Then
a1QrwP3bs, Qa1, a3 P3xQyPsybs are three disjoint paths from A to B and through e.

So assume that no P-bridge of G intersects all P;, i = 1,2,3. Suppose all P-bridges of G
intersecting both P3 and P; U P» meet P3 in exactly one common vertex, say z. Assume by
symmetry that z # az. We may further choose P53 (while fixing Pj, P, Lp) so that zPsbs is as
short as possible. Then no P-bridge of G intersects both agPsz —z and zP3bs —z. So {aq, a9, z}
is a cut in G separating A from B, and (i) holds. Hence, we may assume that G has distinct
P-bridges J; and Jy such that J; NPy # 0, Jo N Py, # (), and there exist u; € V(J; N Ps),
i = 1,2, with u; # us. By symmetry assume that ag,uy,us,bs occur on Ps in order. For
i = 1,2, let Q; be a path in J; from u; to some v; € V(P;) and internally disjoint from P.
If v1 # a1 and vy # by, then Q12, aaPovoQous P3bs, agPsui1Q1v1 Prby are three disjoint paths
from A to B and through e. So by symmetry, assume V(Jy N P;) = {by}. By modifying P;
(while fixing P;, P», Lp) we may assume that no P-bridge of G intersects both asPsus — ug
and ug P3bs — ug. (Note that J; will not be used in the remaining proof.)

If no P-bridge of G intersecting uoP3bs — us meets (P; — by) U (P — bg), then G has
separation (G1,G2) such that V(G N Ga) = {b1,b2,u2}, A C V(Gi1), and B C V(G2); so
(i) holds. Hence, assume that there is a path R from some s € V(uaPsbs — uz) to some
te V(Pl - bl) U V(P2 — bg). Ift e V(Pl - bl) then a1 PitRsPsbs, Q21, azPsus(QQ2by are disjoint
paths from A to B and through e. So assume t € V(P,—bg). Now P, ag Pot RsP3bs, ag PsusQabo
reduce this case to Case 1. |

4 Separations of order three

We now use Lemma 3.4 to prove the following lemma about separations of order three.

Lemma 4.1. Let (G,u1,uz, A) be a quadruple, and suppose G has a separation (Uy,Us) such
that |V(U1 N U2)| <3, V(Ul N Ug) NA# @, Uy € V(Ul) — V(UQ), U € V(UQ) — V(Ul), and
A CU; for some i € {1,2}. Then the conclusion of Theorem 2.1 holds for (G,uy,uz, A).

Proof. For convenience, we say a separation of G good if it satisfies the conditions of this
lemma. We may assume that for any good separation (Uy,Uz), |V(U; NUsz)| = 3 (and let
V(U NUy) = {vy,v2,v3}) and Us_; has three independent paths, say P;, P2, Ps, from ug_; to
v1, v, v3, respectively. For, suppose otherwise. By symmetry, let i = 1. If |V (U1 NUs)| < 2 let

10



Uy = Uy and Uy = 0, and if |V (U; NUsy)| = 3 let (Ua1, Usz) be a separation in Us such that
|V(U21 M U22)| <2 up € V(Ugl) — V(UQQ) and V(U1 N UQ) - V(UQQ). Now (U21,U22 @] U1) is
a separation in G showing that Theorem 2.1(i7) holds for (G, u1, ug, A).

We may assume that F(G[A]) = 0; as otherwise, it is easy to see that Theorem 2.1(iii)
holds. Let A = {a1,as,a3,a4} and a3 = v;. We may assume that

(%) for any good separation (U, Us), |V(U1 NUsz)| =3, and V(U1 NUz) N A = {a1}.
Again by symmetry, let i = 1. If vo,v3 € A then Uy, Us + A, {a1}, {az},{as},{as} show that
(G,u1,uz,A) is an obstruction of type IV. So we may assume vs ¢ A. Suppose vo € A, say
v = ag. Then, because of Py, P», P3, G has a topological H rooted at ui,us, A if and only if
Uy —{a1, as} has three independent paths from wu; to as, ayq, vs, respectively. Thus either Theo-
rem 2.1(4) holds for (G, u1, uz, A), or Uy has a separation (U171, Uy2) such that |V (U11NU2)| < 4,
ai,as € V(U11 N Ulg), up € V(UH) — V(U12) and {ag,a4,v3} - V(U12). If |V(U11 N U12)| <3
then the separation (Uyy U Uy, Uje) shows that Theorem 2.1(iii) holds for (G, uy,ug, A). So
assume |V(U11ﬂU12)| =4. Ifaz, a4 ¢ V(UnﬂUlg) then Uqq, Us, {al}, {CLQ}, U12—{a1,a2} show
that (G, u1,usz, A) is an obstruction of type I. So assume a3 € V(U11NU12). If ag ¢ V(U11NU12)
then Uy, Us + as, {a1}, {a2}, {as}, Uia — {a1, a2, a3} show that (G, u1,ug, A) is an obstruction
of type IV; and if ay € V(Ui N Uje) then Uyp,Us U Ugo,{a1},{a2}, {as},{as} show that
(G,u1,uz, A) is an obstruction of type IV. This proves (x).

We now look for paths in Uy in order to form a topological H in G. Let Ui be obtained
from (Uy — ay) + vovg by duplicating u; twice, and denote the copies of uy by u}, u/. We apply
Lemma 3.4 to Uy, {u1, v}, uf}, {as, as,as},vovs. If U] has three disjoint paths from {u, v}, uf
to {az, a3, as} and through vevs, then (U; — a1) + vovs has three independent paths Ry, Ro, R3
from wuy to as, as, a4, respectively, and through vovs, and U?ZI(PZ- U R;) — vous is a topological
H in G rooted at uj,ug, A; so Theorem 2.1(7) holds for (G, uy,us, A). Hence, assume the
paths Ry, Ro, Rs do not exist. Then one of (i) — (iv) of Lemma 3.4 holds. Since v} and u/
are duplicates of uq, (#i7) and (iv) of Lemma 3.4 do not occur here. Suppose Lemma 3.4(ii)
holds. Then U; has a separation (Uyy,Ui2) such that |V (U NUss)| < 2, a1 € V(Urp N Upa),
AU {ui} C V(Uy1), and {vy,v3} C V(Ui2). Now the separation (Ui U Us,Uy1) shows that
Theorem 2.1(i7) holds for (G, u1,u2, A). Hence, we may assume that Lemma 3.4(¢) holds.

Thus, U; has a separation (U, Ujz) such that a; € V(U NUy2), |[V(Un NU2)| < 4,
up € V(U1) — V(Uyz), and A C V(Uyz). We choose (Uy1,Uiz2) so that U is minimal. Note
that {ve,v3} C V(Up1) or {va,v3} C V(Ui2). In fact, we may assume {vy,v3} ¢ V(Un1);
otherwise the separation (U1 U Us, Uj2) shows that Theorem 2.1(i4i) holds for (G, uq,usq, A).

We may assume that |V (U;1NUy2)| = 4 and Up —ay has three independent paths Q1, Q2, Q3
from wuy to the three vertices in V(Uy; N Uj2) — {a1} respectively. First we may assume
|V (U N Ui2)| > 3; otherwise the separation (Uyy,Ujs U Us) shows that Theorem 2.1(i7)
holds for (G, u1,uz,A). Moreover, we may assume |V (Uy; N Ui2)| = 4; otherwise by (x),
V(Un N U12) N (A — {al}) = @, and U11,U2,{(11},U12 — a1 show that (G,ul,uz,A) is an
obstruction of type II. Now if the paths Q1, Q2,3 do not exist, then U;; has a separation
(U{;,U7}) such that |V(Uj; NUY)| < 3, a1 € V(Uj; NUYY), wp € V(Uj;) — V(U7,), and
V(U1 NU2) € V(U{}). We may assume |V (Uj; N UY,)| = 3; otherwise (Uj,, Uy U Ura U Us)
shows that Theorem 2.1(4i) holds for (G,uy,us, A). By (%), V(Uj; NU{,) N (A —={a1}) = 0.
So Uiy, Us,{a1}, (U{} UUi2) — a;y show that (G,uy,uz, A) is an obstruction of type II.
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We may also assume that {vs, v3} C V(Uiz) =V (Ur1). Otherwise, since {v2, v3} € V(Un1),
we may assume that vy € V(Uyp NUje) and v ¢ V(Uyp N Upz). By the minimality of Uso,
Uiz —{a1,v9} has three disjoint paths from {as, as, a4} to (V(U11NUs2) —{a1,v2})U{vs}. Now
these paths and U?Zl(PZ-UQi) form a topological H in G rooted at uq,us, A, and Theorem 2.1(%)
holds for (G, uq,us, A)

If V(Ull N Ulg) — {al} = {CLQ,CLg,CL4}, then Uq1, Uio U Us, {al}, {CLQ}, {ag}, {CL4} show that
(G,u1,uz,A) is an obstruction of type IV.

Suppose |(V(U11 N U12) — {al}) N {ag,ag,a4}| = 2, say ag ¢ V(UH N U12). If U —
{a1,a3,a4} has two disjoint paths from {ve,vs} to {az} U (V(Uy; N Usz) — A), then these
paths and U?_,(P; U Q;) form a topological H in G rooted at uj,uz,A; so Theorem 2.1(i)
holds for (G, u1,us, A). Hence, assume that U2 has a separation (S,T') such that [SNT| < 4,
{al,ag,a4} - V(SQT), {GQ}UV(UnﬂUlg) C V(S), and {’L)g,’Ug} - V(T) Ifay € V(S)—V(T)
then Uy1,Us UT,{a1},S — {a1,as,a4},{as}, {as} show that (G, uy,us, A) is an obstruction of
type IV; if ap € V(S NT) then Uy; US,Us UT,{a1},{az},{as},{as} show that (G, uy,usz, A)
is an obstruction of type IV.

Now suppose (V (U1 NUi2) — {a1}) N{az,a3,as} = 0. Then we may apply Lemma 3.4 to
Uis — a1 + vaus, V(UH N Ulg) — {al}, {ag,ag,a4},v2v3. If Uia — a1 4+ v9v3 has three disjoint
paths from V(U1 NUs2) — {a1} to {az,as,as} and through vovs, then deleting vovs from the
union of these paths with U?Zl(Pi U Q;), we obtain a topological H in G rooted at uj,us, A;
Theorem 2.1(7) holds for (G, u1,u2, A). So assume that one of (i) — (iv) of Lemma 3.4 holds. If
Lemma 3.4(7) holds then Ujs has a separation (S,T') such that a1 € V(SNT), |[V(SNT)| < 4,
V(Ui NUy2) € V(S), and {ag,as,a4} € V(T); so (U1 US,T) contradicts the choice of
(U11,U12). If Lemma 3.4(i7) holds then Uy has a separation (S,T') such that a3 € V(SNT),
[V(SNT)| < 2, {va,v3} C V(T), and AUV (U11NU12) € V(S); so the separation (UsUT, U1 US)
shows that Theorem 2.1(7i) holds for (G, uy, us, A). Now, suppose Lemma 3.4(7i7) holds. Then
Uiz — a1 = 51U S5 U S5 such that S7 NS5 = @, {’L)g,’Ug} - V(SQ), |V(Sz N 52)| <lfori=1,3,
‘V(Sl) N {ag,ag,a4}] = ’V(Sl) N (V(Ull N Ug) — {al})] = 1, and ‘V(Sg) N {ag,ag,a4}] =
[V(S3) N (V(Uir NUpz) — {a1})| = 2. Note that |S; N Se| = 1 for i = 1,3; as otherwise,
(U3 U Sy, U1 U S1 USs) is a separation in G showing that Theorem 2.1 holds for (G, u1,ug, A).
Therefore, since V' (S;NS2) € A for i = 1,3 (by (x) as {a1 }UV((S1US3)NSs) separates ug from
AU{ui}), Ur1,Uz U S, {a1},S1,S3 show that (G, uq,us, A) is an obstruction of type I. Thus,
we may assume that Lemma 3.4(iv) holds. Then Uy —aq = S1US2US3USy, {ve,v3} C V(S1),
S; N Sj =0for2<i< 7 <4, and ‘V(Sz) N {CLQ,CLg,CL4H = ’V(Sz) N (V(Ull N U12) - {al})\ =1
for i = 2,3,4. Let Ay = {a1}, and for i € {2,3,4}, let a; € V(S;), V(4;) = {a;} and A, = S,
(when a; € V(S1)), and A; = S; and A} = () (when a; ¢ V(S1)). Now Uy UA, U AU A}, Uy U
S1, A1, Ag, As, Ay show that (G, uq,usg, A) is an obstruction of type IV.

Thus, without loss of generality, let V(U1 N Ui2) = {a1, a4,b, ¢}, with b,c ¢ A. Note that
U2 UUsy has a separation (S,T') such that {a1,a4} CV(SNT), |[V(SNT)| <4, {az,as3,b,c} C
V(9), and uy € V(T) — V(S). (For example, S = Uy and T' = Uy + a4.) Choose (S,T) to
maximize T with Uy C T. By (%), |[V(SNT)| = 4. Let V(SNT) = {a1, a4, vh,v4}. Then T —ay
has three independent paths @}, Q5, Q% from ug to ay,vh, v, respectively; for otherwise, 1" has
a separation (T7,7T») such that |V(Th NTs)| < 3, ai,a4 € V(Th NTh), ug € V(Tz) — V(T1),
and {vh,v4} C V(T1) (since Uy C T and because of Pj, P, P3), contradicting (*) (with the
separation (U;; USUTY,Ts)).
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We apply Lemma 3.3 to S — {a1,a4},b, ¢, vy, vh, as, as (with ag, az play the roles of ay,as
there). If S —{a1, a4} has three disjoint paths, with one from {b, ¢} to {vy, v}, one from {b,c}
to {ag, a3}, and another from {v},v4} to {az,az}, then these paths and J}_, (Q; UQ}) form a
topological H in G rooted at uj,ug, A; Theorem 2.1(7) holds for (G, uq,ug, A). So assume that
S —{ay,a4} has a separation (G1,G2) such that one of (i) — (v) of Lemma 3.3 holds. By the
minimality of Uj2 and the maximality of 7', Lemma 3.3(4) does not occur here. If Lemma 3.3(i)
holds, then the separation (U1 UTUG|G2+{a1,a4}], G1+{a1,as}) shows that Theorem 2.1(ii7)
holds for (G, u1,ug, A). If Lemma 3.3(i7) holds, say with {b,c} C V(G1) and {v}, v5} C V(Ga),
then Uy U Gy 4 {az, a3}, (T U Gs) 4+ {az,a3},{a1},{az},{as}, {as} show that (G,ui,us, A) is
an obstruction of type IV. If Lemma 3.3(iv) holds, then Uy1,T,{a1},{as}, G1,G2 show that
(G,u1,uz,A) is an obstruction of type IV. So assume Lemma 3.3(v) holds with {as,as} C
V(Gy). If [{vh, v5}NV (G1)| = 1 then the separation (TUG[G2+{a1, as}], U11UG[G1+{a1, as}])
contradicts (x). So [{b,c} NV (Gy)| = 1. Then Uy UG[G2 + {a1,a4}],T,{a1}, {as}, G1 show
that (G,u,u2, A) is an obstruction of type I. |

Lemma 4.2. Let (G,uy,u2,A) be a quadruple, and assume that G has a separation (Uy,Us)
such that |[V(Uy NUy)| < 3, |V(U1)| > 5, up € V(Uy) — V(Us), AU {uz} C V(Usz). Suppose
Theorem 2.1 holds for all graphs of order less than |V (G)|. Then Theorem 2.1 holds for
(G,Ul,Ug,A).

Proof. First, we may assume that |V (U; N Usy)| = 3 and U; has three independent paths, say
Py, Py, P3, from u; to the three vertices in V(U; N Us). For, otherwise, |[V(U; NU)| < 2 (in
which case let K = Uy and L = ()), or Uy has a separation (K, L) such that |[V(K NL)| <2,
up € V(K)—V(L) and V(U NUz) C V(L). Then the separation (K, L UUs) in G shows that
Theorem 2.1(ii) holds for (G, uy,ug, A).

Now let G’ be obtained from G by deleting Uy —u; —V (U1 NU3) and adding three edges from
uy to the three vertices in V (U; N Us). By assumption, Theorem 2.1 holds for (G',uy,uz, A).

If Theorem 2.1(7) holds for (G',uy,us, A) then let 77 be a topological H in G’ rooted
at uy,us, A. Now (T" —wu1) U Py U Py U Py is a topological H in G rooted at wuy,uz, A; so
Theorem 2.1(7) holds for (G, uy,uz, A).

Suppose Theorem 2.1(77) holds for (G',uy,us, A), and let (K, L) denote a separation in G’
such that |V (KNL)| <2 and, for some i € {1,2}, u; € V(K)—V (L) and AU{ug_;} C V(L). If
i = 1 then the separation ((K —uq)UUy, L) shows that Theorem 2.1(ii) holds for (G, uq, uz, A).
Soi=2. If uy ¢ V(K NL) then the separation (K, (L —u;) UU;) shows that Theorem 2.1(i4)
holds for (G, uq,u9,A). So uy € V(K N L). Then the separation (U; U K, L — u;) shows that
Theorem 2.1(i7i) holds for (G, u1,uz, A).

Suppose Theorem 2.1(i4i) holds for (G’,uy,us, A), and let (K, L) denote a separation in
G’ such that |[V(K NL)| <4, uj,upg € V(K)— V(L) and A C V(L). Now the separation
((K —u1) U Uy, L) shows that Theorem 2.1(i77) holds for (G, uy,ug, A).

Finally, assume Theorem 2.1(iv) holds for (G, u1,us, A). Replacing u; with Uy in that side
of (G',uy,us, A) containing uy, we see that (G, u1,us,A) is also an obstruction of the same
type as (G',uy,ug, A). |
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5 Quadruples with critical pairs

In this section, we consider quadruples (G,uj,ug, A) in which there exist z,y € V(G) —
{u1,us} — A such that (G/zy,uq,us,A) is an obstruction, where G/xy is obtained from G
by identifying = and y. Such a pair {z,y} is said to be critical. First, we need a lemma on
separations of order 4 in a hypothetical minimum counterexample to Theorem 2.1.

Lemma 5.1. Suppose (G,ui,u2,A) is a counterexample to Theorem 2.1 with |V (G)| mini-
mum, and assume that G has a separation (Uy,Us) such that V(U NUs) = {wy, we, w3, w4},
up € V(Uy) — V(Us),ug € V(Uz) — V(Uy), and A C V(Usz). Then for any permutation ijkl of
{17 27 37 4}7

(¢) Ui —wy has three independent paths from uy to w;, wj, wy, respectively, unless w; € N(u1)
and |N(up)| = 3, and

(i1) Uy has three independent paths from uy to w;,w;, wy, unless w; € N(uy), |N(ur)| = 3,
and N(w;) NV (Uy) C Nlug].

Proof. First, note that |[N(uj)| > 3, or else Theorem 2.1(ii) would hold for (G, uq,us, A).

Suppose U; — w; does not have three independent paths from w; to w;,w;, wy, respec-
tively. Then U has a separation (Uy1,Uy2) such that |V (U NUe)| < 3, wy € V(Urp N Uze),
{wl,wg,wg,w4} - V(Ulg), and uy € V(Ull) — V(Ulg) Note that ‘V(Ull N Ulg)’ = 3; other-
wise the separation (U1, Uiz U Usy) shows that Theorem 2.1(7i) would hold for (G, uq,us, A).
Now the separation (Uyy, U2 U Usy) allows us to use Lemma 4.2 to conclude that V(Uy;) =
{u1} UV (U1 NUj2). Hence, |[N(uq)| =3 and N(uy) = V(U1 NUs2) (so w; € N(uyq)).

Now assume that U; does not have three independent paths from u; to w;, w;, wg, respec-
tively. Then U; has a separation (Uy1, Ujo) such that |V (U1 NU12)| < 2, uy € V(Uyp) =V (Usa),
and {w;, wj,wp} € V(Ui2). Note that w; € V(Ui1) — V(Ui2) and [V (U N Ur2)| = 2
otherwise the separation (Uyy,Ujs U Uz 4+ w;) shows that Theorem 2.1(i2) would hold for
(G,u1,uz, A). Now the separation (Uy1, U2 UUs +wy;) allows us to use Lemma 4.2 to conclude
that V(Ull) = {ul,wl} U V(Ull N Ulg). Hence, \N(ul)\ = 3, N(ul) = {wl} U V(Ull N Ulz),
and N(w;) NV (Uy) C Nug]. |

We now show, in a sequence of four lemmas, that no quadruple containing a critical pair
is a minimum counterexample to Theorem 2.1.

Lemma 5.2. Suppose (G,uy,us,A) is a counterexample to Theorem 2.1 with |V (G)| min-
imum, and let x,y € V(G) — A — {uy,us} be distinct. Then (G/xy,ui,uz,A) is not an
obstruction of type IV.

Proof. For, suppose (G/zy,uq,us, A) is an obstruction of type IV, with sides Uy, Uy and middle
parts Ay, Ag, A3, Ay. See Figure 6. Recall from definition of obstruction that V(U3 NUy) C A.
Let A :={a1,a2,as,a4} such that a; € V(4;) for 1 <i < 4. Let V(U1 NA;) ={v;} and V(U N
A;) ={w;}, 1 <i <4, andlet uy € V(Uy) — {v1,v2,v3,v4} and ug € V(Us) — {wy, wa, ws, wy }.
By definition of obstruction, if |A;| > 2 then a; € V(A;) — {v;,w;} and N(a;) C V(4;), and if
v; = w; then {v;} = {w;} = {a;} =V (4;).
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Let v be the vertex resulting from the identification of x and y. If v ¢ {v;,w; : 1 < i <4}
then (G, uq,us9,A) is an obstruction of type IV, a contradiction. Then by symmetry assume
v =wv;. So |[V(A1)] > 2 and a1 € V(A1) — {v1,w1}. Let Uj, A} be obtained from Uy, Ay,
respectively, by unidentifying v to = and y. Note that if xy € E(G) we put xy back in exactly
one of U] or A} (it does not matter which one).

U1 wy w1

V4 V4
G/xy G

Fig. 6: G/xy is an obstruction of type IV.

Then A} contains disjoint paths X,Y from {z,y} to {a1,w1}. For, otherwise, A} has a
separation (Aj1, Ay2) such that V(A N A)| <1, {z,y} C V(A11), and {a1,w;} C V(Aj2).
Now U{ U A11,Us, A1a, Ag, A3, Ay (when a; ¢ V(A1 N Alg) #* @), or U{ UAy + a1, U U
A12, {al}, AQ, Ag, Ay (When ay € V(A11 N A12) or V(AH M Alg) = @), show that (G,ul,uQ,A)
is an obstruction of type IV, a contradiction.

Moreover, for each i € {2,3,4}, if a; ¢ {v;, w;} then A; —v; contains a path W/ between w;
and a;, and A; — w; has a path V/ between v; and a;. For, suppose by symmetry that 4; — v;
has no path from w; to a;, then A; has a separation (A;1, Ai2) such that V(A4;; N Aj2) = {vi},
a; € V(A1) and w; € V(A;2). Then the separation (G — (A;1 — v;), Ai1 + (A — {a;})) shows
that Theorem 2.1(#i7) holds, a contradiction. Let W/ = V/ = A; if a; = v; = w;.

Suppose for each i € {2,3,4}, U] — (A — {v;}) has three independent paths P}, P, Pi from
uy to x,y, v;, respectively. If U —(AN{wsy}) has three independent paths from ug to w1, w3, wy,
respectively, then these paths and P2, PZ, P?, X, Y, Vy, W}, W, form a topological H rooted at
u1,u2, A, and Theorem 2.1(i) would hold. So such paths do not exist in Uj — (A N {w2}).
Then by Lemma 5.1(i), we € N(ug) and |N(uz)| = 3. Similarly, ws,ws € N(uz). Hence
by Lemma 4.1, wy, w3, wy ¢ A. Therefore, by Lemma 5.1(i7), N(w;) NV (Uz) € Nlug] for
1= 2,3,4. Now G[N[UQH + aq, U{ U All U (U2 — {1@,11)2,11)3,11)4}), {al},AQ,Ag,A4 show that
(G,u1,uz,A) is an obstruction of type IV, a contradiction.

Hence, we may assume by symmetry that P2, P§, P§ do not exist. Then Uj has a separation
(U11,U12) such that AN {U3,U4} - V(U11 N U12), |V(U11 N U12)| < |A N {’U3,’U4}| + 2, u; €
V(Up1) — V(Uia), and {z,y,ve} C V(Ui2). We choose (U1,Usz) so that |V (U N Ujg)| is
minimum and then Ujsg is minimal.

We claim that |V(Uyp N Ui2)| = |A N {vs,va}| + 2. For, otherwise, the separation (Uy; +
{vs,v4},G — (U1 — Us2) + {vs,v4}) allows us to use Lemma 4.1 to assume vz, vy ¢ A; so
|A N{vs,vs}| = 0. Then |V (U1 NUr2)| = 1 and vs,vs € V(Uy1 — Ui2); else, the separation
(U1, U1UA]U AU A3 U A UU,) shows that Theorem 2.1(i7) would hold. Hence, Uy, Us, A} U
Ui U Ay, Az, Ay show that (G, u1,usz, A) is an obstruction of type I, a contradiction.

Let V(U1 NU2) — (AN{vs,va}) = {51, s2}. We claim that va ¢ AN{si,s2}. For, suppose
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vy € AN{s1,s2}; so v = ay. Note that for each i € {3,4}, if v; ¢ A then, since vo = ag,
we must have v; ¢ V(Uy2) by Lemma 4.1. So U1y, Us, (Uia — v2) U A}, {va}, A3, Ay show that
(G, u1,uz, A) is an obstruction of type IV, a contradiction.

Then by the minimality of Uya, Uiz — (AN {vy}) contains disjoint paths Sy, So from {z,y}
to {s1,s2}. We may assume that (Uy1 + {vs,vs}) — (AN{vs}) (or (U +{vs,v4}) — (AN{vs}))
has independent paths Q}, @5, Q5 from uy to si,s2,v3 (or vg), respectively. This is true if
vy € {s1,82} or vg € {s1,s2}; as otherwise Uj; + {vs,v4} has a cut of size at most two
separating u; from {s1, s2} U {vs,v4}, which gives a separation showing that Theorem 2.1(i7)
would hold. So we may assume v3,vq ¢ {s1,s2} and that the paths Q},Q5, Q% do not exist.
Then by Lemma 5.1(3), |[N(u1)| = 3 and v3,v4 € N(u1). So by Lemma 4.1, v, vs ¢ A. Hence,
by Lemma 5.1(7i), N(v;) NV (Uy1 + {vs,v4}) € N[uq] for ¢ = 3,4. Now G[N[u1]],Us, (U1 —
{u1,v3,v4})UA]UAg, A3, Ay show that (G, u,ug, A) is an obstruction of type I, a contradiction.

By symmetry, assume that Q% ends at vs. Then because of Si,S2, we see that U; —
(AN {ve,v4}) has independent paths @1, Q2, Qs from wu; to x,y,vs, respectively. If Us — (AN
{ws}) has three independent paths from wus to wi,ws, wy, respectively, then these paths and
Q1,Q2,Q3, X, Y, V{, W, W form a topological H in G rooted at uy,ug, A, and Theorem 2.1(¢)
would hold. So such paths do not exist. Then by Lemma 5.1(), ws € N(uz) and |N(ug2)| = 3.
So by Lemma 4.1, ws ¢ A. Hence, N(ws) N V(Uy) C NJug] by Lemma 5.1(i7). Moreover,
vy ¢ A. So vz € V(U1 — Uja) because of @), Q%, Q5. Then vy € V(Uy; — Uya); for otherwise,
since vy Qé {81,82} when vy € A, Ull,G[N[UQH,Ag, Uio U All U Ay U Ay U (UQ — {UQ,wg})
(and removing from the last subgraph the possible edge with both ends in N (uz)) show that
(G,u1,uy, A) is an obstruction of type II, a contradiction.

Suppose Uy does not contain independent paths from ug to s1, sa, vy, respectively. Then by
Lemma 5.1(ii), v3 € N(u1), |N(u1)| = 3and N(v3)NV (U11) C N[u1]. Hence G[N[u1]], G[N [uz]]
As, (U] — {u1,v3}) U AL U Ay U Ag U (Us — {u2,ws}) (and removing from the last subgraph
possible edges with both ends in N(uy) or N(ug)) show that (G,uq,us2, A) is an obstruction
of type II, a contradiction.

So let Ry, Ra, R3 be independent paths in Uy from wuy to s, s9, vy, respectively. If Uy —
(A N {w4}) has independent paths from wuy to wi,wy,ws, respectively, then these paths,
Ry, Ry, R3, 51,52, X,Y, V], W3, W3 form a topological H in G rooted at uj,us, A, and The-
orem 2.1(7) would hold. So such paths in Uy — (AN{ws4}) do not exist. Then by Lemma 5.1(3),
wy € N(ug2), and by Lemma 4.1, wy ¢ A. Hence by Lemma 5.1(i7), N(w;) NV (Uz) C Nug] for
i = 3,4. Thus, Uy, G[N[UQH, As, Ay, U12UA/1UA2U(U2 — {UQ, w3, ’LU4}) show that (G, UL, U, A)
is an obstruction of type I, a contradiction. |

Lemma 5.3. Suppose (G,uy,us,A) is a counterezample to Theorem 2.1 with |V (G)| min-
imum, and let x,y € V(G) — A — {uy,us} be distinct. Then (G/xy,ui,uz,A) is not an
obstruction of type I.

Proof. Suppose (G/zy,uq,us,A) is an obstruction of type I, with sides U, Us and middle
parts Ay, Ao, As. Recall that V(U3 NU;) C A. See Figure 2. Let A := {aj,as,as3,a4} such
that a; € V(4;) for i = 1,2 and ag,aq € V(A3). Let V(Ui N A;) = {v;} for i = 1,2,
V(U N Ag) = {vs,vs}, V(U N A;) = {w;} for i = 1,2,3, uy € V(Uy) — {v1,v2,v3,v4}, and
ug € V(Us) — {wy,wq,ws}. By definition of obstruction, as,aq € V(As) — {vs,v4, w3} and, for
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i=1,2,if [V(A;)] > 2 then a; € V(4;) — {vi,w;}. Note that A is independent, as otherwise
the separation (G[A], G — E(G[A])) shows that Theorem 2.1(iii) would hold for (G, u1,uz, A).
Let v denote the vertex resulting from the identification of x and y. Note that v € {v; :
1 <i<4}yU{w; :1<i< 3}, for otherwise (G, uy,ug, A) is also an obstruction of type I, a
contradiction. By symmetry, it suffices to consider four cases: v = v, v = w1, v = w3, and
v = vg. See Figure 7. Before distinguishing these four cases, we make observations (1), (2) and
(3) below. Let A = A; if v ¢ V(4;), and otherwise let A} be obtained from A; by unidentifying
v to z and y. Similarly, let U/ = U; if v ¢ V(U;), and otherwise let U/ be obtained from U; by
unidentifying v to z and y. When zy € E(G), we put zy back in exactly one of U/ and A’.

(1) If v € {v1,v4} then v;, w; ¢ A for all 7, j, and Uy has three independent paths Wy, Wy, W3
from wug to wi,ws, ws, respectively.

Suppose v € {v1,v4}. Note that vs,vs, w3 ¢ A by definition of obstruction. Also, wi,ws ¢ A
by Lemma 4.1. Hence, v ¢ A by definition of obstruction. Now suppose the second part of
(1) fails. Then Us has a separation (Usj, Usg) such that |V (U NUs)| < 2, ug € V(Ugy) —
V(UQQ), and {’w1, w2, w3} - V(UQQ). The separation (U21, Usy U U{ U All U AIQ U Al3) shows that
Theorem 2.1(77) holds, a contradiction.

(2) For i e {1,2}, if v ¢ V(4;) and |V (4;)| > 2, then A; — v; has a path W/ from w; to a;
and A; — w; has a path V/ from v; to a; (and if |[V(A;)| =1 then let W/ =V/ = A;).

For, suppose W/ does not exist. Then A; has a separation (A;1, A;2) such that V(A4;; N A;2) =
{vi}, w; € V(Ail) and a; € V(Aig). Now (A + A, U{ U Ué UAdj U Aé—i U Aé) shows that
Theorem 2.1(i77) holds for (G, ui,us, A), a contradiction. So W/ exists. Similarly, V; exists.

(3) Fori e {3,4}, if v ¢ A3 then As—wv7_; has disjoint paths Q;, R; from ws, v;, respectively,
to {as,as}.

Otherwise, A3 has a separation (Asy, Asz) such that |V (Asy N Ase)| < 2, v7—; € V(As1 N Asa),
{wg, ’Uz’} C V(A31), and {03, a4} - V(A32). Now the separation (A32 + {al, CLQ}, U{ U Ué U All U
Al U Asp) shows that Theorem 2.1(ii%) holds for (G, uy,us, A), a contradiction.

U1

Fig. 7: (G/xy,u1,u1,A) is an obstruction of type I.

Case 1. v = v1.
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Note that A} has disjoint paths X,Y from {z,y} to {a1,w;}. Otherwise, A} has a separa-
tion (AH,Alg) such that |V(A11 N A12)| <1, {x,y} C V(AH) and {al,wl} - V(A12). Then
U{ UAq1,Us, Aqo, Ag, Ag (When aq Qé V(All ﬂAlg) =+ (Z)) or U{ UAi1+a1,Us U Aqs, {al}, Ay, Ag
(when V(A11NA12) C {a1}) show that (G, u1,us, A) is an obstruction of type I, a contradiction.

For any i € {3,4}, U] does not contain three independent paths from uy to z,y,v;, re-
spectively; as such paths and X, Y, Wy, Wy, W3, W), Q;, R; would form a topological H in
G rooted at uy,us, A. Thus, U{ has a separation (Uy1,Ui2) such that |V(Uy; N Ups)| < 2,
up € V(Un1) — V(Uyz), and {x,y,v3} C V(Ui2). Choose this separation to minimize Uys.

Suppose ‘V(Ull N U12)’ <1.1If ‘V(Ull N Ulg)’ =0or {1)2,1)4} Z V(Ull) - V(Ulg), then the
separation (Uyy, UjaUUaUA]UA3UA3) shows that Theorem 2.1(i¢) would hold for (G, uy, ug, A).
So ‘V(Ull N Ulg)‘ =1 and vo,v4 € V(Ull) - V(Ulg) Then Uq1,Us, Ao, Uia U All U Ag show
that (G, u1,u2, A) is an obstruction of type II, a contradiction.

So let V(Uyp NUya) = {s1,82}. By the minimality of Uje, Uiz — v3 (when vz ¢ {s1,s2})
and Ujs (when vs € {s1,s2}) contain disjoint paths Sy, Sy from {s1, s2} to {z,y}.

If vy ¢ V(Uy1) — V(Ui2) then ve € V(U1) — V (Ur2); otherwise the separation (Uyy, U2 U
Uy U A} U Ay U As) shows that Theorem 2.1(i¢) would hold for (G,ui,us, A). But then,
Ur1,Us, Ao, Ua U A} U Az show that (G, uq,ug, A) is an obstruction of type II, a contradiction.

So vg € V(U11) — V(Uy2). Now Ujp does not contain three independent paths from wuy
to s1,89,v4, respectively; otherwise these paths and Si,S2 would form three independent
paths in U] from wu; to z,y, vy, respectively (which were assumed to be nonexistent in the
second paragraph of Case 1). Thus, Uj; has a separation (K, L) such that |[V(K N L)l <2,
up € V(K) — V(L) and {s1,s2,v4} C V(L). f vo ¢ V(K) — V(L) or |[V(K NL)| <1 then
(K,LUU;2 UUy U A} U Ay U A3) shows that Theorem 2.1(i¢) would hold for (G, uq,usg, A).
So vy € V(K)— V(L) and |V(K N L)| = 2. Then K,Us, Ay, L U Uja U A} U A3 show that
(G, u1,uz, A) is an obstruction of type II, a contradiction.

Case 2. v = v,.

Then Af has three disjoint paths Py, P, P3 from {vs,x,y} to {as,as,ws}. For, other-
wise, A5 has a separation (Asj, Agz) such that |V (As; N Asz)| < 2, {vs,z,y} € V(Asz1), and
{ag, a4, w3} C V(Asg). If [V(A31NAs2)| < 1, then the separation (Asz+{ai, a2}, U UU2UA; U
Ay U Aszp) shows that Theorem 2.1(¢ii) would hold for (G, ui,ug, A). So [V (Agz1 N As2)| = 2.
If V(As; N As) N A = 0 then Uj U Az, Us, Aj, Ag, Aga show that (G,up,ug,A) is an ob-
struction of type I, a contradiction. If V(As; N Asy) N A = {a;} for some i € {3,4} then
Ul U As1,Us, Ay, Ag,{a;}, Ase — a; show that (G, ui,ug, A) is an obstruction of type IV, a
contradiction. Thus ag,as € V(Asy N As2); so Uy U Asy, Us U Asa, A1, Aa, {as}, {as} show that
(G,u1,uz,A) is an obstruction of type IV, a contradiction.

If U] has three independent paths from u; to vs,z,y, respectively, then these paths and
Py, Py, Py, W1, Wy, W3, W|,Wj would form a topological H in G rooted at uj,us, A. Thus
Ui has a separation (Uiy,Ujz) such that |V (U NU2)| < 2, uy € V(Up) — V(Uiz), and
{vs,z,y} C V(Upa).

Suppose |V(U11 N U12)| < 1. Then |V(U11 N U12)| =1 and {’Ul,’Ug} - V(UH) — V(Ulg);
otherwise the separation (U1, UiaUUs U A1 U Ag U A%) shows that Theorem 2.1(4i) would hold
for (G, u1,u2, A). But then the separation (Uj3 UUs U Ay U Ag, Ujg U A+ {a1,a2}) shows that
Theorem 2.1(7ii) would hold for (G, u1,ug, A).
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So ’V(UllﬂUlg)’ =2. If vy, v9 ¢ V(Ull)—V(Ulg) then the separation (U117 Ui UUU AU
Ay U Af) shows that Theorem 2.1(¢7) would hold for (G, u;,us, A). So assume by symmetry
that vy € V(Ull) - V(Ulg) If vy ¢ V(Ull) — V(Ulg) then Uyq,Us, A1,U1o U Ay U Ag show
that (G, uq,us, A) would be an obstruction of type II. Thus vo € V(Uy1) — V(Uy2). Now
Ui1,Usz, Ay, Ag, A U Upg show that (G, up,ug, A) is an obstruction of type I, a contradiction.

Case 8. v = ws.

In this case, there is symmetry between U; and Uj. We choose Uy, Uj, A (while fixing A,
and Ap) to maximize Uy UUJ, subject to {as, as} C V(A5) —{vs, v, 2,9y}, uy € V(Ur) =V (US),
and ug € V(US) — V(Up). Hence, if zy € E(G) we put it in Uj, and if vsvs € E(G) we put it
in U;. We apply Lemma 3.3 to A%, vs, v4, 2, Yy, a3, a4 (as G, vy, v, w,ws, ay, ag, respectively).

Suppose A% has a separation (Gp,G2) such that one of (i) — (v) of Lemma 3.3 holds. If
Lemma 3.3(i¢) holds, then the separation (GoUU;UUSUA1UAs, G1+{a1,az2}) shows that Theo-
rem 2.1(4i7) would hold for (G, uy,uz, A). If Lemma 3.3(24¢) holds then (U1UG;)+{as, a4}, (USU
Gs—;) + {as,a4}, A1, Ag,{as},{as} show that (G,ui,us, A) would be an obstruction of type
IV. If Lemma 3.3(iv) holds then Uy, Uj, Ay, Ag, G1,Go show that (G,u1,u2, A) would be an
obstruction of type IV. If Lemma 3.3(v) holds then Uy U Go, U}, Ay, A2, Gy (when {vs,v4} N
V(Ga) # 0) or Uy, Uy U Ga, Ay, Ay, G1 (when {z,y} NV (Ga) # () show that (G,uy,us, A)
would be an obstruction of type I. Thus, Lemma 3.3(7) holds. By symmetry between U; and
U, assume {vs,v4,a3,a4} C V(Gy) and {z,y} C V(Gq). If V(G1 N G2) = {as,as} then
Uy UG, Uy U Ga, A1, Ag, {as}, {as} show that (G,u1,ug, A) would be an obstruction of type
IV. If V(G1 NG2) N{ag,as} = 0 then we get a contradiction to the choice of Uy, Us, A§ (the
maximality of Uy UUJ) by Uy, U5UG2, Ay, Ag and Gy (when |V(G1NG3)| = 2) or G1+x (when
[V(G1NGs2)| =1and x ¢ V(G1NG3)) or G1+y (when |V(G1NGy)| =1and y ¢ V(G1NG3)) or
G1+{z,y} (when |[V(G1NG3)| = 0). So by symmetry assume V(G1NG2)N{as, a4} = {az}. If
V(G1NG2) = {ag} then U1UG, (U}UGs)+ay, A1, A, {as},{as} show that (G, u1,us, A) would
be an obstruction of type IV. So |V (G1 N G2)| = 2. Then (G /vsvg,uy,ue, A) is an obstruction
of type IV with sides (U + a3)/vsvs, U U G2 and middle parts A;, Ag, {as}, (G1 — a3)/vsva,
contradicting Lemma 5.2.

Hence by Lemma 3.3, A5 has three disjoint paths Pj, Py, P3, with one from {vs,vs4} to
{z,y}, one from {vs,v4} to {as,as}, and another from {z,y} to {as,a4}.

For some s € {1,2}, Uy — (AN {vs_s}) has three independent paths Si,S3, S5 from uq
to vs, vs, v4, respectively. For, otherwise, by Lemma 5.1(7), vi,v2 € N(u1) and |N(u1)| = 3.
Then by Lemma 4.1, N(u;) N A = § (in particular, vi,vo ¢ A). Hence by Lemma 5.1(i7),
N(v;)) NV(Uy) C Nluy] for i = 1,2. Now G[N[u1]],U}, Ay, Ao, A5 U (Uy — {u1,v1,v2}) show
that (G,u1,usz, A) is an obstruction of type I, a contradiction.

Similarly, for some t € {1,2}, Uj — (A N {ws_;}) has three independent paths T, T, T3
from uo to wy, x,y, respectively.

If s and ¢ may be chosen so that s # t, then Si, S, 53,11, 1o, T3, V., W/, Py, P, P35 form a
topological H in G rooted at ui,us, A, a contradiction. Thus assume s = ¢t = 1 is the only
possibility. So by Lemma 5.1(7), w1 € N(ug) and |N(uz2)| = 3, and v; € N(u;) and [N (uy)| = 3.
By Lemma 4.1, (N (u1)UN (u2))NA = (. Hence by Lemma 5.1(4i), N(v1)NV (U1) C Nluy], and
N(wl)ﬂV(Ué) - N[UQ] Thus, G[N[ul]], G[N[UQH, Ay, AgUAéU(Ul—{ul, ’Ul})U(Ué—{UQ, wl})
show that (G, uq,us9, A) is an obstruction of type II, a contradiction.
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Case 4. v = wy.

As in Case 1, we can show that A} has disjoint paths X,Y from {z,y} to {a1,v1}. Note
that As — ws has disjoint paths S,T from {vs,vs} to {as,as}. For otherwise Az has a sep-
aration (Agl,Agg) such that ‘V(Agl N Agg)’ <2, ws € V(Agl N Agg), {1)3,1)4} - V(Agl) and
{as,as} C V(Asz). Hence the separation (U3 UUS U A} U Ay U Asq, Asa + {a1,az}) shows that
Theorem 2.1(i4i) would hold for (G, uy,uz, A).

We claim that for some s € {2, 3}, U}, —(AN{ws—_s}) has three independent paths Py, Pa, P3
from wug to x,y, ws, respectively. First, assume wy = ag. Then Uj — wy has three independent
paths from uy to x,y,ws, respectively; else by Lemma 5.1(7), we € N(ug2) and |N(uz2)| = 3,
allowing us to use Lemma 4.1 to obtain a contradiction. So ws # ao. Thus, if the claim
fails then by Lemma 5.1(i7), we,ws € N(ug), |[N(u2)| = 3, and N({ws,ws}) C Nluz]. Now
U1, G[N (u2)], A} U (US —{ug, wa, ws}), A2, A3 show that (G, uq,us, A) would be an obstruction
of type I.

Suppose s = 2. If U3 — (A N {v2}) has three independent paths from wuy to vy, vs, vy,
respectively, then these paths and X,Y,S,T, P, Py, P3, W, would form a topological H in
G rooted at wuj,uz,A. So such paths do not exist in U; — (A N {v2}). If v = az then
by Lemma 5.1(i), vo € N(uy) and |N(uy)| = 3, which allows us to use Lemma 4.1 to
obtain a contradiction. Thus vy # a2 (and hence ws # az). Then by Lemma 5.1(i7),
vy € N(uy), |[N(u1)| = 3 and N(ve) N V(Uy) € Nuy]. Suppose U; has three independent
paths Li, Ly, Ly from uy to vy,ve and one of {vs,vs4}, say vs. If U has three independent
paths from wug to xz,y,ws, respectively, then these paths and L1, Lo, L3, X, Y, VY, Qs3, R (see
(3)) would form a topological H in G rooted at wuj,ug, A. So such paths do not exist in
Uj. Then by Lemma 5.1(ii), we € N(uz), |N(u2)] = 3 and N(wq) NV (Usz) C Nug]. Now
G[N|u1]], G[Nug]], A2, Ay U A3 U (Uy — {u1,v2})U(Uj — {ug,ws}) (removing from the last sub-
graph possible edges with both ends in N (uq)—{wvs} or in N (uz)—{ws}) show that (G, uqy, usz, A)
is an obstruction of type II, a contradiction. So these paths L1, Ly, L3 do not exist in Uy. Then
by Lemma 5.1(i7), N(u1) = {ve,v3,v4} and N({vs,v4}) NV (U1) C N[uz]. Moreover, U; has a
separation (U1, Us) such that V(U NU2) = 0, {ug,ve,v3,v4} C V(Ur1), and vy € V(Uia).
Now Uy1 + a1, U2 UUS U A, {a1}, Aa, A3 show that (G, uq1,us, A) is an obstruction of type I,
a contradiction.

Thus s cannot be 2 (so s = 3). By Lemma 5.1(i), w3 € N(ug), |N(u2)| = 3 and N(w3) N
V(US) C Nlug]. If for some i € {3,4}, Uy has three independent paths from uy to v1,v2,v;,
respectively, then these paths and Py, P», P3, X, Y, V5, Q;, R; (see (3)) would form a topological
H in G rooted at uy,u2, A. So no such paths exist in U;. Hence by Lemma 5.1(i7), vs,v4 €
N(u1), |N(u1)] = 3, and N({vs,v4}) NV (U1) C Nluy]. Now G[N[u1]], G[Nuz]], As, A} U
Ay U (Uy — {uy,v3,v4}) U (U — {ug,w3}) (removing from the last subgraph the possible edge
with both ends in N(uz) — {ws}) show that (G,uq,us, A) is an obstruction of type III, a
contradiction. |

Lemma 5.4. Suppose (G,uy,us,A) is a counterezample to Theorem 2.1 with |V (G)| min-
imum, and let x,y € V(G) — A — {uy,us} be distinct. Then (G/xy,ui,uz, A) is not an
obstruction of type II.

Proof. Suppose (G/xy, uy,us, A) is an obstruction of type IT with sides Uy, U and middle parts
Ay, As. Let V(Ul N Al) = {Ul}, V(Ug N Al) = {wl}, V(Ul N Ag) = {UQ,U3}, V(U2 N AQ) =
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{wa, w3}, uy € V(Uy) — {v1,v2,v3}, and ug € V(Us) — {wy,wa,ws}. Let A := {a1,a2,as3,a4}
such that a; € V(A1) and ag, a3, a4 € V(Az) — {va,v3,wa, w3}. Then A is independent, else
(G[A],G — E(G[4])) shows that Theorem 2.1(iii) would hold for (G, u1, ug, A).

Let v denote the vertex resulting from the identification of z and y. If v ¢ {v;,w; : 1 <@ <
3} then (G, u1,us, A) would be an obstruction of type II. So by symmetry assume v € {vy,v3}.
Then by Lemma 4.1, w; ¢ A and, hence, v; ¢ A. As (1) and (2) in the proof of Lemma 5.3,
U; has three independent paths Wy, Wy, W3 from us to wq,we, w3, respectively, and if v £ vy
then A; — v; has a path W{ from w; to ay.

Case 1 Case 2

Fig. 8: (G/xy,u1,u1, A) is an obstruction of type II.

Case 1. v = ;.

Let U{, A} be obtained from Uy, A1, respectively, by unidentifying v to « and y. Note that
Al has disjoint paths X,Y from {x,y} to {a1,w;}; otherwise A} has a separation (Aj1, A12)
such that |V (A1 N A2)| < 1, {z,y} € V(A411) and {a1,w1} C V(A;2), and hence Uj U
All,UQ,AlQ,AQ (When V(A11 N Alg) g {al}) or (U{ ) AH) + a1, Uy U A12, {al},Ag (When
V(A1 N A1) € {a1}) show that (G, u1,ug, A) is an obstruction of type II, a contradiction.

For some s € {2,3}, U has three independent paths Py, Py, P3 from uy to x,y,vs, respec-
tively. Otherwise by Lemma 5.1(i7), ve,v3 € N(uy), |[N(u1)| = 3 and N({ve,v3}) NV (U7) C
Nluq]. Hence G[N[u1]], U2, AJU(U{ —{u1,v2,v3}), As show that (G, u, us, A) is an obstruction
of type II, a contradiction.

Without loss of generality, let s = 2. If Ay — v3 has three disjoint paths from {as, a3, a4}
to {va, wa, w3}, then these paths and Py, Pa, P3, W1, Wa, W3, XY would form a topological H
in G rooted at uy,us, A. So Ay has a separation (Aay, Agg) such that [V (Ag N Ag)| < 3,v3 €
V(A21 N A22), {ag,ag,a4} - V(AQQ), and {’Ug,’wQ,w?,} C V(Am). Then the separation (A21 U
U{ U A} UUs, Ags + a1) shows that Theorem 2.1(ii7) holds for (G,uy,us, A), a contradiction.

Case 2. v = vs.

Let Uy, A, be obtained from Uy, Ag, respectively, by unidentifying v to z and y. We
choose such Uy, Us, A (while fixing A;) to maximize U] U Us (subject to as,as,as € V(AL) —
{va, wo, w3, z,y}). Then xy,wows ¢ E(A}).

We claim that U] has three independent paths Pi, P», P3 from uy to v, z,y, respectively.
Otherwise, by Lemma 5.1(i7), v1 € N(uy), |[N(u1)| = 3, and N(v1) N V(U;) € N[uz]. Then,
G[N|u1]], Uz, A1, AL U (U] — {u1,v1}) (removing from the last subgraph the possible edge with
both ends in N (uj)—{v1}) show that (G, u1, ua, A) is an obstruction of type II, a contradiction.

If A := Al +wows has three disjoint paths from {ag, ag, a4} to {v2, z,y} and through wows,
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then these paths (deleting wows) and Py, Py, P3, W1, Wa, W3, W/ would form a topological H in
G rooted at uy, uz, A. So one of (i)—(iv) of Lemma 3.4 holds, with A%, {as, a3, a4}, {ve, z,y}, wows
as G, A, B, e, respectively. We use the notation in Lemma 3.4. See Figure 5.

If Lemma 3.4(i7) holds then the separation (Us U (G — wows), U] U Go U Ap) shows that
Theorem 2.1(i7) would hold for (G, uq,us, A).

Suppose Lemma 3.4(iv) holds. For i € {2,3,4}, if V(G; N G1) N A # () then let G, = G;
and A, = G; N Gy, and otherwise let G} = () and A} = G;. Then U] UGH U G4 UG, Uz U
G, Ay, Ay, A, Al show that (G, ug,ug, A) is an obstruction of type IV, a contradiction.

Now suppose Lemma 3.4(iéi) holds. If V(G1 N Ga) = 0 or V(G5 N G2) = () then the
separation (Us U (Ga — wows), Uy U A; U G1 U G3) shows that Theorem 2.1(4i) would hold
for (G,u1,u2, A). HV(G1NGy)NA#Dor V(G3NGz) N A # () then the separation (U U
(Ga — waws), U7 U Ay U Gy U G3) allows us to use Lemma 4.1 to obtain a contradiction. So
‘V(Gl N Gg)’ = ’V(Gg N Gg)‘ =1land V(G2)NA= (. Now U{, Us U (GQ — waws), A1,G1,G3
show that (G, uq,us9, A) is an obstruction of type I, a contradiction.

So Lemma 3.4(7) holds. Then wows € E(G1); otherwise, wows € E(G2), and the separation
(A1 UU{UULU (G —waws), G1 +aq) shows that Theorem 2.1(i7¢) would hold for (G, u1,usg, A).
Also V(G1NGa)— A # 0; otherwise, U{UGa+{ag, as, as}, UsU(G1 —waws), A1, {as}, {as}, {as}
show that (G, uq,ug, A) is an obstruction of type IV, a contradiction.

Suppose |V (G1NG2)| < 2. If V(G1NG2)NA # 0 then the separation (U] UGa, Uz U (G —
wows) U Ap) allows us to use Lemma 4.1 to obtain a contradiction. So V(G1 N Gs) N A = 0.
If [V(G1NGa)| = 2 then Uy UGy, Us, A1, G1 — waws show that (G, uq,ug, A) is an obstruction
of type II, a contradiction; and if [V(G1 N G2)| < 1 then the separation (U] U Ge,Us U (Gy —
wows) U Ay ) shows that Theorem 2.1(i7) holds for (G, ui,u2,A), a contradiction.

Thus |V(G1 NGe)| = 3. HV(G1NGy)NA =0 then U UG2,Us, A1, G1 — waws contradict
the choice of U, Us, A1, Ay (the maximality of Uy UUs). If V(G1 NG2) N A = {a;} for some
i € {2,3,4} then let V(G N G2) — {a;} = {v,w}; now (G/vw,u;,u, A) is an obstruction
of type I with sides (U] U G2)/vw,Us + a; and middle parts A;, {a;}, (G1 — a; — waws)/vw,
contradicting Lemma 5.3. Since V(G1 N Ga) — A # 0, V(G1 NG2) N A = {a;,a;} for some
distinct i,7 € {2,3,4}. Now (G/wows,ui,u2,A) is an obstruction of type IV with sides
Ui UGs, (Us+{a;,a;})/waws, A1, {a;},{a;}, (G1 — {a;,a;})/wows , contradicting Lemma 5.2.
|

Lemma 5.5. Suppose (G,uy,us,A) is a counterexample to Theorem 2.1 with |V (G)| min-
imum, and let x,y € V(G) — A — {uy,us} be distinct. Then (G/xy,ui,uz,A) is not an
obstruction of type I11.

Proof. Suppose (G/zy,u1,us, A) is an obstruction of type III with sides Uy, Us and middle
parts A1, As. Let V(Ul N Al) = {’Ul}, V(Ul N Ag) = {1)2,1)3}, V(U2 N Al) = {wl,wg},
V(U2 N AQ) = {’w3}, Uy € V(Ul) — {Ul,UQ,U3}, and ug € V(UQ) — {wl,ZUg,w3}. Let A =
{a1,az2,a3,a4} such that aj,as € V(A;) — {v1, w1, ws}, and as,aq € V(Az) — {ve,v3,ws}. As
before, A is independent in G.

Let v denote the vertex resulting from the identification of x and y. Now v € {v;, w; :
1 <4 < 3}; otherwise (G, uy,u2, A) would be an obstruction of type III. Thus by symmetry,
assume v € {vy,v2}. Let U{ (respectively, A} if v = v;) be obtained from U; (respectively, A;)
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by unidentifying v back to z and y. Let A, = A; when v ¢ A;. See Figure 9. We choose such
Ui, Us, A}, A to maximize U{ UUs,. Thus if zy € E(G) then zy € E(Uj), and if wiwy € E(Q)
then wywy € E(Us).

As (1) in the proof of Lemma 5.3, U, contains three independent paths Wy, Wy, W3 from
ug to w1, we, ws, respectively.

Case 1 Case 2

Fig. 9: (G/xy,uy,u1, A) is an obstruction of type III.

Case 1. v = vq.

We claim that Af has three disjoint paths Q1,Q2, Q3 from {vs,z,y} to {as,as,ws}. For,
otherwise, A), has a separation (Asaj, Age) such that |V (A N Ag)| < 2, {as, a4, ws} C V(Ag)
and {’Ug, x, y} - V(Am). If |V(A21 ﬂA22)| < 1 then the separation (AQQUAIUU2+{G1, CLQ}, U{U
Asp) shows that Theorem 2.1(i7) would hold for (G, ui,u2, A). So |V (A2 N Ag)| = 2. If
V(A1 N Age) N A =0 then Uj U Ay, Us, Ay, Agg show that (G, u1,ug, A) is an obstruction of
type III, a contradiction. So V(A21NAg)NA # (. Then the separation (UjUAg, UsUA;UAs)
allows us to apply Lemma 4.1 to obtain a contradiction.

Also, A; — v; contains disjoint paths R, Ry from {wi, w2} to {ai,as}. For, otherwise, A;
has a separation (A1, A12) such that |V (A11NA2)| < 2,v1 € V(A11NAgg), {wr,we} C V(A1)
and {a1,a2} C V(Ai2). Then the separation (Uj U Uy U A1y U Afy, Ajo + {as,as}) shows that
Theorem 2.1(i7i) holds for (G, u1,u2, A), a contradiction.

If U] has three independent paths from u; to vs,z,y, respectively, then these paths and
Q1,Q2,Q3, R1, Ry, W1, Wy, W3 would form a topological H in G rooted at w1, u92, A. So such
paths do not exist in Uj. By Lemma 5.1(ii), v1 € N(uy), |[N(u1)| = 3 and N(v;) NV (U]) C
Nlui]. Hence, G[N[w]],Usz, A1, AL U (U] — {u1,v1}) (removing from the last subgraph the
possible edge with both ends in N(u;) — {v1}) show that (G, u1,u2, A) is an obstruction of
type III, a contradiction.

Case 2. v = v;.

Note that for any i € {2,3}, Ay — vs_; contains disjoint paths Q;, R; from {ws,v;} to
{as,a4}. For, otherwise, Ay has a separation (Ag;, Aaz) such that |V (A N Agg)| < 2, v5_; €
V(Agl N Agg), {a3, a4} g V(Agl) and {w3, Ui} g V(Agg) Then (A21 + {al, ag}, U{ U UQ U A22 U
A!) shows that Theorem 2.1(i4i) holds for (G, u1,uz, A), a contradiction. We apply Lemma 3.3
to A, x,y, wi,we, a1, as (as G, vy, ve, w1, we, ay, ag, respectively).

Suppose A} has three disjoint paths P;, Ps, P3, with one from {z,y} to {w1, w2}, one from
{z,y} to {a1, a2}, and another from {wq,ws} to {a1,as}. If for some i € {2,3}, U] has three
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independent paths from wu; to x,y, v;, respectively, then these paths and Wy, Wy, W3, Py, Py, P3,
Qi, R; would form a topological H in G rooted at uj,uz2, A. So such paths do not exist in U7.
Then by Lemma 5.1(ii), va,v3 € N(u1), |[N(u1)| = 3, and N({va,v3}) NV (U]) C N[u1]. Now
G[N[u1]], U2, A} U (U] — {u1,v2,v3}), A2 show that (G, u1,us, A) is an obstruction of type III,
a contradiction.

Thus, A} has a separation (G1,G3) such that one of (i) — (v) of Lemma 3.3 holds. If
Lemma 3.3(i4) holds then (G +{as, a4}, U UU2 UG2 U Ay) shows that Theorem 2.1(iii) would
hold. If Lemma 3.3(ii7) holds then Uj U G; + {a1,a2},Us U Gs—; + {a1, a2}, {a1},{az2}, As
show that (G,u1,uz, A) would be an obstruction of type I. If Lemma 3.3(iv) holds then
Ui, Us, G1,G2, As show that (G,u1,u2, A) would be an obstruction of type I. Now suppose
Lemma 3.3(v) holds. If {z,y} € V(G1) then (U U G3,Uj] U Gy U Ag) shows that Theo-
rem 2.1(ii) would hold for (G,ul,uQ,A). So {wl,wg} - V(Gl) Then U{ U G, Us, G, As
show that (G, uq,us, A) is an obstruction of type III, a contradiction.

Hence Lemma 3.3(7) holds. If {a1,a2} = V(G1NG2) then U{UG;,UsUG3_;,{a1},{as}, A2
show that (G,uy,uz2, A) would be an obstruction of type L. If {a1,a2} NV (G1 N G2) = 0 then
U{,UsUGsy,G1, Az (when i = 1) or Uj U Gy, Us, Gy, Ay (when i = 2) contradict the choice of
Ui, U, A}, Ay (the maximality of U] UUs). So assume a1 € V(G1NG3) and as ¢ V(G1 N Ga).
If i = 1 then (UyUG2,U; UGy U Ag) allows us to use Lemma 4.1 to obtain a contradiction. So
i = 2. Then (G/wjwa,u1,uz, A) is an obstruction of type I with sides U] U G2, Uz /wiwz + a1
and middle parts {a; }, G1/wiwy — a1, Ag, contradicting Lemma 5.3. |

6 Separations of order five

In this section, we let (G,u1,u2, A) be a quadruple in which N(u1) N N(uz) C A, and there
exist zy € E(G — A — {u1,u2}) and a separation (G1,G2) in G such that

(1) {x,y} ,@ N(uz) for i € {172}7
(2) z,y € V(G1 NGy), xzy € E(Gy), and
(3) |V(G1 N G2)| =9, up,ug € V(Gl) — V(GQ), and A C V(Gg)

See Figure 10. Quadruples satisfying (1), (2) and (3) will occur in our proof of Theorem 2.1.
The aim of this section is to show that such quadruples (with additional properties (4) and
(5) below) cannot be a minimum counterexample to Theorem 2.1. First, we prove a lemma
about disjoint paths in G9, which will be used frequently in this section.

Lemma 6.1. Let (G, uy,us,A) be a quadruple in which G has a separation (G1,G2) satisfying
(1), (2) and (3) above. Suppose Theorem 2.1(iii) fails for (G, u1,uz, A), and letv € V(G1NG3).

(i) If v ¢ A then Gy — v has four disjoint paths from V(G1 N Gsy) — {v} to A, and
(it) if v e A and N(v) NV (Ga) # 0, Gy has four disjoint paths from V(G1 NGg) —{v} to A.

Proof. Suppose (7) fails. Then Gy has a separation (K, L) such that v € V(KNL), |[V(KNL)| <
4, V(G1 N Ge) C V(K), and A C V(L). Hence, the separation (G; U K, L) shows that
(G, u1,uz, A) satisfies Theorem 2.1(ii7), a contradiction.

24



Uig yI A
Gy e ay G
u ° as
o1

Fig. 10: The 5-separation (G1, G2).

Now assume (i7) fails. Then G9 has a separation (K, L) such that |V(KNL)| <3, V(GiN
Go)—{v} CV(K),and A CV(L). If V(L) # Aor E(G[A]) # () then (G1UK, L) is a separation
in G showing that Theorem 2.1(4i7) holds for (G,ui,u2, A), a contradiction. So V(L) = A
and E(G[A]) = 0. Since N(v) NV(G3) # 0, v € V(K N L) and, hence, V(G1 N G2) C V(K).
Therefore, (G1 U K, L) is a separation of order at most 3 in G, contradicting the assumption
that Theorem 2.1(7i7) fails for (G, u1,ug, A). 1

We choose (G, G2) such that, subject to (1), (2) and (3),
(4) G, is minimal.
In the rest of this section, we let A" := V(G1 N Ga) — {z} = {y, d}, a%, a}}, and assume that
(5) wu1,yuy € E(G), N(z)N(V(G1) =V (Ga)) € Nlur] and N(y)N(V(G1) =V (G2)) € Nlug].

Lemma 6.2. If (G, u1,us2, A) is a counterexample to Theorem 2.1 with |V (G)| minimum and
G has a separation (G1,Ge) satisfying (1)—(5) above, then (i), (ii) and (i) of Theorem 2.1 do
not hold for (Gy,u1,us, A") and, moreover, (G1,uy,us, A’) is an obstruction of type I, or II,
or IV, with {y} as a middle part.

Proof. By the minimality of |V (G)|, Theorem 2.1 holds for (Gy,u1, uz, A"). If Theorem 2.1(%)
holds then a topological H in G4 rooted at wui,us, A’ and four disjoint paths in Gy — = from
A" to A (by Lemma 6.1(7)) would form a topological H in G rooted at uy,usg, A.

Assume that Theorem 2.1(77) holds and that G has a separation (U, Us) such that |V (U1N
U)| <2, up € V(Uy) — V(Uz), and A" U{uz} C V(Us). Then |[V(Uy NUs)| = 2 and = €
V(Uy) — V(Us); as otherwise the separation (Uy, Us U G2) shows that Theorem 2.1(ii) would
hold for (G, u1,u3, A). Thus y € V(U; NUs) as xy € E(Gy) and y € A'. If [V(Uy)| = 4 then,
since {z,y} Z N(uy) (by (1)), Theorem 2.1(i¢) holds. So |V (Uy)| > 5. Thus, (Uy,Us U G2) is
a separation in G contradicting Lemma 4.2.

Now assume that Theorem 2.1(i77) holds; so G} has a separation (K, L) such that |V(K N
L) <4, uj,ug € V(K)—=V(L),and A’ CV(L). Then z € V(K) — V(L) and |V(K NL)| = 4;
otherwise, the separation (K, LUG2) shows that Theorem 2.1(z4i) would hold for (G, uy, ug, A).
Thus y € V(KNL)as zy € E(G1) and y € A; so (K, (L + x) U G2) contradicts the choice of
(G1,G2) in (4) (that G; is minimal).

Thus, Theorem 2.1(iv) holds; so (G1,uq,uz, A’) is an obstruction. As y € A’, y belongs to
some middle part. Since y € N(us), y belongs to the side containing uy. Thus, by definition
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of obstructions, the middle part containing y is in fact {y}. As a consequence, (G1,u1,uz, A")
cannot be an obstruction of type III. |

In the next three lemmas, we consider the obstruction types of (G1,u1,us, A’), and show
that (G, u1,u2, A) cannot be a minimum counterexample to Theorem 2.1.

Lemma 6.3. If (G, u1,uz, A) is a counterexample to Theorem 2.1 with |V (G)| minimum and
G has a separation (G1,Ge) satisfying (1)-(5) above, then (G1,u1,usz, A’) is not an obstruction
of type 1V.

Proof. Suppose (G1,u1,u2, A’) is an obstruction of type IV with sides Up,Us and middle
parts A1, Ay, A3, Ay. For 1 < i < 4, let V(Ul N Az) = {UZ} and V(Ug N Al) = {wl} Let
ur € V(Ur) —{v1,v2,v3,v4}, and ug € V(Usz) — {w1, w2, w3, ws}. We choose such U;, A; so that
Uy U Uy is maximal. By Lemma 6.2, let V/(A;) = {y} and let a; € V(4;) for 2 <1i < 4. By (5),
x € V(Uy). If x = v; for some i € {2,3,4} then (G; — V(4; — {v;,w;}), G2 U A;) contradicts
the choice of (G1,G3) (see (4)). So z ¢ {va,vs,v4}. By (5), N(y) N (V(Gy) — V(Gs3)) C
Nuz]. Hence, we have symmetry between Uy — y, uy, x, v, v3,vq and Us, ug, y, wa, ws, wy. See
Figure 11.

x Yy
o O
v A
U ’U3. As o U3 ®
Uizy A, U,
v® .'w4

Fig. 11: (G1,u1,u9, A’) is of type IV.

(a) For each i € {2,3,4} with |V (4;)| > 2, A; —v; has a path W/ from w; to a}, A; —w; has
a path V/ from v; to a}, and A; — a} has a path R; from v; to w;. (When |V (4;)] =1 let W/ =
V! = R, consist of only a;.) First, suppose W/ does not exist and, without loss of generality, let
i = 2. Then A, has a separation (A1, Agz) such that V(A N Agg) = {va}, wa € V(Agy) and
ah € V(Ag), and hence (U3 UUa U Agg U A3U Ay, Ay + A) shows that Theorem 2.1(ii7) holds
for (G1,u1,ug,A’), contradicting Lemma 6.2. So W/ does exist. Similarly, V; exists. Now
suppose R; does not exist. Then A; has a separation (A;1, A;2) such that V(A;; N A;2) = {a}},
v; € V(A;1) and w; € V(Ai2). Replacing the sides Uy, Us with Uy U A1, Us U Ajo, and replacing
the middle part A; with {a}}, we get a contradiction to the maximality of U; U Us.

(b) There exists a permutation ijk of {2, 3,4} such that (U; —y) — vy has three independent
paths Py, P, P3 from u; to z,v;,v;, respectively, and there is a permutation rst of {2,3,4}
such that Uy — wy has three independent paths @1, Q2, @3 from us to y,w., ws, respectively.
For, otherwise, suppose by symmetry that Pj, Py, P3 do not exist. By Lemma 5.1(), N(u;) =
{v9,v3,v4}, contradicting (5) (that x € N(uy)).

(¢) IN(u1)] = 3 = |N(u2)| and, for any choice of P;, P>, P; in (b) and any choice of
Q1,Q2,Q3 in (b), we have N(u1) N {vy,vs} # 0 and N(uz) N {w;,w;} # 0, where ijk and rst
are permutations of {1,2,3} in (b). By symmetry we only prove the claim for us. If t # j for
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every choice of Q1,Q2, Q3 above, then U —w; does not have three independent paths from uy
to y, w;, wy, respectively; so by Lemma 5.1(4), |N(u2)| = 3 and w; € N(ug). Similarly, if ¢ # i
for every choice of Q1,Q2,Q3 above, then we have |N(u2)| = 3 and w; € N(ugz). In either
case, (c) holds for uy. Thus assume that we may choose Q1, @2, Q3 so that ¢ = i and we may
choose Q1,Q2, Q3 so that ¢t = j. Suppose aj,a; € A, [V(A;)| = 1 or N(a}) N V(Ga) = 0, and
[V(Aj)| = 1 or N(aj) NV(G2) = 0. If wy ¢ A then (G/ywy,u1,uz,A) is an obstruction of
type I, with sides Uy — y, Uz /ywy and middle parts A;, Aj, ((Ax U G2) + zy — {a;, a}}) /ywy,
contradicting Lemma 5.3. So wy € A. Then V(A;) = {wy} by the maximality of U; U
Us; so (G,uq,u9,A) is an obstruction of type IV with sides U; — y,Us and middle parts
Ay, Az, Ay, Gy — {dhy, ab, a) } + xy, a contradiction.. Hence, by symmetry we may assume that
a, ¢ A, or a € A, |V(4;)] > 2 and N(a}) NV (Ga) # 0. Choose Q1,Q2, Q3 so that ¢t = j. Then
by Lemma 6.1, G — a} (when a} ¢ A) and G5 (when a] € A) has four disjoint paths from
{z,y,d},a;} to A. In either case these four paths and Py, %, Ps, Q1,Q2, @3, Ri, V], W} (see
(a)) form a topological H in G rooted at uj,us, A, a contradiction.

(d) There exists some ¢ € {2,3,4} such that v, € N(u1) and w;, € N(uz). By (c),
assume w; € N(uz). We may assume v; ¢ N(u1), as otherwise we may let £ = j. Then by
Lemma 5.1(7), (U1 —y) — v; has three independent paths from u; to z,v;, vy, respectively; so
by (c) again, N (uz) N{w;,w} # 0. Hence |N(ug) N {wsy, w3, ws}| > 2. By symmetry we could
also prove |N(uj) N{ve,vs,v4}| > 2. Hence, ¢ exists.

Without loss of generality, let v3 € N(u1) and w3 € N(ug). By (c¢) and Lemma 4.1,
N(u;)NA=10fori=1,2. So |[V(A3)| > 2 as N(u1) N N(uz) C A.

(e) There exists b € {2,4} such that v, € N(u;) and wy, € N(ug). Otherwise, by symmetry
and by (c), since |N(u;)| = 3 for ¢ = 1,2, we may assume vy ¢ N(uy) and wy ¢ N(usg).
Then by Lemma 5.1(i), (U; — y) — v2 has three independent paths Py, Py, P§ from u; to
x,v3, vy, respectively, and Uy —wy has three independent paths @, Q5, Q% from ug to y, w3, wa,
respectively. If af ¢ A then by Lemma 6.1(7), G2 — a4 has four disjoint paths from {z,y,a),a))}
to A; if a5 € A and N(a})NV(G2) # 0 then by Lemma 6.1(47), G2 has four disjoint paths from
{z,y,ab,a}} to A. In either case the four paths in Gy and P[, Pj, P§,Q},Q5, Q%, R, V|, W}
(see (a)) form a topological H in G rooted at ui,ug, A, a contradiction. So aj € A and
N(a%) NV (G2) = 0. Similarly, if U; — y has three independent paths from u; to x,ve,v4 then
ah € Aand N(ab)NV(G2) = 0. In this case, if wy ¢ A then (G/ywy, u1,us, A) is an obstruction
of type I with sides Uy — y, Us/yw4 and middle parts Ag, As, (Go U Ay — {ab, a5} + zy)/yws,
contradicting Lemma 5.3; and if wy € A then V(Ay) = {w4} by the maximality of U; U Uy,
which implies that (G, uq,ug, A) is an obstruction of type IV with sides Uy — y, Uy and middle
parts Ag, Ag, Ay, Go — {d}, af, a} } + zy, a contradiction. Thus U; — y has no three independent
paths from uy to z,vs,v4. So by Lemma 5.1(i7), N(v3) N V(U —y) € N([uq]). Similarly,
we conclude that N(ws) NV (Us) C Nug]. Hence, G[N[u1]], G[Nus]], A3, G — (As + {u1,usz})
(removing from last subgraph the possible edges with both ends in N(u;) or in N(ug)) show
that (G, u1,uz2, A) is an obstruction of type II, a contradiction.

Thus, we may assume that N(u;) = {z,ve,v3} and N(uz) = {y, ws, ws}. Since N (u;)NA =
§ for i = 1,2 (by Lemma 4.1), |V(A2)| > 2 and |V(43)| > 2 (as N(u1) N N(uz) C A).
Suppose for i = 2,3, a} € A and N(a}) NV (Gz) = 0. If wy ¢ A then (G/yws,u1,ug, A)
is an obstruction of type I with sides Uy — y, Us/yw4 and middle parts As, As, (G2 U Ay +
xy)/ywy, contradicting Lemma 5.3. So wy € A. Then V(As) = {w4} by the maximality of
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Uy UUy; so (G,uq,ug,A) is an obstruction of type IV with sides U; — y, Uy and middle parts
Ay, Az, Ay, Go—{dly, afy, a)y } +xy, a contradiction. Hence, by symmetry we may assume aj ¢ A,
or a5 € A and N(ay) NV (Gs) # 0.

Suppose (Uy — y) — {u1,z,v3} has a path Sy from vy to vy or Us — {ug,y,ws} has a path
Ty from wy to wy. By symmetry, assume we have Sa. By Lemma 6.1, Gy — aj (when af ¢ A)
or Go (when af € A and N(a}) NV (G32) # 0) has four disjoint paths from V(G N Ga) — {as}
to A. These paths and uqz, u1vs, So + {u1, u1va}, usy, usws, usws, Wa, R, V| (see (a)) form a
topological H in G rooted at uy,us, A, a contradiction.

So neither Sy nor T, exists. Then {z,v3} is a cut in Uy — y separating {uj,ve} from
(U1 —y)—{u1,ve,z,v3}, and {y, ws} is a cut in U, separating {ug, we} from Us —{ug, wa, y, ws}.
Hence, a}, ¢ A, or ay € A and N(a}) NV (G2) # 0; as otherwise, G[N[u1]], G[N[uz]], A2, (G2 —
ah) U (Uy — {ug,ve} — zv3) U (U — {ug, we } — yws) U A3 U Ay + xy show that (G, ui,ug, A) is an
obstruction of type II, a contradiction. Moreover, (U; —y) — {u1,x,v2} has a path S from vy
to vz or Us — {ug, y, we} has a path T3 from wy to ws; otherwise by (5), we see that (G[N[u1]]U
G[Nu2]]JUAUA3, GoUG[As+zy]U (U —{u1,ve,v3})U(Us—{ug, wa, w3})) is a a separation in
G showing that Theorem 2.1(iii) would hold for (G, u7,us2, A). By symmetry, assume we have
S3. Hence Uy — y has three independent paths S, 52, S5 from uq to x, ve, v4, respectively. By
Lemma 6.1, Go—al, (when af, ¢ A) or Go (when af, € A and N (a))NV (G2) # 0) has four disjoint
paths from V(G; N Gz) — {ab} to A. These paths and Si, Sa, S3, ugy, usws, ugws, Wi, R, V/
(see (a)) form a topological H in G rooted at up,ug, A, a contradiction. 1

Lemma 6.4. If (G,u1,u2, A) is a counterexample to Theorem 2.1 with |V (G)| minimum and
G has a separation (G1,Ge) satisfying (1)-(5) above, then (G1,u1,us, A’) is not an obstruction
of type L.

Proof. Suppose (G1,u1,us,A’) is an obstruction of type I with sides Uy, Uy and middle parts
Aq, Asg, Az. Let V(Al) = {y} (by Lemma 6.2), V(Ul N Ag) = {Ug}, V(Ul N Ag) = {?)3,1)4},
V(U N A;) = {w;} for i = 2,3, a’2 € V(Ag), ag,aﬁl € V(As) — {vs,vq,ws}, uy € V(Uy) —
{y,v2,v3,v4}, and ug € V(Usz) —{y, w2, w3}. We choose U; and A; so that Uy UU, is maximized.

By (5), z € V(U —y) and N(y) N (V(G1) — V(G2)) C Nlug] C V(Uz). We claim that
x ¢ {v9,v3,v4}; for, if © = vy then (G7 — V(Ag — {v2,ws}), Go U Ag) contradicts the choice of
(G1,G2) (see (4)), and if z € {vs,vs4} then (G; — V(As — {v3,v4,w3}), Go U A3) contradicts
the choice of (G1,G2) (see (4)).
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Fig. 12: (G1,u1,u9,A’) is of type L.

By Lemma 4.2, N (ug) = {y, w2, ws}. Asin the proof of Lemma 6.3, if | A3| > 2 then As—wv9
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has a path W} from wy to af, and Ay — a), has a path Rs from ws to ve (by the maximality of
Uy UUs). When |Az| =1, we let W) = Ry = As.

For any i € {3,4}, A3 — v7_; has two disjoint paths R;, Q; from {v;, w3} to {a%,a}}. Oth-
erwise, A3 has a separation (Asy, As2) such that [V(As; N Asg)| < 2, vr—; € V(431 N Asa),
{vi,ws} C V(As1), and {af,ay} C V(Asz). Then (Uy U Uz U Ag U Agy, A3z + {y, ah}) shows
that Theorem 2.1(¢4¢) holds for (G1,uy,us2, A’), contradicting Lemma 6.2.

Moreover, for any i € {3,4}, A3 — a%_; has two disjoint paths R}, Q) from {vs,v4} to
{ws, a}}. For otherwise A3 has a separation (Asi, Asz) such that |[V(Az N Asz2)| < 2, a_; €
V(Agl ﬁAgg), {?)3, U4} - V(Agl), and {’wg, CL;} - V(Agg). Then U; U A3 —i—ag, UQUAgQ, {y}, Ag,
{ag}, {aﬁl} (When a; S V(A31 ﬂAgg) or V(A31 N A32) = {a’7_2}) or U1 U A31, Us + (1/7_Z-, {y}, AQ,
{a%_.}, Ao —al_, (when a ¢ V(As1 N Asz) # {a’,_;}) show that (G1,u;,ug, A") is an obstruc-
tion of type IV, contradicting Lemma 6.3.

Clearly, vs,vs ¢ A. We note that vy ¢ A. For, otherwise, by the maximality of U; U Uy,
vy = wy € N(uz). So N(uz) N A # (). But [N(uz)| = 3, contradicting Lemma 4.1.

If for all ¢ € {3,4}, a; € A and N(a,)NV(G2) = 0, then (G/zva,u1,ug, A) is an obstruction
of type III with sides (U; — y)/xva, Uz and middle parts (Ay U (G — {af, a}}) + xy))/xva, As,
contradicting Lemma 5.5. Hence by symmetry, let a ¢ A, or a)y € A and N(ay) NV (G2) # 0.
Then by Lemma 6.1, Go — a)y (when a) ¢ A) or Gy (when aj € A) has four disjoint paths
51,59, 53,54 from V(Gl N GQ) — {aﬁl} to A.

If af, € A and N(d}) NV (G2) = 0 then (G/vzvs,u1,ug,A) is an obstruction of type II
with sides (U; — y)/vsvs, Uz and middle parts Ag, (As/vzvs) U (G2 — ab) + zy, contradicting
Lemma 5.4. Thus a, ¢ A, or al, € A and N(a%)NV(G2) # 0. So by Lemma 6.1, Go — a’, (when
ah ¢ A) or Go (when a), € A) has four disjoint paths T1,Ts, T3, Ty from V(G N Gy) — {ah} to
A.

By Lemma 5.1(7) and the fact uyz € E(G), there exists a permutation ijk of {2,3,4} such
that (U — y) — vy has three independent paths Pp, P>, P3 from u; to x,v;,vj, respectively.
If {i,j} = {3,4} then Py, P5, P3,usy, ugws, ugws, Ry, Q5, W4, 51,52, 53,54 form a topological
H in G rooted at uy,us, A, a contradiction. Thus by symmetry between vs and v4, assume
{i,j} = {2,3}. Then P1, P, P3,u2y, ugwa, ugws, R3, Q3, Re, 11,15, T3, Ty form a topological H
in G rooted at wuy,us, A, a contradiction. |

Lemma 6.5. If (G,u1,u2, A) is a counterexample to Theorem 2.1 with |V (G)| minimum and
G has a separation (G1,Ge) satisfying (1)-(5) above, then (G1,u1,us, A’) is not an obstruction
of type II.

Proof. Suppose (G, u1,u9,A) is a counterexample to Theorem 2.1 with |V (G)| minimum, and
(G1,u1,u2, A’) is an obstruction of type II with sides Uy, U and middle parts Aj, Ay. Let
V(A1) = {y} (by Lemma 6.2), V(U N Az) = {va,v3}, V(Uz N Az) = {wa, w3}, ah,a%,a) €
V(Ag) — {va,v3,we, w3}, uy € V(Uy) — {y,v2,v3}, and uy € V(Us) — {y,wa,ws}. By (5),
x € V(Ui—y) and N(y)N(V(G1)—V(G2)) C N[ug] C V(Us). Note that = ¢ {va, v3}; otherwise
the separation (U; —y, Us U As U G2) shows that Theorem 2.1(ii) would hold for (G, uq,usz, A).
By Lemma 4.2, V(U; — y) = {u1,v2,v3,2} and V(Usz) = {ua, wa, ws,y}. Moreover, N(u;) =
{v9,v3,x} and N (ug) = {ws, ws, y}, as otherwise Theorem 2.1(ii) would hold for (G, uy,uz, A).
See Figure 13(a).
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Fig. 13: (G1,u1,ug, A’) is of type IL

There exists some ¢ € {2,3,4} such that a, ¢ A or N(a;) NV (G2) # 0; for if this is not
the case then Uy —y, U, Ag, (G2 — {d}, af, a} }) + zy show that (G, u1,ug, A) is an obstruction
of type II, a contradiction. By symmetry, assume a) ¢ A or N(a}) NV (G2) # 0. Then by
Lemma 6.1, G2 — a)y (when a) ¢ A) or G5 (when a) € A) has four disjoint paths Sy, S2,S3, Sy
from V(G1 N Gy) — {a)}} to A.

Let Ay —a; = LUM U R such that [V(L N M)| <2, [V(RNM)| <2, V(LNR) C V(M),
{v2,v3} CV(L), {we, w3} C V(R), and {a),as} C V(M)—V(LUR). (Note that L = {ve, v3},
M = Ay — a)y and R = {wq, w3} satisfy this.) Choose L, M, R to minimize M.

Then |V(L N M)| = 2 and L has two disjoint paths from {ve,v3} to V(L N M), and
[V(RN M)| =2 and R has two disjoint paths from {ws,ws} to V(RN M). For, suppose this
is not true, and assume by symmetry that |V(L N M)| < 1 or L has no disjoint paths from
{va,v3} to V(LN M). If |[V(LNM)| <1let Ly = L and Ly = LN M, and if |[V(LNM)| =2
then G[L + a}] has a separation (Li, Lg) such that |V(Ly N Ly)| < 2, ay € V(L N Lag),
{vo,v3} CV(Ly),and V(LN M) C V(Lg). Now V(L; N Lg)U{x} is a cut in G separating uy
from A U {ug}, contradicting Lemma 4.2.

Let V(LN M) = {s1,s2} and V(RN M) = {t1,t2}. Note that {s1,s2} # {t1,t2}; as
otherwise, the separation (Gy — (M — {s1,s2}),G2 U G[M + da}j]) contradicts (4). Clearly,
G[L + {u1,z}] has three independent paths P;, P>, P3 from uy to x, s1, S, respectively, and
G[R + {u2,y}] has three independent paths @1, Q2, Q3 from wus to y,t1,ts, respectively. If
M has three disjoint paths, with one from {si,s2} to {t1,t2}, one from {s1,s2} to {a},a%},
and another from {¢;,t2} to {a), a5}, then these paths and Py, Ps, P3, Q1,Q2,Qs3, S1, 52, 53,54
would form a topological H in G rooted at ui,us, A. So such paths in M do not exist.

We claim that {s1,s2} N {t1,t2} = 0. Suppose otherwise and, without loss of generality,
let s; = t;. Then so # to, and M — s; does not contain disjoint paths from {so,ts2} to
{ah,as}. Hence M has a separaion (M, M) such that |V (M N Ms)| <2, s1 € V(M N M,),
{Sg,tg} - V(Ml), and {CL/Z,CL%} - V(Mg) Now (Gl - (M2 - V(Ml N MQ)),GQ U G[MQ + aﬁl])
is a separation in G contradicting (4).

By Lemma 3.3 (with M, s1, s2,t1,t2, a5, a4 as G, vy, v, w1, we,ai, az, respectively), M has
a separation (M, Ms) such that one of (i) — (v) of Lemma 3.3 holds (with M;, i =1,2, as G;
in Lemma 3.3).

If Lemma 3.3(i4) holds, then the separation (Gi[Ma U L U R + {al,u1,us,z,y}], M; +
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{a,y}) shows that Theorem 2.1(iéi) holds for (Gq,u1,us2, A’), contradicting Lemma 6.2. If
Lemma 3.3(#4i) holds, then G1[LUM; + (A'U{uy,z})], G1[RUMs_; + (A" U{u2,y})], {y}, {a}},
{a5},{a}} show that (G1,ui,us, A’) is an obstruction of type IV, contradicting Lemma 6.3.
If Lemma 3.3(iv) holds, then G [L + {alj, u1,x,y}], G1[R+ {a, ue,y}],{y}, {a}}, M1, My show
that (G1,u1,ug, A’) is an obstruction of type IV, contradicting Lemma 6.3. If Lemma 3.3(v)
holds, then by symmetry assume that {si, sg,t1,a5,a5} € V(My); now Gi[L + {alj,u1,z,y}],
G[R U My + {a}, u2,y}], {y}. {a}}, My show that (Gi,ui,uz, A’) is an obstruction of type I,
contradicting Lemma 6.4.

So Lemma 3.3(i) holds, and assume by symmetry that {si,ss,ab,a5} C V(M;) and
{t1,t2} C V(M3). Note that |V (M; N Mz)| = 2 and My has disjoint paths 71, T from {t1,t2}
to V(M N My); otherwise, |V (M; N Ms)| < 1 (in this case let S := V(M N Ms)), or My has
a cut S, |S| < 1, separating V(M; N Ma) from {t1,t2}, and hence, S U {a},y} is a cut in G
separating ug from AU {u;}, contradicting Lemma 4.2.

Hence by the minimality of M, we may assume by symmetry that V(M N M) = {a}, z}.
Then z # af, as otherwise G1[LU M + {a}, u1, x,y}], G1[RU My + {aly, us,y}],{y}, {ab}, {a5},
{a}} show that (G1,u1,uz2, A") is an obstruction of type IV, contradicting Lemma 6.3.

If M, —aly contains disjoint paths from {s1, s2} to {aj, z} then these paths and Py, P, P3, Q1,
Q2,Q3,11,15,51,52,53,54 form a topological H in G rooted at ui,us, A, a contradiction. So
such paths do not exist in My — a,. Then M has a separation (Mjq, Mi2) such that a), €
V(MllﬂMlg), ‘V(MllﬁMlg)‘ <2, {81782} - V(Mll), and {ag,z} - V(Mlg). If ag Qé V(Mllﬂ
M) then G1[LU My +{a}, ui,z,y}], G1[RUMa+{a}, uz,y}], {y}, {as},{al}, M12 — a’, show
that (G1,u1,uz2, A’) is an obstruction of type IV, contradicting Lemma 6.3. So aj € V(M1 N
Miz). Then G1[L U My +{d}, ur, z,y}], Gi[RU My U Mia + {aj, uz, y}], {y}, {a5}, {a5}, {a}}
show that (G1,u1,ug, A’) is an obstruction of type IV, contradicting Lemma 6.3. |

7 Conclusion

We complete the proof of Theorem 2.1. Suppose that the assertion of Theorem 2.1 fails, and
let (G, uq,us, A) be a counterexample with |V (G)| minimum.

Then |N(u;)| > 3 (otherwise (i7) would hold for (G, u1,u2, A)). Also G has no separation
(G1,G9) such that |V(Gy N Go)| < 4, {uj,ue} C V(Gy) — V(G2), and A C V(Gs); for
otherwise (iii) would hold for (G,u1,ug, A). Thus A is independent in G. Moreover, for any
vertex u ¢ AU{uy,uz}, the graph G', obtained from G —u by duplicating u; with «} (i = 1,2),
contains four disjoint paths from {uj,u],ug,ub} to A. Now these paths give rise to four
independent paths Py, Py, P3, Py in G — u from {uj,us} to A, with two from each u;. We now
prove properties (a) — (e) and use them to prove that G has a separation (G, G2) satisfies (1)
— (5) in Section 6.

(a) ujug ¢ E(G), and N(u1) N N(ug) C A.
For, if wjus € E(G) then Pi, Py, P3, Py and ujus would form a topological H in G rooted at

uy,uz, A; and if there exists u € (N(u1) N N(uz)) — A then Pj, Py, P3, Py and ujuue would
form a topological H in G rooted at uy, us, A.
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If G — A —{uy,us} = 0 then we see that N(u;) C A. So by Lemma 4.1, N(u;) = A
for i = 1,2. Hence G[A + u1], G[A + ug],{a1},{a2}, {as},{as} show that (G,ui,u2, A) is an
obstruction of type IV, a contradiction. Thus G — A — {uy,us} # (. In fact,

(b) E(G —A- {’LLl,’LLQ}) ?é @

Otherwise, by (a), for any =z € V(G) — A — {u1,u2}, N(z) € AU {w;} for some i € {1,2}.
Thus G has a separation (Uy,Us) such that V(U NUs) = A, uy; € V(Ur) — V(Uz), and ug €
V(Uy) — V(Uy). Now Uy,Us,{a1},{as},{as},{as} show that (G, uq,us, A) is an obstruction
of type IV, a contradiction.

(¢) There exists xy € E(G — A — {uy,us}) such that {z,y} € N(u;) for any i € {1,2}.

Suppose for any zy € E(G — A — {u1,u2}) we have {z,y} C N(u;) for some ¢ € {1,2}. Then
by (a), for any v € N(u;) — A, N(v) € Nu;] UA. Thus, G has a separation (Uy, Us) such that
V(UlﬂUg) =AU = G[N[ul]UA], and Uy = G—V(Gl—A). Now Uy, Us, {al}, {CLQ}, {ag}, {CL4}
show that (G, uq,ug, A) is an obstruction of type IV, a contradiction.

Since |V (G/zy)| < |[V(G)|, one of (i) — (iv) of Theorem 2.1 holds for (G/xy, u1,us, A). Let
v denote the vertex resulting from the contraction of xy.

(d) For any xy satisfying (c), (¢i7) holds for (G/zy,uq,us, A).

By Lemmas 5.2, 5.3, 5.4 and 5.5, (iv) does not hold for (G/xy,u1,u2, A). If (i) holds for
(G/zy,uy,us, A) then let K be a topological H in G/xy rooted at wuj,us, A; now K (when
v ¢ K) or the graph obtained from K by uncontracting v back to zy (when v € K) gives
a topological H in G rooted at wuj,us, A, a contradiction. Now suppose that (ii) holds for
(G/zy,u1,uz,A), and let (G}, GY%) denote a separation in G/xy such that |V (G] NGY)| < 2,
up € V(GY) —V(Gy) and AU {ug} C V(GY). Then |[V(G] NGL)| =2 and v € V(G N GY);
for otherwise (ii) would hold for (G, uq,us, A). Hence G has a separation (Gp,G2) such that
[V(G1NGy)| =3, z,y € V(G1 NGy), up € V(G1) — V(Gsy), and AU {us} C Go. Since
IN(uq)| > 3 and {z,y} € N(u1), |V(G)| > 5, contradicting Lemma 4.2. Thus (ii¢) holds for
(G/zy,ui,uz, A).

By (d), for any zy satisfying (c), G/zy has a separation (G, G%) such that [V (G{NGY)| < 4,
{ur,us} C V(G})) — V(G,), and A C V(GS). Then v € V(G] N GY) and |[V(G) N GY)| = 4;
or else (iii) would hold for (G, uy,us, A). Hence, G has a separation (G1,G2) such that x,y €
V(G1 N Ge), V(G NGy)| = 5, {u,ue} € V(G1) — V(Gsz), and A C V(G2). Moreover,
N(z) N (V(G1) — V(G2)) # 0, and N(y) N (V(Gy) — V(G2)) # 0; for otherwise, (iii) would
hold for (G,ui,us,A). We choose xy (satisfying (c)) and (Gp,G2) so that Gp is minimal
(subject to xy € E(G1)). Now (G, uq,us, A) satisfies (1) — (4) in Section 6. We now show that
(G,u1,uz,A), xy and (G1,G2) also satisfies (5) in Section 6. First, we claim that

(€) z,y € N({ur,ug}) and (N(z) U N(y)) N (V(G1) = V(Gz)) © N[{u1,uz}].

Suppose (e) fails, and assume by symmetry that it fails for z. If x ¢ N({u1,us}) let z €
N(z)N(V(G1) =V (G2)); and if z € N({u1,us}) then N(z)N(V(G1) —V(G2)) € N[{uy,usz}],
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and let z € N(z) N (V(G1) — V(G2)) — N[{u1,u2}]. Then zz satisfies (c). By the argument
following (d), G has a separation (Hy, Hs) such that {x,z} C V(Hy N Hy), |V(Hy N Hy)| = 5,
{ul,u2} - V(Hl)—V(HQ) and A - V(HQ) Thus U, Uy € (V(Gl)—V(Gg))ﬁ(V(Hl)—V(Hg))
and A C V(G2 N Hy). In particular, |V (Gy N He)| > |[AU{z}| > 5. Thus |V(G1 N G2 N Hy) U
V(Hy N HyN G2)| > 5; as otherwise the separation (G7 U Hy, G2 N Hy) shows that (iii) would
hold for (G,ui,ug,A). Therefore, since |V(G1 N Ga)| + |V(Hy N Ha)| = 10, we see that
|V(G1 NGoyN Hl) U V(H1 NHyN G1)| < 5. In fact, |V(G1 NGoyN Hl) U V(H1 NHyN G1)| = 9;
otherwise, the separation (G1NHj, GoUH32) shows that (iii) would hold for (G, u1, ug, A). Thus
|[V(G1NG2NHy)UV (H1NHyNG3)| = 5. By the choice of (G1,G2) (i.e., the minimality of G1),
the separation (G1 N Hy, G U Hy) implies that V(G1NHy)—V (Hy) =0 (so V(G1NGeNHy) =
V(G1 NGaoNH N Hg)) Now since z ¢ V(Gg), |V(G1 NGy N HQ) U V(H1 N Hy N G2)| =
|[V(H1 N HyNGo)| <|V(Hy N Hy) —{z}| =4, a contradiction.

By (a), (c) and (e), there exists a permutation ¢j of {1, 2} such that zu;,yu; € E(G). We
now show that N (z)N(V(G1)—-V(G2)) € Nlu;] and N(y)N(V(G1)—-V(G2)) € N[u;]. Suppose
this is false and, by symmetry, assume that N(z)N(V(G1) —V(G2)) € Nlu;]. Then by (a) and
(e) there exists z € V(G1) — V(G3) — {u1,us} such that zz € E(G) and zu; ¢ E(G). By (a)
again, zz satisfies (c); so by (e), zu; € E(G). Let G} be obtained from G; by duplicating wuy,
with uy, k = 1,2. If Gf —{z, 2} has four disjoint paths from {u, v}, u2, us} to V(GiNGa)—{z},
then these paths, u;zzu; and four disjoint paths in G — = from V(G N Ga) — {z} to A
(Lemma 6.1(4)) give a topological H in G rooted at uj,us, A, a contradiction. Thus, G has a
separation (Gn, Glg) such that |V(G11 ﬂG12)| <5, {l‘, Z} - V(GH ﬂGlg), {ul,U2} - V(Gn),
and V(G1 N Gy) — {z} C V(G12). Now the separation (G11,G12 U G2) contradicts the choice
of (G1,G2) (the minimality of Gy).

Thus, (G,u1,ug, A) also satisfies (5) in Section 6. Hence, we get a final contradiction by
invoking Lemmas 6.2 — 6.5, completing the proof of Theorem 2.1.
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