Forbidden subgraphs and 3-colorings
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Abstract

A graph G is said to satisfy the Vizing bound if x(G) < w(G) + 1, where x(G) and
w(G) denote the chromatic number and clique number of G, respectively. The class of
graphs satisfying the Vizing bound is clearly x-bounded in the sense of Gyarfas. It has
been conjectured that if G is triangle-free and fork-free, where the fork is obtained from
K 4 by subdividing two edges, then G satisfies the Vizing bound. We show that this is
true if, in addition, G is also Cs-free.

AMS Subject Classification: 05C15, 05C75

1 Introduction

A class of graphs is said to be x-bounded, with binding function f, if for every graph G in
this class, x(G) < f(w(G)), where x(G) and w(G) denote the chromatic number and clique
number of G, respectively. This terminology was introduced by Gyérfés [5]; see [12] for more
contents and references. Note that the class of all graphs that are xy-bounded with binding
function f(z) = x contains the famous class of perfect graphs, and perfect graphs have been
well characterized, see [2].
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Let H be a family of graphs. A graph G is said to be H-free if no induced subgraph of G
is isomorphic to a graph in H. If H = {H } then we use H-free instead of H-free. Gyarfas [4]
and Sumner [13] independently conjectured that if F' is a forest then the class of F-free graphs
is x-bounded. While this conjecture remains open, Kierstead and Penrice [9] proved it when
F is a tree of radius two (extending the techniques of Gyarfas, Szemerédi and Tuza [6] for
triangle-free graphs), and more recently Kierstead and Zhu [10] proved it for certain radius
three trees.

Here we are interested in the question raised in [12] that for which trees T, T-free graphs
are x-bounded with binding function f(x) = x + 17 This is related to Vizing’s theorem on
chromatic index x'(G). Let G be a graph and let L(G) denote the line graph of G. It is easy
to see that x'(G) = x(L(G)) and A(G)) = w(L(G)) (except when G = K3). Thus Vizing’s
edge coloring theorem implies that x(L(G)) < w(L(G)) + 1. Hence, we say that a graph G
satisfies the Vizing bound if x(G) < w(G) + 1. So line graphs satisfy the Vizing bound, or
equivalently line graphs form a x-bounded class with binding function f(x) =z + 1.

Beineke [1] showed that a graph is the line graph of some graph iff it does not contain any
of a list of nine small graphs as an induced subgraph. The graphs K3 and K5 — e are two
members of Beineke’s list. Kierstead [8] showed that if a graph G contains neither K 3 nor
K5 —e as an induced subgraph then G satisfies the Vizing bound. Thus, using the terminology
of Randerath [11], (K5 — e, K} 3) is a Vizing pair. A pair (A, B) of connected graphs is said
to be a good Vizing pair if every {A, B}-free graph satisfies the Vizing bound, and neither
“A-free” nor “B-free” is redundant. A good Vizing pair (A, B) is saturated, if for every good
Vizing pair (4’, B") with A C A" and B C B’ we have A = A" and B = B’; see [11].

Randerath [11] studied the first nontrivial case for good Vizing pairs: Determine all pairs
(A, B) of connected graphs such that {A, B}-free graphs are 3-colorable. Obviously, K4 Z G.
Thus, let B be an induced subgraph of K4, and there are two nontrivial cases: B & Ky
and B = K3. Now A must be a forest if (A, B) is a good pair, by the result of Erdds and
Hajnal [3] that for any positive integers k, ¢ there exist graphs G with x(G) > k and girth
larger than ¢. Randerath proved that (K4, Py) is a good Vizing pair which is saturated. Thus,
it remains to deal with triangle-free graphs which are 3-colorable. Randerath (see [12]) proved
that (K3, H), (K3, F), and (K3, cross) are also good Vizing pairs, where H is the connected
graph with two vertices of degree 3 and four vertices of degree 1, E is the graph obtained from
K, 3 by subdividing two edges (each exactly once), and a cross is the graph obtained from
K 4 by subdividing one edge (exactly once).

A fork is the graph obtained from K4 by subdividing two edges (each exactly once).
The fork with vertex set {u,ui,ug,v1,v2,v3,v4} and edge set {uui,uwug, uvy, vive, uvs, v3vV4}
is denoted as (uu1, uug, uvive, uvsvy). To obtain a complete characterization of all saturated
pairs (K33, A), it remains to settle the case (K3, fork) and Randerath [11] (also see [12]) made
the following

Conjecture 1.1. Let G be a triangle-free and fork-free graph. Then x(G) < w(G) +1 < 3.

The main result of this paper is that Conjecture 1.1 holds for graphs with odd girth
0g(G) > 17, i.e., the length of a shortest odd cycle is at least 7.

Theorem 1.2. Let G be a graph such that G is fork-free and og(G) > 7. Then x(G) < 3.



We first prove Theorem 1.2 for a special class of graphs G in which there exists a shortest
odd cycle C such that all vertices of G are within distance two from C. This is done in Section
2. The remainder of this paper is then devoted to the arguments showing that a minimum
counterexample to Theorem 1.2 must belong to this special class; hence, a contradiction. Below
we give an outline of these arguments. Let G be a counterexample to Theorem 1.2 with |V (G)|
minimum. Then G is fork-free, og(G) > 7, and x(G) > 4.

In Section 3, we show that certain configurations (or subgraphs) are reducible, i.e., if G
contains such a configuration then we can get a smaller fork-free graph H with og(H) > 7
such that x(H) < 3 would imply x(G) < 3.

In Section 4, we show that G has a shortest odd cycle C' with some vertex of degree at
least 4 in GG, and show that any 4-cycle in G contains more than one vertex of degree at least
4 in G. Both results facilitate the use of “fork-freeness” in Sections 5 and 6, where we show
that G has a shortest odd cycle C' satisfying certain properties.

In Section 7, we determine the structure of G: G has two subgraphs H and K, such that
G = H UK, K contains a shortest odd cycle C' of G, all vertices of K are within distance
two of C, S := H N K is contained in V(C') and consists of vertices of degree 3 in G. By
the minimality of G, H has a 3-coloring which induces a 3-coloring on S. In Section 2, we
show that the 3-coloring on S can be extended to K, which means that G is 3-colorable, a
contradiction.

For a more detailed overview of the proof of Theorem 1.2 we refer the interested reader to
take a glance at Section 7 after reading the notation given in the next paragraph.

We end this section with some notation. Let G be a graph. For any S C V(G), we use G/S
to denote the graph obtained from G by identifying S to a single vertex. Let z,y € V(G);
if = is adjacent to y we write z ~ y, and otherwise we write x = y. For xz € V(G), let
Ng(z) = {y € V(GQ) : y ~ z} and let dg(x) = |Ng(z)|. For any positive integer k, let
Vi(G) = {v € V(G) : d(v) = k}. If G is understood, we drop the reference to G. Let
S C V(G) U E(G); then G — S denotes the graph obtained from G by deleting S as well as
all edges of G incident with S N V(G). If S = {s} then we simply write G — s for G — S. For
any H C G, let G— H =G —V(H), let G[H] denote the subgraph of G induced by H, and
let N;(H) denote the set of vertices of G of distance i from H. We use vy ...v;v; to represent
the cycle Cj with vertex set {v; : 1 < i < k} and edge set {vivit1:1<i<k—1}U{vpv}.

2 Weakly dominating cycle

Let G be a fork-free graph with og(G) > 7, and let C' = v;...v4v1 be a shortest odd cycle
in G. Suppose V(G) = V(C) U N1(C) U No(C) (in this case, C' is called a weakly dominating
cycle in G). Moreover, assume that for any u € Na(C') there exist 1 < i < g and two paths
uuivi—1 and wuivi41 (and u is said to be associated with v;). All operations in the subscript
are modulo g. We derive properties (1)—(6) below about the structure of G.

(1) If u € No(C) is associated with v; and if w € N(u) N N1(C), then N(w) NV (C) C
{vi—3,vi—1,vit1, Vit 3}
Let wuivi—1,uu1vi41 be paths, and suppose there exist w € N(u) N Ni(C) and v; €



N(w) \ {vi—3,vi—1, Vi+1,vit+3}. Then since og(G) > 7 and C is a shortest cycle in G, w # u;
and w ~ {vj_2,v;,Vi12}. Then either wuu1vi41vi42 ... Vj_1V;W OF WUUIV;—1Vi—2 . .. Vj41V;W IS
an odd cycle shorter than C', a contradiction.

(2) If uw € No(C) is associated with v; and v; and v; # vj, then v; € {v;—2,vi12}.
For, suppose u is associated with v; and v;, and let uuv;—1, vu1vi41, vw1vj_1, and vwivj41
be paths. By (1), vj—1,vj41 € {vi-3,vi—1,Vit1,vi43}; 50 vj € {vi_2,viy2}.

(3) No v; can be associated with two distinct vertices in Na(C').

Suppose u,w € Nao(C) such that u # w and u,w are associated with v;. Let uujv;_q,
UUIV4+1, WW1V;—1, and wwiv;+1 be paths in G. Then u; ~ w to avoid the fork (uju,ujw,
UIVi—1Vj—2, UIVi+1Vi+2). Similarly, w; ~ u. Hence, u; # w;. Now it is easy to see that
(Vi+10i, Vi41Vit2, Vip1Ui1 U, Vip1wiw) is a fork in G, a contradiction.

(4) Let u,w € N»(C) be associated with v;,v;, respectively, and v # w. Then v; ¢
{vi—2,vi, vi42}, and if u ~ w then v; € {v;—3,vi—1, Vit1, Vigs}.

Let wuivi—1, uu1viy1, wwivj—1, wwivj41 be paths in G. By (3), vj # v;, u1 »~ w and
wy » u. If v; € {vi—2,viy2} then by symmetry let v; = v;12; now u; # w; by the min-
imality of C, and hence (vi11v;, Vi+1Vi+2, Vit1uiu, vipiwiw) is a fork, a contradiction. So
vj & {viy2,vi—2}. Suppose u ~ w and v; ¢ {v;—3,vi—1,Vit1,Vi+3}, and without loss of gen-
erality, assume 1 < ¢ < j < g. Then either uujv;—1vi—2...vj42vj41wwu (when j — i is
odd) or uu1vi41Viy2 ... vj—2vj—1wiwu (when j — i is even) is an odd cycle shorter than C, a
contradiction.

(5) Each component of G[N2(C)] is a path, and if zyzexs3 ... 24, t > 3, is a component of
G[N2(C)], then t < 4 and (by relabeling x1xs . .. 2 if necessary) we may assume that for some
1 <i < g, x1,z2 are associated with v;, v;41, respectively, x3 is associated with v;14, and if
t = 4 then x4 is associated with v;;s.

First, let 12923 be an arbitrary path in G[N2(C')], and assume that x1, 9, 23 are associated
with v;, v;, v, respectively. By (4) and by symmetry, we may assume v; € {v;41,v;4+3}. Then
by (4) and (3), vy € {vj+1,vj43}, and if v; = vy then vy = vjys. If v; = viys then
v = vj41; for if vy, = v;ji3 then letting x1u1v;—1, x3wivE41 be two paths in G, we see that
TQUIV—1V5—2 - . - Vg2V 1 W1 232221 is an odd cycle shorter than C') a contradiction. So by
symmetry, we may assume v; = v;11 and vy = vj43 = Vj+4. By (3) and (4), 2 has degree 2 in
G[N2(C))].

Therefore, A(G[N2(C)]) < 2. Hence each component of G[Na(C)] is a path or a cycle.
Thus, if all components of G[N3(C)] have at most three vertices, (5) holds. So let D =
x1x2x3 ... T be a path in G[No(C)], with ¢ > 4.

Suppose there exists ¢ such that xo,x3 are associated with v;, v;41, respectively. Then by
applying the above conclusion on xyxez3 to x1x2x3 and xexszy, x1,x4 are associated with
Vi—3, Vi+4, respectively. Let xiuv;—4 and z4wv;+5 be two paths in G. Then 1292324 WV;+5Vi+6
... Vi_5V;_4ux is an odd cycle shorter than C, a contradiction.

Thus, by the above conclusion for zjzsx3, we may assume that z1,xo are associated with
v1, V2, respectively. Then by (3) and (4) and by applying the above conclusion for xjzoxs
to xowsxy, X3, x4 are associated with vs, vg, respectively. If ¢ = 4 and z124 € E(G) then let



z1uvg and x4wvy be two paths in G; now x1z4wv7vy ... veuxy is an odd cycle shorter than C,
a contradiction. If ¢ > 5 then by applying the above conclusion for xiz9x3 to xgr4zs, T5 is
associated with vg. Let x1uvy and zswvig be two paths in G. Now x122232425w010011 - - . Vguy
is an odd cycle shorter than C, a contradiction. So ¢ = 4 and x; ~ z4. Hence (5) holds.

Our objective is to produce a 3-coloring of GG, with certain vertices of C precolored. For
this, we divide the neighbors of each v; not on C into several groups. Let

Xi1:={veN()\V(C): Nv)ynV(C) ={v;} and N(v) N N({vi_3,vi+3}) = 0},
X = (N(vi) N N(vi42)) \ V(O),

Xi,2 = (N(v;) N N(vi—2)) \ V(C),

Xig = X5 UX5,

Xy ={v e N(w) \V(C) : N(v) N (N(vi+3) \ V(C)) # 0},
Xig={veNW)\V(C): N(v) N (N(vi-3) \ V(C)) # 0},

Xiz = X3 UX3

Let X; := U?:l Xij,J=1,2,3. By definition, X7 N (X2 U X3) = 0.

(6) For 1 <1 < g, N(’UZ)\V(C) = le UX22UX13, ’X21| <1, and X ﬂXik = () for
j k€ {2,3).

Let v € N(v;) \ V(C) such that v ¢ X; 1. If N(v) N N({vi—3,vi+3}) # 0 then by definition,
v € X;3. So assume N(v) N N({vi—3,vi43}) = 0. Then N(v) N V(C) # {v;} as v ¢ X;1. By
the minimality of C', N(v) N {vi—2,vit2} # 0; so v € X; 5. Thus, N(v;) = X;1 UX;2 U X; 3.

If |X;1] > 2 and z,y € X;; are distinct, then (v;z, vy, vivi—1vi—2, Vivi+10i42) is a fork,
a contradiction; so |X; 1| < 1. Finally, it is easy to check, using the minimality of C, that
XJr NX;, =0for1<i<gand j ke {23} This proves (6).

Lemma 2.1. Let G be a fork-free graph with og(G) > 7, and let C = vy ...v4v1 be a shortest
odd cycle in G such that V(G) = V(C)UN1(C)UNy(C) and each vertex in No(C') is associated
with some v;. Let S := Vo(G) NV (C) such that

(7) if some vertex in N(v;) is adjacent to two vertices in No(C'), one associated with one of
{vi—3,vi_1} and the other associated with one of {viy3,viy1}, then vi_1,vi41 ¢ S,

(1) if Xiq1 # 0 and vj € {vi_1,vi41} NS then vj is not associated with any vertex in No(C'),

(1i) if v; is associated with some vertex in No(C') which is adjacent to some vertex in X;y1,1U
X i1 2UXZ-++173 (respectively, X;—11UX,_4 2UX 3) thenv; ¢ S orviys ¢ S (respectively,
Vi—3 ¢ S)

Then any 3-coloring of G[S| can be extended to a 3-coloring of G.

Proof. Let cg : S — {1,2,3} be a 3-coloring of G[S]. We now extend cg to a 3-coloring ¢ of G
in four steps: color C first, then X5 U X3, then X, and finally Ny(C).



Step 1. If S # () we simply extend cg to a 3-coloring ¢ of C' so that each component of
C — S is 2-colored. If S = () then, since |C| is odd and by (3), (4) and (5), there exists some v;
such that v;_1,v;41 are not associated with any vertex in No(C'). Without loss of generality,
assume that vg, v, are not associated with any vertex in N(C). Let ¢ be the 3-coloring of C
such that c¢(vy) = 3 and, for 2 <i < g, ¢(v;) = 1if i is even, and c(v;) = 2 if ¢ is odd.

Step 2. We extend c¢ to a 3-coloring of G[V (C')U XU X3] as follows: for each v € X:QUX;E,),
let ¢(v) = c(vit1); and for each v € X; 5 U X3, let c(v) = c(vi-1).

By (6), we have X;r] NX, =0 for J, k € {2,3}; so c is well defined. We now prove that ¢
is a 3-coloring of G[V(C) U X2 U X3].

First, we show that for any v € Xy U X3, if v ~ v; for some 1 < i < g then ¢(v) # c(v;).
Assume v € X9. Then v € XJr for some 1 < j < g. So by the minimality of C', N(v)NV(C) =
{vj,vj42} and i € {j, ]—|-2} Hence c(v) = ¢(vj41) # c(v;). Now assume v ¢ Xo. By symmetry
we may assume v € X] 3 and ¢ = j. Then c(v) = c(vj41) # c(v;).

Next, we show that c(v) # c¢(w) for any v,w € Xo U X3 with vw € E(G). First, assume
v,w € Xo, and let v ~ vy, v ~ Vig2, w ~v; and w ~ vjyp such that 1 <7 < j <j+2<g.
Since 0g(G) > 7, {vi, viy2} N {vj,vj42} = 0. If vj = vi11 then c(v) = c(vit1) # c(vit2) = c(w).
Hence, assume v; ¢ {v;,vit1,vi42}. Then vvjpoviys...vj_qvjwv (when j — i is even) or
VU1 . .. Vj43Vj42wv (when j — i is odd) is an odd cycle shorter than C, a contradiction.

Thus by symmetry, let w € X;fg with w' € N(w) N N(vj43). If v ~vji3 thenv € X 54

(since v ~ w); so ¢(v) = c(vj42) # c(vj+1) = c(w); and if v ~ vj41 then ¢(v) # c(vj41) = c(wj.
So assume v » {vj41,vj+3}. Note that v ~ {vj,vj42} as 0g(G) > 7. Let v ~ v;; so v; ¢
{vj,vj41,vj42,vj43}. Since v € Xo U X3, we may further choose v; so that v; ¢ {v;_1,vj_2}.
By symmetry, let 1 < j +3 < i < g. Then either vwvjvj_1...vip1vv (when i — (j + 3) is
even) or vWwW' vj43vj44 ... vi—10;v (when ¢ — (j + 3) is odd) is an odd cycle shorter than C, a
contradiction.

Step 3. We further extend ¢ to a 3-coloring of G[V (C')UN;(C)] by coloring vertices in X;. A
band in G is a maximal sequence vswsVs41Wsy1 - - . vywyg such that w; € X; 1 fori = s,54+1,...,t,
and w; ~w;qq for i =s,s+1,...,t — 1. Let v;wsvs41Ws41 - . . vywy be a band.

Suppose S # 0. Let c(w;) = c¢(vi—1) (respectively, ¢(v;y1)) when w; is adjacent to some
vertex in No(C) that is associated with some v; € {v;_3,v;—1} (respectively, v; € {vit1,viq3});
and otherwise let c(w;) = c(vi—1) for i = s+ 1,...,t, c(ws) = c(vsy1) when t # s, and if
t = s then c(w;) = ¢(v) for some v € {v;_1,vi11} with v ¢ S whenever possible. Now ¢ is well
defined, as by (i) and by the coloring in Step 1, ¢(vi—1) = c(viy1) if one of {v;_1,v;—3} and
one of {v;11,v;+3} are associated with vertices in No(C').

If S = () then let ¢(w;) = 3ifi € {2,9}, c(w;) =1if i =1 and N(w;)N (X:H 2LJX,L'_%|r1 ) # 0,
c(w;) =21ifi=1and N(w;) N (X;_;,UX;_;3) # 0, and c(w;) = c(v;—1) for all other i. By
the minimality of C, N(w;) N (X" 19U XZJrl 3) =0 or N(w;) N (X; 1, UX;13)=0,s0cis
well defined. Note that with the p0881ble exceptions of wg, wy,ws, all colors c(w;) alternate
between 1 and 2.

We now show that ¢ is a proper coloring of G — Ny(C). By (6), if v; ~ w; € X; then
Xi1 ={w;} and c(v;) # c(w;) as c¢(w;) € {c(vi-1), c(vi+1)} by definition.

Note that if two vertices in X; are adjacent, they are in a band, say vswWsvsy1Wsiq - - - VeWs.



We prove c(w;) # c(wiq1). First, assume S = 0. If v; = vy then c¢(w;i+1) = 3 = c(v;) #
c(w;); and if v;41 = v; then c(w;) = 3 = ¢(vit+1) # c(wir1). So by symmetry assume v, ¢
{vi, viy1,vit2}. Then c(v;) = c(vit2), and hence c(w;t1) = ¢(v;) # c(w;). Now assume
S # 0. If c(wigy1) = c(vi) or e(v;) = c(vit2) then c(wiy1) # c(w;). So assume c(w;y1) =
c(viy2) # c(v;). Thus by the definition of ¢, w;11 is adjacent to some x € Ny(C) associated
with vj49 or vi44. If x is associated with v;19 then by (ii), vito € S; so c(vit2) = ¢(v;), a
contradiction. Thus, = is associated with v;y4, and let zuv;15 be a path in G. Similarly,
assume w; ~ y € No(C) which is associated with v;_3, and let yvv;_4 be a path in G. By
(3), vi—g # viysa. Thus zw;1w;YVV;_4V;—5 ... VireVirsux is an odd cycle shorter than C, a
contradiction.

Now let w € X9 U X3, w ~ w;, and w; contained in some band vswsvsyiWsyq - .. VpWs.
Then w = {v;_3,vi+3}, as otherwise w; € X3, a contradiction. Thus, w ~ {v;_1,v;41} by the
minimality of C' and by the fact that og(G) > 7. By symmetry, let w ~ v;y1. If ¢(w) = c(v;)
then c(w) # c¢(w;). So by the definition of ¢, assume c¢(w) = ¢(viy2) # c(v;). Thus w € Xiil,?»
(since w » v;4+3), and either viyo € S or S =0 and v € {v;, Vit1,viza}.

Suppose S # (. Then c(w;) € {c(vi—1),c(vit1)}. If c(w;) = e(vig1) or c(vi—1) = c(viy1)
then c(w;) # c(w). So assume c(w;) = ¢(vi—1) # ¢(viy1). Thus, v;_; € S. By (ii), v;—1 is not
associated with any vertex in No(C'). By the minimality of C, v;_3 is not associated with any
vertex in No(C') that is adjacent to w. So by the coloring in Steps 1 and 3, c¢(w;) = ¢(vit1), a
contradiction.

Now assume S = () and v1 € {v;, vi4+1,vi42}. By definition, if v; = v1 then c¢(w;) = 1 and
c(w) = c(vit2) = 2, if viy1 = v then c(w;) = 3 and ¢(w) = ¢(viy2) = 1, and if v;y92 = v then
c(w) = 3 and ¢(w;) = 2. Hence, c(w;) # c(w).

Step 4. We now extend ¢ to a 3-coloring of G by coloring vertices in No(C'). Let u €
Ny(C) be associated with v;. By the minimality of C', N(u) N (N(vit3) U X;_“H’g) =0 or
N(u) N (N(vi—3) UX;_y3) =0, if w € N(u) N N(vi+3) then w € Xiy31 U X 35U X 55, and
if we N(u) N N(vj—3) then w € X; 31U X;QB’2 U Xit373.

Case 1. S =10.

Let uw € Ny(C) be associated with v;, and w € N(u) N N1(C). By (1), N(w) NV (C) C
{vi—3,vi—1,Vit1,vir3}. By the choice of vy in Step 1, v1 & {vi—1,vit1}.

Suppose v; = v1. We prove |[¢(N(u) N N1(C))| < 2. By definition of ¢, if w ~ v;;3 then
c(w) € {c(viya),c(vita)} = {2}; if w ~ vi11 then c(w) = 3 (when w € X;) and c(w) €
{c(vi), c(vig2)} = {2,3} (when w € XU X3), if w ~ v;_3 then ¢(w) = 1, and if w ~ v;—; then
c(w) =3 (when w € X;) and c¢(w) € {1,3} (when w € X2 U X3). Therefore, if w € N(v;y3) U
Xi—:l,?’ then N(u) N (N (vi-3) U X; , 3) = 0, and hence, [c(N(u) N N1(C))| < 2. Similarly, if
w € N(vi—3) U X; ;3 then [¢(N(u) N N1(C))| < 2. So assume N(u) N (N (viy3) U X{:l’?) U
N(vi—3) UX; 3) = 0. Then c(w) = 3 for all w € N(u) N N1(C); so [e(N(u) N N1(C))| = 1.

Now assume that v; # v1 and, by symmetry, assume that 1 < i < g —¢. Then by definition
of ¢, if w ~ {vit1,vi+3} then c¢(w) = ¢(vir2) = ¢(v;). Similarly, if v;_9 # v1, then c(w) = c(v;)
when w ~ {v;_1,v;_3}. So when v;_o # v1, we have |¢(N(u) N N1(C))| = 1. Now assume
v;—9 = v1. Then c(w) = 3 when w € Xi—l,l U Xz'—3,1 U Xi_—1,2 U Xi_—1,3 U Xit3,2 U Xit373. So
le(N(u) N N1(C))| =1 or ¢(N(u) N N1(C)) C{2,3}.



Suppose |¢(N(u)NN1(C))| = 2 and there is x € No(C)\{u} such that |¢(N(z)NN1(C))| = 2.
We show that u,z cannot be contained in the same component of G[N2(C)]. By (4),  cannot
be associated with {v;_2,v;,vi12}; so by the argument in the previous paragraph and by
symmetry we may assume that v;_s = v1, and z is associated with v;_4. Then v;_1,v;_3 are
not associated with any of No(C). Suppose u and x are are contained in some component
x1...x4 of G[N2(C)]. Then by (5), u » x, x1 = v and z; = z. Since |V(C)| is odd, t = 4.
Thus, G[N2(C)] = z1zexsxs. Hence, ¢(N(u) N Ni(C)) = {2,3}, ¢(N(z) N N1 (C)) = {1,3},
¢(N(z2)NN1(C)) = {1}, and ¢(N(z3) NN (C)) = {2}. Clearly, the coloring ¢ can be extended
to G by letting c(z1) = ¢(x3) = 1 and c(x2) = c(x4) = 2.

Let Py,..., Py be the components of G[N2(C')]. Then each P; contains at most one vertex
u; such that |¢(N(u;) N N1(C))| > 1 (if no such vertex exists, let u; € V(P;) be arbitrary).
Let @; and R; be the subpaths of P; from u; to the two ends of P;, respectively. Now ¢ can
be extended to a 3-coloring of G by, for each ¢, coloring wu; first and then coloring @); and R;
greedily in the order from u; towards their ends.

Case 2. S # ().

Let z122...2¢ be a component of G[N2(C)], and assume that z; is associated with v;. Let
T1UIV;—1, T1U1V;41 be two paths in G.

Suppose 1 < j < t, and let z; be associated with vy. Then by (5), vg—2, Vk—1, Vk, Uk41, Vk+2 ¢
S; hence by the coloring of C' given in Step 1, c(vk—2) = c(vk) = c(vg+2). By (1), for
any w € N(zj) N Ni(C), N(w) N V(C) C {vk—3,Vk—1,Vk+1,Vk43}. By symmetry assume
w ~ {vgt1, Vkts}. If w ~ vppq then c(w) € {c(vg), vkya}; so c(w) = c(vg). If w ~ vy43 then by
the minimality of C, w € Xj131U X, 3, U X, 54580 c(w) = c(vg42) = c(vg) by the coloring
in Steps 2 and 3. Hence, |c(N(z;) N N1 (C))] = 1.

We now investigate ¢(N(x1) N N1 (C)). Let w € N(z1) N N1(C). Then as above, by (1) and
by the minimality of C' and symmetry, we may assume that w € X111 U X;112U X413 U
XZ'+3 1 U Xitl-3 o U Xzfi-?) 3

So by the definition of coloring in Steps 2 and 3, if w € X H_l X:_FH 3 then c(w) = c(vit2);
if we Xip11 UX 12U X3 then c(w) = c(v;); if w € Xjqp31 U Xii32 U X; 35 then
c(w) = ¢(viy2). Thus, since N(u) N (N (vi43) U Xi—:—l,?)) =0 or N(u)N (N(vi—3) U XZ__173) =10
(by minimality of C'), ¢(N(z1) N N1(C)) C {c(vi), c(vit2)}-

Therefore, if t = 1 then ¢ can be extended by assigning x; a color not in {c(v;), c(vit+2)}; if
c(v;) = ¢(vi42) then by (5), we can extend ¢ by greedily coloring x4, 41, ..., 21 in order. So
we may assume w ¢ Xii11, ¢(v;) # c(vig2) and t > 2. Then v; € S or vi42 € S. Hence,
cannot be associated with v;11 and, by the minimality of C', x5 is not associated with v;_3.

Suppose x5 is associated with v;_1. Since w € X, ir12Y Xiil,i% UXitg1UX 3oUX 55,1
follows from (5) and the minimality of C' that ¢t = 2 and N(x2) N N(vi—yg) = 0; so C(N(Q?Q) ﬂ
N1 (C)) = {c(vi—1)} (as e(vi—1) = c(vit1)). Thus, ¢ can extended to x1z2 by greedily coloring

x1 and then xs.

So assume that zy is associated with v;13. Then viyo ¢ S and v; € S. By (5), t = 2 or
t =3. If t =2 then v 13 ¢ S (otherwise w € XZ+1 4, contradicting (iii)); and if t = 3 then by
(5), w3 is associated with v;+4. By applying the above argument for x1 to xo, we may assume

that |c¢(N(z2) N N1(C)| = 1. So ¢ can be extended to xj ...x; by greedily coloring z1, ...,z



in order.

Therefore, ¢ can be extended to color each component of G[N2(C)], and hence to a 3-
coloring of G. 1

By setting S = V(C) N Va(G) and No(C) = 0 in Lemma 2.1, we have the following
Corollary 2.2. Let G be a fork-free graph with og(G) > 7, let C = vy ... vgv1 be a shortest odd

cycle in G such that V(G) =V (C) U N1(C), and let S =V (C) N Va(G). Then any 3-coloring
of G[S] can be extended to a 3-coloring of G.

3 Properties of a minimum counterexample

First, we state a generalization of Brooks’ Theorem due to Gallai [7].

Theorem 3.1 (Gallai). Let G be a k-vertex-critical graph and Low(G) denote the subgraph
of G induced by the vertices of degree k —1 in G. Then every 2-connected induced subgraph of
Low(G) is either a complete graph or an odd cycle of length at least 5.

Suppose the assertion of Theorem 1.2 fails. Then we may choose a graph G such that
(1) G is fork-free and og(G) > 7,
(2) x(G) >4, and
(3) subject (1) and (2), |V(G)| is minimum.

Lemma 3.2. G is 4-color critical, every 2-connected induced subgraph of G[V3] is either an odd
cycle of length at least 7 or a complete graph, and N(u) € N(v) for any distinct u,v € V(G).

Proof. By the minimality of G, x(G —v) < 3 for any v € V(G). But x(G) > 4, so G is 4-color
critical. Thus, the second part of the assertion follows from Theorem 3.1. For the third part,
let u,v € V(G) be distinct such that N(u) C N(v). Let ¢ be a 3-coloring of G — v. Assigning
c(v) to the vertex u, we extend ¢ to a 3-coloring of G, a contradiction. ]

We may view u,v € V(G) with N(u) C N(v) as forming a reducible configuration, which
does not exist in G by Lemma 3.2. The next two results exclude from G two more reducible
configurations.

Lemma 3.3. Let uy, vy, us,va € V(G) be distinct such that u; ~ v; and u; » vs_; fori=1,2,
and uy » uy and vy = ve. If N(uj) \ {v1} C N(ugz)\ {va} then N(vi)\ {u1} € N(v2) \ {uz}.

Proof. For, suppose N(u1) \ {vi} C N(uz) \ {v2} and N(v1) \ {u1} C N(v2) \ {uz2}. By the
minimality of G, G —{u1,v; } admits a 3-coloring, say c. Now ¢ can be extended to a 3-coloring
of G by assigning ¢(usz) to u; and c(v2) to vy. ]

Lemma 3.4. Let v,w € V(G) and N(w) = {v,wq,--- ,wi}, with k > 3, such that |[N(v) N
(N({wi, -+ ,wg}) \ {w})| < 1. Then there exists x € N(v) N (N({wi,--- ,wg}) \ {w}) such
that |N(z) N{wi, - ,wi}| =1, or there exists x € N({wy, - ,wi})\ N(v) such that |[N(x)N
{wl,--- ,wk}] <k-2.



Proof. Suppose for all x € N({wy,---,wi}) \ N(v), |[N(z) N {wy, - ,wx}| > k — 1, and
if there exists z € N(v) N (N({w1, - ,wg}) \ {w}) then |N(z) N {wy, - ,wi}| > 2. Let
N{{wy, - we}) \ {w} = {x1, - 25}, G = (G —w)/{wy, - ,wi}, and let = denote the
identification of w1, --- , wy.

We claim that og(G’) > 7. For suppose T" is a cycle in G’ with |V(T")| = 3 or 5. Then
x € V(T") as og(G) > 7. Without loss generality, assume zz1, zz9 € F(T"). By the assumption
above, there exists some i € {1,2}, such that |N(x;) N {w1, -+ ,wi}| >k —1 and |[N(xz3-;) N
{wi, -+ ,wi}| > 2. Hence, there exists some w; such that w; ~ x; and w; ~ x3. Now
T:= (T — z)+ {w;,w;z1,w;xs} is a cycle in G with |[V(T)| = |V(T”)|, a contradiction.

If G’ is also fork-free then by the choice of G, G’ has a 3-coloring which induces a 3-coloring
cof G—{w,wr,...,wg}. Setting c(w;) = ¢(x) for 1 < i < k and letting ¢(w) be a color not in
{c(v),c(x)}, ¢ is extended to a 3-coloring of G, a contradiction.

Thus, let F’ be a fork in G’. Then x € V(F') as G is fork-free. If dp/(x) = 1 then without
loss of generality let xzy € E(F') and wy ~ z1; now F := (F' — z) + {wi, w1z} is a fork in
G, a contradiction. If dp/(x) = 2 then let zx1, 229 € F', and as in the previous paragraph,
there exists some j such that w; ~ x1 and w; ~ xg; but then F := (F' —z) +{wj, wjzi, wjzs}
is a fork in G, a contradiction. So dp(r) = 4 and, without loss of generality, let F' =
(xx3, T4, TL1Y1, TT2Y2).

By symmetry between x1 and z2, assume x2 » v. By the above assumption there exists
w; € {wy,wa}, say wi, such that wy; ~ z1 and wy ~ 9. If 3 ~ wy then F := (F' —z) +
{wy,w, w11, w12, W13, 1w} would be a fork in G. So x3 ~ wy. Similarly, 4 = w. So
by the above assumption and without loss of generality, assume wo ~ x; for i = 2,3,4. If
v o {x3, 24} then F := (F' — {x,21,y1}) + {v, wa, w, waxe, woxs, woxs, wow, wv} would be a
fork in G. Thus, assume x4 ~ v. If there exists some w; such that w; ~ x; for i = 1,2,3
then F := (F' — z) + {w;, w,w;x1,w;x2, w;xs, w;w} would be a fork in G. So such w; does
not exist. Then by the above assumption again, we have w € Vy, x1 » wo, T3 ~ wo, T3 ~ W3,
Ty ~ Wi, 1 ~ w3, and Ty » ws.

Let y3 € N(z3) \ N(z4) and y4 € N(z4) \ N(w), which exist by Lemma 3.2. Then y3 ~
to avoid (wexg, wow, wokays, Wox3ys), Y3 ~ x1 to avoid (roys, Tays, Loway, Towixy), and yy ~
{1, 22} to avoid (x4y4, T4v, xgwexs, x4wsx1). Moreover, ys ~ x1 to avoid (z1y1, T1Y3, T1YaZ4,
riwiw). So yg ~ x2, and (r2y2, T2ys, Towiw, Toysry) is a fork in G, a contradiction. |

We need the following three lemmas concerning cycles in G[V3]. The first is a direct
consequence of Lemma 3.2.
Lemma 3.5. G[V3] contains no induced even cycles.
Lemma 3.6. Let C be an induced cycle in G[V3]. Then for any 3-coloring ¢ of G — C' and for
any z,y € N(C), c(z) = c(y).

Proof. Let ¢ be a 3-coloring of G—C, C' = vy - - - vguy, and {w;} = N(v;)\V(C) fori=1,--- ,g.
Suppose ¢(w;) # c(w;) for some 1 < i # j < g. Then there exists s € {1,---, g} such that
c(ws) # c(wsg1). Without loss of generality, let c(wy) # c(wz). Coloring va by c(w;) and
coloring v3, v4, - - ,vg,v1 greedily in order, we extend c to a 3-coloring of G, a contradiction. 1

Lemma 3.7. Let C = vivy - - - vg01 be a shortest odd cycle in G, and assume C C G[V3]. Then
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(1) (N) \V(C) N (N(v;) \V(C)) =0, for1<i#j<g;
(2) U (N(v;) \ V(C)) is independent;
(3) for1 <i<g, G—(C—{v;,vi+1}) has a path from v; to vi41 of length 6.

Proof. Suppose (1) fails. Then, since |V(C)| = 0g(G) > 7, we may assume without loss
of generality that v € (N(v1) \ V(C)) N (N(v3) \ V(C)). By Lemma 3.5, v ¢ V5. So let
v, v" € N(v)\{vi,v3}. Then v',v” ¢ V(C) by the minimality of C. Hence, {v/,v"} ~ {v4,v4}
to avoid (vv/,vv”, vuzvs, vu1v,). By symmetry, assume v’ ~ v,. By the choice of G, G — C
has a 3-coloring c¢. We can extend ¢ to a 3-coloring of G by letting ¢(vg) = ¢(v) and greedily
coloring vg_1,vg_2,- -+ ,v2,v1 in order. This is a contradiction.

Now assume (2) fails and let € N(v;) \ V(C) and y € N(v;) \ V(C) such that z ~ y. By
the choice of G, G — C has a 3-coloring ¢ with ¢(z) # ¢(y), contradicting Lemma 3.6.

Suppose (3) fails and, without loss of generality, assume that G — (C — {v1,v2}) has no
path from v; to v of length 6. Let w; € N(v;)\ V(C) for i = 1,2, and let G' = G — C + wyws.
Then 0g(G’) > 7. So G’ must contain a fork F’; otherwise, G’ has a 3-coloring which induces
a 3-coloring ¢ of G — C with c(wy) # c¢(ws), contradicting Lemma 3.6. Since G is fork-free,
wiwg € E(F). If wy or wy has degree 1 in F, say wi, then F' — wj + {ve, wove} is fork in G, a
contradiction. So assume dp(wi) = 4 and dp(w2) = 2. Let w € F with w ~ wg and w # w;.
Now F' — {w,ws} + {v1, v, wiv1,v1v2} is a fork in G, a contradiction. |

4 Excluding shortest cycles of G from G|[V3]

The objective of this section is to show that G[V3] does not contain any shortest odd cycle of
G. Along the way we will exclude several reducible configurations from G.

Lemma 4.1. Let C = vyvy - - - v7v1 be a shortest odd cycle in G, and P = vjuq - - - up, an induced
path such that V(PNC) = {v;}, d(uy,C) > 2, and d(v;) > 4. Let v € (N(v;)NN (vj42))\V(C)
for some 1 < j <7 (subscripts modulo 7). Then {vj,vjt1,vj42} € Va.

Proof. We choose such P that P is minimal, and we may let i = 1. Suppose {vj,vj41,vj42} C
V3. Then by Lemma 3.5, v ¢ V3. By symmetry, we may assume j = 4 or j = 5.

Case 1. j = 5.

Then vvsvgvrv is a 4-cycle. We claim that v ¢ V(P). For, suppose v = ugs. Then
s > 2 and s # 3, since og(G) > 7. Moreover, usyq is defined as d(u,,C) > 2. If s > 4
then (vvs, vust1, vus—1us—2,vv701) is a fork in G, a contradiction. Thus s = 2. Let u €
N(u3) \ N(u1) (by Lemma 3.2) such that u = wuy if ug is defined. Then u ¢ V(C) (as
d(up,C) > 2). Note that vy » {u,u1} (to avoid Cs); so v4 ~ ug to avoid (vvz, vuy, VU5V, VUzY).
Hence, u = uy. Let v/ € N(uy)\ N(v7) (by Lemma 3.2). Then v’ ¢ {vs,v4} and {/,v} » vg
(to avoid C5). Hence, u' ¢ V(C'). Moreover, u' ¢ V(P) by the minimality of P. So u' ~ ug
to avoid (vvs, vur, vuzug, vuru'), and uy ~ v to avoid (usug, ugu’, ugvivs, ugvvr). Son > 5 as
d(up,C) > 2. By the minimality of P, us = {u’,v4}; so (usu’, ugvy, usvvz, ugusus) is a fork, a
contradiction. Thus we have shown v ¢ V(P).
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Subcase 1.1. N(v) NV (P) # 0.

We claim that [N (v)NV (P)| = 1. For, suppose us,u; € N(v) witht < s. Then s =t+2 >3
by the minimality of P and the assumption og(G) > 7. If t > 2 then t > 3 (since og(G) > 7);
so (vus, vus, vorvr, vupue—1) is a fork, a contradiction. Thus, ¢ = 1. Let uw € N(u3z) \ N(u1)
such that u = ug if n > 4. Then u ¢ V(C) as d(u,,C) > 2. Since vg » {u1,u} (to avoid
C5), vg ~ ug to avoid (vuy, vvz, VU5V, VUz); SO U = Uy (as d(uy,, C) > 2) and vg € V3 (by the
choice of P). Since v3 » {ug,v} (to avoid Cs), vz ~ ug to avoid (usuyg, ugug, usvvyr, ugv4v3).
Hence, n > 5 as d(uy,,C) > 2, and (ugva, ugug, ugvvr, ugugus) is fork, a contradiction.

Let us € N(v). Then vy = us—; (if s > 2) to avoid Cs. Let wy € N(v1) \ {v2,v7,u1} and
v € N(v)\ {vs, v7,us}. Note that o' ¢ V(C) by the minimality of C, and if v" = w; then s < 3
by the choice of P. Since 0g(G) > 7, wy » vg and v' = {vy,v3}. By Lemma 3.2, vg » {ug,v'}.

Suppose s # 1. Then s > 3 since 0og(G) > 7. Now ug ~ vy; for, otherwise, v4 € V3 and
n > s+ 1 by the choice of P, and (usts1,usvs, usvvy, usus_1us—2) would be a fork. Suppose
v’ ~ v1; then we may assume w; = v'. Now wy ~ us—1 to avoid (vwi,vvr, VU5, VUsUs—1 ),
and hence s = 3 by the choice of P. Let u € N(u3) \ N(wp) such that u = uy if n > 4. Then
u ¢ V(C) as d(up,C) > 2, and u # u; since og(G) > 7. Hence (vvr, vwi, vusvs, vusu) is a
fork, a contradiction. Therefore, v' = v1. Thus v/ ~ us_1 to avoid (vv', vus, vurvy, VUsUs_1),
and v’ ~ vg to avoid (vv', vug, vurvr, vusvs). Let u € N(us) \ N(v'). Then u ¢ V(C), to avoid
C5 and N(vg) € N(v). Hence, (vv', vvs, vorv1, vusu) is a fork, a contradiction.

Therefore, s = 1. Then, since 0og(G) > 7, u; » {vs,v4} and vy » {ug,w;}. Moreover,
v' » v for any choice of v/, to avoid (viug,v1v’, v1v9vs, V1v7V6). Thus v/ ~ {vy,us} to avoid
(vv', Vo7, vuug, VUsV), and wy ~ {vs,ve} to avoid (viwy,viul, VIVeVs, vV1V7vVs). Moreover,
ug ~ {wi,va}; otherwise wy ~ vg to avoid (viwi,vive, viujug, vV1v7v) and wy ~ vg by the
minimality of C, so (viw1, v1v7, viugue, V1V2v3) is a fork, a contradiction.

Suppose ug = wy. Then us ~ vy; so by the choice of P, vy € V3 and n > 3. If v/ ~ us then
v' % vg to avoid Cy (so v' = C); hence with v" € N(v) \ N(u1), (vui,vvr, vv'v”, vvsvy) would
be a fork. Thus v" = ug; so v’ ~ vg. Let v € N(v')\ N(vs). Then v" ¢ V(C) (as og(G) > 7),
V" ~ uy to avoid (vvs, vur, vurug, v'V"), V" ~ wy to avoid (ujug,uiv”, ugvvs, uviws ), and
{ug, w1} = v3 to avoid Cs. So wy ~ vg, and v’ ~ ugz to avoid (u1v”, ugv1, u1vVs, urugus). Now

(v"uz, v"uq, v"v'vy, v"w1vg) is a fork, a contradiction.

Hence, us ~ wj. Then v/ ~ wy; otherwise, v/ ~ wg, and with v € N(v') \ N(uy),
(vuy, vor, vv'v”  Vsvys) would be a fork. Also, v' ~ uy. For, suppose v” € N(v')\ N(vs). Then
v ¢ V(C), u; ~v" to avoid (vvs, vur, vv'v” vujug), v * Ve to avoid Cs, and vy ~ ug to avoid
(u1v”, ugug, ugvvs, ugvivs). Hence by the choice of P, vy € V3 and n > 3. So v = wy to avoid
N(v2) € N(wy), and thus wy ~ vg; so (ugus, ugva, uswive, uguiv) is a fork, a contradiction.

Thus, wy; ~ v3 and uy = v9 to avoid Cs; so w; ~ vg. We claim that v/ € V3. For, let
v e N@') \ {u2,v,v4}. Then v ¢ V(C), v" ~ w; to avoid (v'v”,v'vy, v'vv7, v'ugw), and
v"” = w3 to avoid C5. Now (v'v", v'ug, v'vvr, v'vgv3) is a fork, a contradiction.

Moreover, vg € V3. For, let © € N(vg)\{v',v3,v5}. Then x ~ vy to avoid (vsx, v40’, v4v5V6,
v4v3v2), and = » ug to avoid Cs. Thus (v4x, v4vs, V4V5V6, V40 u2) is a fork, a contradiction.

If ug ¢ V3 let w € N(ug) \ {u1,v, w1} (with w = ug if n > 3), then v ¢ V(C), and
(ugu, uguy, ugwivg, usv'vyg) would be a fork. So ug € V3, and hence by Lemma 3.5, wy ¢ V.
Let w € N(wy) \ {uz2,v1,v6}. Then (wiw,wv1, wiusv’, wivevs) is a fork, a contradiction.
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Subcase 1.2. N(v) NV (P) = () for any choice of P.

First, assume v »~ w; for every choice of wy. Let v/,v"” € N(v) \ {vs,v7}. Then vy =
{v;0"}, V0" ¢ V(C U P), and {u,v2, w1} = {v',v"} to avoid C5. So vy ~ {v',0v"} to
avoid (vv',vv”, vurv, vosvy). Without loss of generality, let v” ~ vy. Let v* € N(v') \ N(v").
Then v* ¢ {v9,v3} to avoid Cs, and v* # vg to avoid N(vg) € N(v); so v* ¢ V(C). Hence
(vv”, vvs, VUV vurVy) s a fork, a contradiction.

Thus we may choose wj so that v ~ wi. Then w; = ug, otherwise replacing P with
VIWLUD . . . Uy, We get back to Subcase 1.1. Also wy » {vs,v4} to avoid Cs, wy » vg as N(vg)
N(v), and |N(uj) N{vs,v6}| = 1 to avoid (viu1,viwy, v1v2vs, v10706) and by the minimality
of C. Thus ug ~ vy to avoid (viwi, v1v7, V1V2V3, V1ULU2) OF (ViW], V1V, VUL UL, V1V7V6). Hence
by the choice of P, vy € V3 and n > 3. Let w € N(wy) \ N(v7); then w ¢ V(C U P), and w ~
{ug, v3,v6} to avoid C5. If w » ug then, since | N (u1)N{vs, v6}| = 1, (viu1, v1v7, Vviwiw, V1VIV3)
or (viug,vive, viwiw,viv7ve) is a fork, a contradiction. Thus w ~ wuj, and hence w ~
us (otherwise replacing P with vjwjwus---u, we get back to Subcase 1.1). Again, since
[N (u1) N {vs,ve}| = 1, (uiv1, urw, uivevs, urugug) or (uivs, uiw,ujusus, uivivy) is a fork, a
contradiction.

Case 2. j = 4, that is, vvgvsvev is a 4-cycle.

First, we show v ¢ V(P). For, let v =us. Then s =1 or s > 3 to avoid C5, and n > s+ 1
by the choice of P. Let uw € N(usy1)\ N (us—1) such that u = usyo if n > s+2. Thenu ¢ V(C)
as d(up,C) > 2. Now s = 1; otherwise, (vv4, vvg, vusyiu, vus—1us—2) would be a fork. Thus,
ug » vy to avoid C5, and (vvg, vvg, vugu, v v2) is a fork, a contradiction.

Subcase 2.1. N(v) NV (P) # (.

Let ug ~ v with s maximum. Then s > 2 to avoid C5. Let u € N(us) \ N(us—2) (with
up = v1) such that u = usy; if n > s+ 1. Then u ¢ V(CUP). Now N(v) NV (P) = {us}; for,
let uy € N(v) with t < s, then 2 <t < s — 2 (to avoid C5) and hence (vvy, vvg, VUsu, VUUL—1)
(if t = s — 2) or (vvg, vve, Vusus—1,vurur—1) (if t < s —2) is a fork, a contradiction.

Let v' € N(v) \ {us,vs,v6}; so v' ¢ V(C U P). Note that v/ = v3 or v/ » v; (to avoid
C5). Also note that ug ~ vs; for otherwise, v3 € V3 and u = us41 (by the choice of P), and
(UsUst1, UsV3, Usls—1Us—2, UsVVs) Would be a fork.

Suppose v' = v3. Then vy ~ {v',us} to avoid (vv', vus, vosvs, Vogu7), v ~ us_1 to avoid
(vv', vvg, VU4V3, Vusus—1), and V' ~ u to avoid (vv',vvg, VU4VS, VUsU). Suppose v7 % ug; SO
vy ~ ') s =2 to avoid (v'u, v'v7, v'us_us—2,v'vv4), up » vg to avoid Cs, wy ~ v to avoid
(viwy, viug, V1V7VE, V1V2V3), Uus * {va, w1} to avoid Cs, and (vive, viwi, viuiug, V1VTVE) is a
fork, a contradiction. Thus, v; ~ ugs. Then vy € V3 and u = wus41 by the choice of P, and
s = 2 to avoid (ustsy1, UsV7, Usls—1Us—2, UsVVg). Let u' € N(us) \ N(ui) such that v’ = uy
if n > 4. Then v’ ¢ V(C), v ~ v to avoid (uguy, usvy, ugvvy, ugusu'), and v’ ~ v to avoid
(vu', vvg, vugvs, vuguy). Hence vg € V3 by the choice of P, and so (viug,viwy, v1v203, v10706)
is a fork in GG, a contradiction.

Hence v' ~ wv3; so v/ » {v7,u1} to avoid C5. Now w3 » wuj; otherwise, replacing P with
v3U U2 - - - Uy, we are back in Case 1. So vg ~ wi to avoid (vywi,viu1, V10706, V1V2v3), and
v’ % uy to avoid Cs. Then wy = ug; otherwise replacing P with vzwius - - - u,, we are back in
Case 1. Also, v" = u; for i > 2; otherwise, v’ ~ uy by the minimality of P, and replacing P with
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v3v'uy . .. up, we are back in Case 1 again. Now us ~ v7 to avoid (vv', vy, vvgur, VUsts—1).
Thus, by the choice of P, v; € V3 and n > s+ 1. Let v € N(us+1) \ N(us—1) such that
u = usya if n > s+ 2. Then v’ ¢ V(C), and (usus—1,usv7, usust1u’, usvvy) is a fork in G, a
contradiction.

Subcase 2.2. N(v) NV (P) = 0.

Let v',v” € N(v) \ V(C U P). Then {v/,v"} ~ {vs,v7} to avoid (vv',vv”, vogvs, vogvr),
vy » {0V, 0"} to avoid Cs, vs » {v/,v"} to avoid N(vs) € N(v), and vz ~ {u1, w1} to avoid
(v1u1, V1w, V1V2V3, V1V7VE).

Suppose v3 ~ wuj. Then vy € V3, otherwise, replacing P with vsujusg---uy,, we are
back in Case 1. Let v* € (N(v') \ N(")) U (N(@") \ N(v')) such that v* # vy (which
exists by Lemma 3.2)). By symmetry let v* € N(v') \ N(v”). Then v* ¢ V(C), and
(vv”, vug, VU'V* VV4v3) is a fork, a contradiction.

Hence, v3 ~ u;, which implies v3 ~ w;. Moreover, assume w; ~ wus; for, otherwise,
replacing P with vjwiug - - - uy,, we get back to the situation in the previous paragraph (with
v3 ~ up). So ug ~ {ve,v7} to avoid (v1ve, V1w, V1VIVE, VIUIUL).

If vy = {v',v"} then as above we may assume that there exists v* € N(v') \ N(v") such
that v* # vr; so (Vv”, vvg, vogus, vV'v*) is a fork, a contradiction. Thus by symmetry, assume
vz ~ v'. Note that wy ~ vs since 0g(G) > 7. If ug ~ vy then vy € V3 (by the choice of P), and
ug ~ v to avoid (vswy, v3v', v3V4v5, V3V9u2); but then, replacing P with vsv'us - - u,, we are
back in Case 1. So ug » vy and ug ~ vy; thus vy € V3 (by the choice of P), and vy » {v',v"}.
By Lemma 3.2, let v* € N(v”) \ N(v'). Now (vv', vuyg, vo”"v* vvgvr) is a fork, a contradiction.
|

Corollary 4.2. Let C = vy ---vyvy be an odd cycle in G and let v € V(G) \ V(C) such that
v~ v and v ~ Vg for 1 <i < 7. Then {v;, vit1,vig2} € V.

Proof. Let T ={u € V(G)\V(C) : d(u,C) > 2}, and let H denote the subgraph of G obtained
by taking the union of all paths P which are from vertices in T to C' but internally disjoint
from C. Suppose {v;, viy1,vi42} € V3. Then by Lemma 4.1, V(H) NV(C) C Vs.

If T = 0 then V(G) = V(C) U N;1(C), contradicting Corollary 2.2. So T # . Let
K: =G\ (V(H)\V(C)). By Lemma 3.7(1), C € G[V3]. So K # C. Hence by the choice of
G, H has a 3-coloring, which induces a 3-coloring ¢ on C N H. Clearly ¢ can be extended to
a 3-coloring of K[S], where S = V5(K) NV (C), in a greedy way. Now applying Corollary 2.2
to K and S, ¢ may be extended further to a 3-coloring of K, and hence a 3-coloring of G, a
contradiction. ]

The next result will be used frequently when we look for a fork in G.
Corollary 4.3. For any 4-cycle C in G, |V(C)N V3| < 2.

Proof. Let C = vivauzvav; be a 4-cycle in G such that v; € V3 for 1 <i < 3. Then vy ¢ V3 by
Lemma 3.5. Let G’ := G/{v1,v3} — va, and let v denote the identification of v; and vs.

We claim that og(G’) > 7. For, suppose that G’ has an odd cycle D with |V(D)| < 5.
Clearly, v € V(D) and |V(D)| = 5, as 0og(G) > 7. Let D = ujuguguqusuy, with vy = v. If
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vug € E(D) then assume by symmetry that vy = us and vius € E(G); so viugugugusvy is a
C5 in G, a contradiction. Hence vuy ¢ E(D). Then by symmetry assume vjusg, vsus € E(G).
Now wvyug - - - usvsvevy is a 7-cycle, and vqviv9v3vy is a 4-cycle, contradicting Corollary 4.2.

If G’ is fork-free then by the choice of G, G’ has a 3-coloring which induces a 3-coloring
¢ of G — {vy,vy,v3}. By coloring v; and vs with ¢(v), and ve with a color not used by its
neighbors, we obtain a 3-coloring of G, a contradiction.

So let F’ be a fork in G'. Then v € V(F'), as G is fork-free. If v has degree 1 in F’, then
let vz € E(F'); by symmetry let viz € F(G), and then F' — v 4+ {v1,vi12} is a fork in G, a
contradiction. So v has degree 2 in F'. Let vz,vz € E(F’), with viz € E(G) (by symmetry).
If vy = z then F' — v + {vy,v12,v104} is a fork in G, a contradiction. So vzz € E(G). By
symmetry, assume that z has degree 1 in F'. Let y € N(v2) \ {v1,v3}. Now, y € V(F');
otherwise F' — v + {v1,v2, xv1,v1v2} would be a fork in G. So xy € E(F’) to avoid Cj.
Similarly, F” — v contains some v' € N(v4) \ {v1,v3} and 20" € E(F'); otherwise, vy ¢ V(F”)
and F' — v + {v1,v4, zv1,v104} would be a fork in G. Thus z » {V,z,y}.

Let G” := G — {v1,v2,v3} + vay. We claim that G” is fork-free. For, let F” be a fork
in G”. Then vyy € E(F") as G is fork-free. If y is of degree 1 in F” then = ¢ V(F"); so
F" —y+{v1,v4v1} is a fork in G, a contradiction. If y is of degree 2 in F” and let yy' € E(F")
with y’ # vg then, since x ¢ V(F") when v/ # z, F” \ {y,y'} + {v1, v2, v4v1,v102} is a fork in
G, a contradiction. Thus y is of degree 4 in F”. Note that z ¢ V(F"), since z = y (because
of F') and G is Cs-free. If vy is of degree 1 in F” then F” — vy + {va,yv2} is a fork in G, a
contradiction. So let yvyv* be a path in F”. Then F" — {vg, v*} + {va, v3, yva, vov3} is a fork
in G, a contradiction.

If og(G"”) > 7 then by the choice of G, G” has a 3-coloring which induces a 3-coloring of
G" —v4y. By coloring vo with ¢(v4) and then coloring v; and vs greedily, we obtain a 3-coloring
of G, a contradiction. So 0og(G"”) < 5. Then, since 0g(G) > 7, og(G"”) = 5 and any 5-cycle in
G"” must contain vsy. Let D := vyyy’wv”vy be a 5-cycle in G”.

Since 0g(G) > 7, z ¢ V(D). So x » v"; otherwise yy'wv”zy would be a C5 in G. Thus,
v' # 0" and, since 0og(G) > 7, v ¢ D, v = ¢y and z ¢ V(D). If y € V3(G) then we get a
contradiction to Corollary 4.2, since in G, yvovivgv”wy'y is a 7-cycle, zyvoviz is a 4-cycle,
and {v1,v2,y} C V3(G). So y ¢ V3(G). Let v € N(y) \ {v2,z,9'}. Then ¢y’ ~ v to avoid
(yy", yy', yvavs, yav'). Now w » {z,y"} to avoid Cs. Hence, (yx,yy”, yvovs, yy'w) is a fork, a
contradiction. |

To prove that G[V3] contains no shortest odd cycle of G, we need another lemma.

Lemma 4.4. Let C := v1vy - - - v4v;1 be a shortest odd cycle in G such that V(C) C V3, and let
w; € N(v;) \ V(C) for1<i<g. Then w; € V3 for 1 <i <g.

Proof. Suppose the contrary and, without loss of generality, let w; ¢ V3. By Corollary 4.2,
N(w) NV (C) = {v1}. Let N(w1) = {vi,21, - ,2,}; s0 k > 3. Now {vg,vg} = {x1,..., 25}
by Lemma 3.7(2); so v1 = N({z1, -+ ,zr}) \ {w1}. Thus by Lemma 3.4, there exists v €
N({z1,...,zk}) \ {w1} such that |[N(v) N {z1,...,2x}| < k —2. So by symmetry assume
v {x1,29} and v ~ x3. Then (w1, wire, WivIVy, W1z3V) is a fork, a contradiction. |

Corollary 4.5. If V(C) = vy ---vgv1 is a shortest odd cycle, then V(C) € V3.
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Proof. Suppose V(C) C V3. Let w; € N(v;)) \ V(C) for i = 1,...,9. Then w; € V3 by
Lemma 4.4. By Lemma 3.7(3), there is a path vjwjzyzwave internally disjoint from C. We
may choose this path so that |{z, z} N V3| is minimum.

Suppose x,z € V3. Then by Lemma 3.2, y ¢ V3. So let y1,y2 € N(y)\{z,z}. Then
{y1,92} ~ {w1, w2} to avoid (yy1,yy2, yrwi, yzwe). By symmetry, we may assume y; ~ wj.
So y1 ¢ {vi,w; : 1 <i < n} (by Lemma 3.7(2)). By Corollary 4.3, y1 ¢ V3 (because of the
4-cycle yyyxwyyr). Thus, the path wiyyzwse contradicts the choice of wyzyzws.

So by symmetry, we may assume x ¢ V3. Let N(x) \ {wi} = {x1,...,2zx}; then k > 3.
There exists y; € N(w1) N (N({z1,...,2,}) \ {z}) such that |[N(y1) N {z1,...,zx}| = 1. For,
otherwise, by Lemma 3.4, for some t € N({z1,...,z5}) \ N(w1), |IN(t)N{z1,..., 2} < k-2,
and let ¢t ~ x1 and t = {x9,23}. Now (zx9,xxs, x21t, TW1v]) is a fork, a contradiction.

Let y = xp. Now z ~ {x1,22} to avoid (zx1,xxe, zwiv1,zyz). Thus, by the symmetry
between y and N(z) N {z1,x2}, we may assume y; ~ x1; so y1 » N(z)\{wi,z1}. Let u €
N(xz2)\N(y) and v € N(y)\N(z2). Then u,v & {v1,va, w1, w2, x,y,y1}, u # 2, T1 ~ u to avoid
(xx1, Y, TW1 V1, TX2U), and x1 ~ v to avoid (zx1, xx2, TWIVL, TYV).

Case 1. v = z for every v € N(y) \ N(z2) and for every choice of wizyzws.

First, assume y ¢ Vi, and let ¢/',v" € N(y) \ {z,z}. Then ws ~ {y,y"} to avoid
(yy', yy", yrwi, yzws), and assume wy ~ y' by symmetry. Then z ¢ V3, for otherwise, v ¢ V3
by Corollary 4.3, and wixyy’ws contradicts the choice wizyzws. Let 2/ € N(z) \ {we, z1,y}.
Note that 2’ ¢ V(C) as z # w; for all i (by Lemma 3.7(2)), and thus 2/ = wvy. Now
2~y to avoid (22/, 2y, zweve, zx1y1) and 2 ~ w to avoid (22/, zy, zwave, zx1u). So 2’ =
y"” to avoid (2'y,2'u, 2'yyw, 2’ zws), and x1 ~ y” to avoid (22, zw1, zwavy, 2zyy”). Now
(x1y", x1u, x12W1, 21 2W2) s a fork in G, a contradiction.

Thus, y € V3. Let ¥/ € N(y) \ {z,2}. Then ¢y ~ x5 by the definition of v, ¢y » x1 to
avoid N(y) € N(z1), and 2 » z to avoid N(y) € N(x2). So x € V4. For, if ¢ V; then
x3 ~ z to avoid (xxs, rxe, TWiV1, 2YZ), T3 * Yy to avoid N(y) C N(z3), and 3y ~ we to avoid
(21, 223, 29y, zwove). Thus (2y, 23, 221Y1, 2W902) is a fork, a contradiction.

Moreover, xg € Va. For, let 2, € N(z2) \ {u,x,y'}. Then zf ~ 21 to avoid (zz1, zy, zwivy,
xwowh), and wy ~ {u, x4} to avoid (z1u, z12h, x12W1, 12Ww2). If Wo ~ w then (xoxh, x2y', Tozwy,
xouws) is a fork, and if wy ~ 2, then (xoy’, vou, rozwn, xoxhws) is a fork, a contradiction.

Now z; € Vj. For, assume =} € N(z1) \ {u,z,y1,2}. Then wy ~ {u,z}} to avoid
(z12], U, 212w, T 2W2). I wo ~ w then (z12), z1y1, T12Y, T1UW?) is a fork, and if we ~
then (z1u, 2191, 12y, T12 Wwe) is a fork, a contradiction.

Next, assume y; ¢ V3, and let ¢},y] € N(y1) \ {wi,21}. Thus z ~ {y},y{} to avoid
(y1y1, y1yy, yiwrvi, yaz1z), and let z ~ yj. By applying the above argument for x and
viw1zYzweve to z and vewszyrwivi, we have z € Vi, |[N(z) N V3| = 3 (so y; € V3), and
N(wg) N (N(z1) \ {w2})| = {u} (as wy = {y1,y}} since 0g(G) > 7). So u » y| to avoid
N(y}) € N(zx1). Hence u ~ y{ to avoid (y1v), y1y], yiwiv1, y1z1u). Now N(vy) = {u,y1,v'};
otherwise let ¥ € N(y)) \ {u,y1,vy'}, then (uzi,uxe, uy]yf, uweve) is a fork, a contradiction.
Thus y; € V4 by Lemma 3.2. Note that 3y ~ y] to avoid (zy}, zx1, zwave, 2zyy’). So y' € Vy;
otherwise let y* € N(y') \ {y, v, v{} then (v'v*,v'v], vz, v/ zox) is a fork, a contradiction.
Also, u € Vj; otherwise, let u* € N(u) \ {wa, z1,22,y{} then (uu*,uyy,uzr iz, uwivy) is a
fork, a contradiction. Therefore, {viw;,vows} is an edge-cut of G, which implies that in

16



G — (C — {w2,ws}) there is no path from wy to ws of length 6, contradicting Lemma 3.7(3).

Thus, y; € V3. Let G’ := G/{x2,y} — {w1,z,21,y1}. Using the path uz;z, we can show
that G’ is fork-free and 0g(G’) > 7. So by the choice of G, G’ has a 3-coloring which induces a
3-coloring ¢ of G — {wy,z,z1,y1} with ¢(z2) = ¢(y). Now coloring 1 with ¢(y), and greedily
coloring 1, w, xz in order, we get a 3-coloring of GG, a contradiction.

Case 2. v # z for some choice of v and wyxyzws, and 1 ~ z.

Let y' € N(y)\N(z1) (by Lemma 3.2. Note that ¢ & {v1,vs, w1, we, x,y, 2,21, T2, U, Y1 }
Hence wy ~ {v,y'} to avoid (yv, yy', yrw1, yzws), and we ~ {u,v} to avoid (x1u, 1v, x12W1, T12W3).
Therefore, since wy € V3, we ~ v and wg = {y’,u}. Theny' » x1 to avoid (z1u, z1y', x12W1, TVW)),
y' ~ x9 to avoid (zx1, xxe, W1V, YY), and z » x9 to avoid (zou, xey', rozwy, Tozws).

Let w € N(y1)\N(z). Then w ~ x5 to avoid Cs, w ~ {v, z} to avoid (z1v, x1 2, x1xT2, T1Y1W),
and w ~ {u, z} to avoid (z1u, z12, x12W2, T1y1w). If w % 2z then w ~ v and w ~ v, and y' ~ w
to avoid (vw,vxy, vyy’, vwavy); so (wu, wy', wvws, wyjwy) is a fork, a contradiction. Hence,

w ~ z. Then w ~ u to avoid (zy, 2w, zx1u, 2Wav2), and w ~ y' to avoid (zx1, 2w, zwava2, 2yY’).
Thus (wu, wy', wzws, wywi) is a fork in G, a contradiction.

Case 3. v # z for some choice of v and wyxyzws, and 1 » z.

So z9 ~ z to avoid (zx1,xxe, xwivy, zyz). Thus z9 and y are symmetric. We claim that
N(z2) \ {u} = N(y) \ {v}. For, otherwise, by symmetry, let ' € N(y) \ {v} \ (N(z2) \ {u}).
Then y' ~ z1 to avoid (zz1, xxe, zwivy, zyy'), and we ~ {y', v} to avoid (yv, yy', yrw, yzws).
By symmetry between v and v/, assume y' ~ wse. Then (x1u, x1v, z12W1, 1y W2) is a fork in
G, a contradiction.

Therefore, by Lemma 3.3, there exist v’ € N(u)\{z2}\(N(v)\{y}) and v' € N(v)\{y}\(NV(u)\
{z2}). Note that wy ¢ {u/,v'} as wy € V3, v/ % 29 and v’ » y to avoid Cs, v' » x to avoid
(xy, zv', xxou, TWiV1), and v’ = z to avoid (zzg,zu’, zyv, zwivi). So y1 ~ {u',v'} to avoid
(z1y1, 212, U/, T10v’). By symmetry, assume y; ~ u’. By Corollary 4.3, {z2,y, 2} € Vs.

Suppose zg ¢ V3. Let w € N(x2)\{z, z}; then w ~ y. If wy ~ w then, since wy » u or wy »
v (as wy € V3), (yv, yw, yrwy, yzws) or (rou, row, xoxwy, rozwse) is a fork in G, a contradiction.
So wy ~ w, and we have symmetry between w and z. Note that v’ ~ {w,z} to avoid
(xow, T2z, xaxwy, T2un'). So (Wx2, Wy, wWu Y1, Wwave) (When v’ ~ w) or (zx9, 2y, 2u’y;, zwWav2)
(when «' ~ z) is a fork in G, a contradiction.

Hence, x9 € V3; so y € V3, and hence z ¢ V3 (by Corollary 4.3). Now x € Vj; otherwise
x3 ~ z to avoid (xx1,xxs, Twiv1,2Y2), and x3 ~ u to avoid (zy,zrxs, rwivi, xxou), which
implies N(z2) C N(x3), contradicting Lemma 3.2. Then z € Vj; for otherwise let 2/,2" €
N(2) \ {wa,z2,y}, then (22/, 22", zwqve, zyx) is a fork, a contradiction.

By the choice of G, G — {v1, va, w1, w2, x,x2,y, 2} has a 3-coloring c¢. By letting c(z2) =
c(y) = c¢(x1) and greedily coloring z, wa, v2, v1, w1, x in this order, we obtain a 3-coloring of G,
a contradiction. |

5 Structure around a shortest odd cycle

We derive certain useful properties about the structure of G around a shortest odd cycle.
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Lemma 5.1. Let C := vy ---vgv1 be a shortest odd cycle in G. Then there exist z ¢ V(C)U
N1(C) and a path Z from z to some v; such that V(Z)NV(C) = {v;} and d(v;) > 4.

Proof. Let T := V(G) \ (V(C) U N;1(C)), and let H denote the union of all paths P which
are from vertices in 7' to C' but internally disjoint from C. Then T # (); otherwise V(G) =
V(C)U N1(C) and so x(G) < 3 by Corollary 2.2, a contradiction.

Now suppose that the assertion of the lemma fails. Then V(H)NV(C) C V3. Let K :=
G\ (V(H)\V(C)). By Corollary 4.5, V(C) € V(H). So K \ V(C) # (. Thus by the choice
of G, H has a 3-coloring, say c¢. Clearly ¢ can be extended to a 3-coloring of K|S], where
S =Vo(K)NV(C). Now applying Corollary 2.2 to K and S, ¢ can be extended to a 3-coloring
of HU K = (G, a contradiction. |

We choose a triple (C, P, v;) satisfying Lemma 5.1 so that
|V (C) N V3| is maximum, and then P is minimal while fixing z.

Without loss of generality, assume i = 1, and let P = vjug ... up, with z = u,, ¢ V(C)UN(C)
(i.e., d(upn,C) > 2). We will show that n < 2. Let wy € N(v1)\ {u1,v4,v2}. By the minimality
of P, P is an induced path.

Lemma 5.2. If u; ~ vg_1 then vy » P — vy, and if uy ~ vs then vg » P — vy.

Proof. Suppose the assertion is false. By symmetry, assume u; ~ vg_1 and vy ~ u, for some
1 <s<n. Then s > 4, since s ¢ {1,3} (as 0g(G) > 7) and s # 2 to avoid N(vy) C N(u1).
Since d(up,C) > 2, n > s+ 1. By the choice of (C,P,v1), vy € V3, vg_1 » P — uy, and
wy * P — {UQ,Ul}.

Moreover, us = vg; for otherwise, v € V3 by the choice of (C, P, vy ), and hence (ususy1, usva,
UsVgUg—1, UsUs—1Us—2) Would be a fork in G. Hence, vz ~ w; to avoid (viui, viws, v1vgus, v10203),
and ug ~ {wy,v2} to avoid (viwr, v1ve, Viutug, VIV4Us).

Case 1. us ~ wy.

Let v € N(v2) \ N(wy1). Then v ¢ V(C) by the choice of (C, P,v;). If v € V(P) then
v # ug (as us % v2), v & {us—1,usy1} (to avoid Cs), v # uy (to avoid C3), v # ug (otherwise
vy € Va3 and N(v2) € N(wr)); so (viwr,viur, vivgus, vivev) is a fork in G, a contradiction.
Hence, v ¢ V(P). Now v ~ u; to avoid (viur,viwi, v1vgus, v1v2v), and {vs,vg—2} » {ug,v}
and vz ~ uz by the choice of (C, P,v1). So v ~ uz to avoid (u1v, u1v1, u109—10g—2, U1U2U3).
Hence, vo € V3 by the choice of (C, P,v1). Therefore, |{wy,vs3} N'V3] < 1 by Corollary 4.3.

Suppose w1 ¢ Vi. Let w € N(wy) \ {ug,v1,v3}. Clearly, w ¢ V(C U P) by the choice
of (C,P,v1), and w # v as v » wi. So w ~ uz to avoid (wiw,wiv3, w1v1vg, wiu2u3), and
w ~ vy to avoid (wiw, wiug, w1v1ve, w1vsvs). Therefore vy € V3 by the choice of (C, P, v1); so
(usuyg, ugug, uswvy, ugvve) is a fork in G, a contradiction.

Thus, wy; € V3, and vg ¢ V3. Let y € N(vs) \ {v2,v4,w1}. Then y ¢ V(C U P) and y ~
P — {uy,v1} by the choice of (C, P,v1), and y # v as og(G) > 7. If y ~ vs then y ~ {v,us} by
the choice of (C, P,v1); so (vsy, v3vs, v3vav, v3wiug) is a fork in G, a contradiction. So y ~ vs,
and hence y ~ ug to avoid (vsy, v3va, V3v4Us, V3w uz). Now (ugy, ugwi, UoUslg, UgU1Vg—1) 1S &
fork in GG, a contradiction.
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Case 2. us ~ wj.

Hence, wy ~ P — vy, ug ~ vy, and vy € V3 (by the choice of (C, P,v;1)). If w; € V3 then
C' := viwyvs---v1 is a shortest odd cycle in G such that |V(C') N V3| = |[V(C) N V3[; so
(C', P,v1) is a triple that gives the situation in Case 1. Hence, we may assume w; ¢ V3.

For any w € N(wy)\{v1,v3}, w ¢ V(C)UV(P—{uy,u2}) by the choice of (C, P,v1)), w » us
as wy ~ ug, and w; ~ wuy to avoid triangle; so w ~ wu; to avoid (vlul,Ulvg,vlvgus,vlwlw),
and hence vg » w by the choice of (C, P,v1). Let w',w” € N(w) \ {v1,vs3} be distinct; then
(wiw', wiw” , wivzve, wivivg) is a fork in G, a contradiction. 1

Lemma 5.3. If wy ~ v3 then vy o« P — vy unless uy » {v3,v9—1}, v2 ~ uz, {va, w1} C V3, and
wy ~ P—v1; and if wy ~ vg_1 then vy = P—vy unless uy » {v3,v4-1}, vg ~ uz, {vg, w1} C V3,
and wy =~ P —v1.

Proof. By symmetry we only prove the first half of the statement. Let wy ~ vz and vg ~ g
for some 1 < s < n. Then s > 2 to avoid (3, and s # 3 to avoid C5. Moreover, by the choice
of (C,P,v1), v € V3 and n > s+ 1. Hence, wy » us to avoid N(v2) C N(w;). By Lemma 5.2,
wy » ug and uy » v3. Thus, since og(G) > 7, {w1,v3} » P — v by the choice of (C, P,vy).

We claim that s = 2. For, suppose s > 4. Then us = vy; otherwise, vy € V3 by the choice
of (C,P,v1), and (ususy1,UsVg, UsUs—1Us—2, UsV203) Would be a fork in G. Also, us ~ v4_1 to
avoid Cs. Hence uy ~ vy—1 to avoid (viwi, viu1, v1v2us, V104v4—1). Therefore, vy < P — vy by
Lemma 5.2. So (v1vg, viwi, viuiuz, v1v2us) is a fork in G, a contradiction.

Case 1. uj ~ vg_1. By Corollary 4.3, {u1,uz} € Va.

Subcase 1.1. ug € V.

Thus uy ¢ V3, and let w € N(up) \ {uz,v1,v5-1}. Then v ¢ V(C U P) and vy € V3 (by
the choices of (C, P,v1)), and u ~ vy to avoid N(vg) € N(u1). Let N(vg) \ N(u1) = {v}.
So v ¢ V(C) by the choice of (C,P,v1), and v ¢ V(P) by Lemma 5.2. Then w; ~ {u,v}
to avoid (viwi, vive, viuiu, vivgy), u ~ {uz,vg_2} to avoid (uiu,uiv1, uiugus, U1Vg—1Vg—2),
u ~ {uz, w1} to avoid (uiu, u1vy—1, urusus, ujviws ), and u ~ {wy,vg_2} to avoid (uju, uius,
UIVg—1Vg—2, U1 V1W1 ). But u ~ wy or u « vg_o (by the choice of (C, P,v1)); so u ~ us.

Suppose u » wy and u ~ vg—3. Then vg_9 € V3 and uz ~ C by the choice of (C, P,v1). If
ug ¢ V3, then let v/, u” € N(u3)\ {u, u2}; now (ugv/, ugu”, usuvy_o, ususvsy) is a fork, a contra-
diction. So ug € V3, and hence u ¢ V3 by Corollary 4.3. Let v’ € N(u) \ {u1,us,vg—2}.
Then v # v to avoid Cs. By the choice of (C,P,v1), ' ¢ V(C UP) and v # wy,
u3 ~ vg_3, and uy = {vg_2,v4-3}. So v’ ~ {vg_1,v1} to avoid (uiug, urvg—1, urviwr, UrUL').
If ' = vg_q then v/ ~ vi; so (viw, viwi, vivaug, V1vgug—1) would be a fork. Hence, u' ~
vg—1. Then v ~ v to avoid (v4—1vg—2,v9—1U, Vg_1U1U2, Vg—1V4V), and u' ~ v4_3 to avoid
(Vg—1U, Vg—10g, Vg—1UI U2, Vg—1Vg—2Vg—3). Hence (w'v,u'vg_1,u'vy_3v4_4, v uug) is a fork, a
contradiction.

Therefore, u ~ wy and u ~ vy_o. First, assume u3 ¢ V3, and let v/, u” € N(u3) \ {u, u2}
be distinct. Then w; ~ {u/,u"} to avoid (usu', usu”, usugve, usuw,), and v = uz to avoid
(usu!, uzu, uguava, uzvvy) or (ugu”, usu, usugva, uzvvy). Without loss of generality, let wy ~ .
Note that vy_o = {u,u'} and u ~ v4 by the choice of (C, P,v1), and u; ~ u’ or v ~ wy to avoid
(v1ug, viv2, viwiw, vivg). If W ~ uy then (uju, u1w’, u1v1ve, U1v4—1v4—2) would be a fork. So
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v ~wi. Then (wyv, wiv1, wivzvy, wiuug) is a fork in G, a contradiction.

Hence, uz € V3; s0 u ¢ V3 by Corollary 4.3. Let v’ € N(u) \ {u1,us, w1 }. Then v’ # v and
u' o~ vg_9 to avoid Cs, u' ~ vy_3 by the choice of (C,P,v1), and v’ ~ {vg_1,v1} to avoid
(wrug, v, U1Vg—1Vg—2, uiut). If u' ~ wvg_1 then (vg_1u',v4-10g, Vg_1V4—2Vg_3, Vg_1UIUS2)
would be a fork. So u' ~ v4_1, and v’ ~ vi. Then (vt viwr, vVivaug, vVivgvg—1) is a fork
in G, a contradiction.

Subcase 1.2. ug & V3.

Let u € N(u2)\{u1,us,v2}. Thenu ¢ V(C) (by the choice of (C, P,v;) and because of ug ~
vy by Lemma 5.2), u # w; as ug » w1, and u ~ wy to avoid Cs. Let v/, u” € N(ug)\ {u2} such
that v’ & N(u;) and u” ¢ N(u). Note that «’, u” need not be distinct, {u’, u"} N {v4, v4—2} =0
to avoid Cs, and so u/,u” ¢ V(C) by the choice of (C, P,v1) and Lemma 5.2.

Then u ~ {vg_1,u'} to avoid (ugu, ugva, ugusu', ugu1vg—_1), u ~ vg_1 or u” ~ wu; to avoid
(ugu, ugve, ugusu”, usuivg—1), and u ~ {vg_1,v3} to avoid (ugu, usus, U1 vg—1, UgV2V3).

Suppose u » vg_1. Then u” ~ wuy, and u ~ v1 to avoid N(ve) C N(u). By the choice of
(C, P,v1), u” o wy or v » vg_9. Now (ujvi,uiu”, u1vg—1v4—2, uiugu) (when u” »~ vg_9) or
(i, urvg—1, wugu, uiviwr) (when w” = wq) is a fork, a contradiction.

Therefore u ~ vg_1. So u ~ vz by the minimality of C, u ~ v to avoid (ugu, uguy,
U3, ugugt'), and uy ~ u” to avoid (ugu, ugui, usvavs, ugusu”). Note that vy ~ u” to avoid
N(vg) € N(u1), and u » vg_3 by the choice of (C,P,v1). Therefore, u” ~ v4_9 to avoid
(Vg—1Vg, Vg—1U, Vg—1u1U” , Vg_1Vg_20V4—3); SO Vg2 € V3 and u” ~ w;y by the choice of (C, P,vy).
Further, u' ~ vy to avoid (Ug_lul,vg_lvg,vg_luu',vg_lvg_gvg_g). So vy € V3 by the choice
of (C, P,v1). Hence, (viwy,v1v2, vivge’, viuiu”) (if o' = wy) or (v'u, v'vg, v'usu”, v'wivz) (if
u' ~ wi) is a fork, a contradiction.

Case 2. uy ~ vg_1.

Then w; ¢ Vi; otherwise we would have the exceptional case. Let w,w’ € N(wy)\ {v1,v3}.
Suppose {w,w’'} = vy. Then w ~ wu; to avoid (viui, vive, V1vyVy—1, viwiw) and w' ~ up to
avoid (viui,v1v2, V10404—1, viwiw’). Note vy » ug to avoid Cs. If vy ~ uy then vy € V3
by the choice of (C, P,v1), and hence uz ~ w to avoid (uaus, usvg, usvavs, uguiw); if vy ~
ug then uz ~ {w,w'} to avoid (wjw,ww’,uiugus, u1vivy). Hence, by symmetry, assume
ug ~ w. Then w' ~ wug to avoid (wiw',wiv3, wi1v1vy, wiwug), and vy ~ {w,w'} to avoid
(wlw,wlw',wlvlvg,wlvg,m). By symmetry assume w’ ~ vy. Then vy € V3 and uz ~ Vg—1
by the choice of (C, P,v1). If ug = vy then (ujug, uwjw,ujw'vy, ujvivy) would be a fork. So
uz ~ vg; and hence (ugus, uguy, ugvavs, UQUgUg_l) is a fork, a contradiction.

Thus, {w,w'} ~ vy, and assume w ~ vy by symmetry.

Subcase 2.1. There exists u € N(u1) \ (N(w1) U {uz}).

Then u # vg—1 (as u1 » vy—1); so u ¢ V(C U P) by the choice of (C, P,v1). Now u ~ vy
to avoid (viwi, v1v2, VIUIU, V1VgVg—1), U ~ Vg—2 tO avoid (vgu, vVgw, vgv1v2, VgVg—1Vg—2), and
{u,w} = uz and ug » v4 by the choice of (C, P, v).

Suppose u; € V3, and let v’ € N(uq)\{u,uz,v1}. Then v’ ¢ V(CUP)U{w1} and u' » v4 by
the choice of (C, P,v1), u' ~ {uz, w1} to avoid (u1v/, uju, ujugus, ugviws ), and u' ~ {us, vg_2}
to avoid (wv/, u1vi, uiugus, uiuvy—2). By the choice of (C, P,v1), ' » wy or v ~ v4_9; s0
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u' ~ ug. Hence, again by the choice of (C,P,v1), v ~ vg_9 and «’ # w. If v’ » w; then
(uv!, urug, uruvg—2, uviwi) would be a fork. So v’ ~ wi, and (wyw, wivr, wiv'uz, wivzvy) is
a fork, a contradiction.

Hence, u; € V3. By Corollary 4.3, us ¢ V3, and let v’ € N(ug) \ {u1,us,v2}. Then
v ¢ V(C) and v’ = {vs,v4-3} by the choice of (C,P,v1), v ¢ {u,w,w'} as og(G) > 7,
w # wy as wy » ug, and u' ~ {u,v3} to avoid (ugu',usus, uguiu,ugvovs). If u' ~ u then
u' ~ wv3 by the choice of (C,P,v1), and v/ ~ w to avoid (ut/,uui,vvgw,uvg_ovs—3); SO
(ugus, uguq, ugu'w, ugvevs) is a fork, a contradiction. Hence v’ « u and v ~ vg. If v/ = w
then (v3v2, v3u/, v3wiw, v3v4vs) would be a fork. So v’ ~ w. Now u' ~ vy_; by the choice of
(C,P,v1), and v’ ~ v to avoid (vgu, vgvg—1, vgwt', vguive). So (vW'w,uw vy, w'usus, u'vzvy) is a
fork, a contradiction.

Subcase 2.2. N(u1) C N(wy) U {uz}, and vy € V3 and u; ~ w.

If w ~ ug then ug ~ vy—1 to avoid (wug, wur, wwivs, Wvyve—1), and vg_1 € V3 and n > 4
by the choice of (C, P,v1). So (ugua, uzvg—1, ugwwi, ugugve) is a fork, a contradiction.

Hence w ~ ug. Let © € N(u3) \ N(up) such that x = uy when n > 4. Then by the choice
of (C,P,v1), x ¢ V(C), x # wy and & ~ vg. So x » w; to avoid (viur, v1v2, Viwix, V1VgUg—1).
Note that ug ~ vy4; for otherwise vy € V3 by the choice of (C, P, v ), and hence (ugvy, ugva, ususz,
uguiw) would be a fork. So ug » C' — vy by the choice of (C, P,v1). By Corollary 4.3, uy & Vs,
and let uw € N(ug2) \ {u1,us,v2}. Since N(ug) € N(u), we further choose x so that x ~ u
if x # ug. Note that u ~ {x,v3} to avoid (ugu, uguy,ususz, ugvavs), u ~ {xr,w} to avoid
(ugu, ugvy, ugusx, uguiw), and u ~ {w, vz} to avoid (ugu, ugus, usuiw, UgVV3).

We claim that u ~ x. For, otherwise, x = u4 by the choice of x. So u = vs by the choice of
(C, P,v1). Hence u ~ w, and u ~ vy_1 to avoid (wu, wuy, wwivs, wvgvg—1). Thus, vg_1 € V3
by the choice of (C, P,v1), and « ~ vy_3 to avoid (uz, uw, uugve, uvg—1v4—2). By the choice of
(C, P,v1) again, n > 5. Hence, (uvg—1, uw, uugve, uzus) is a fork in G, a contradiction.

Hence, u ~ v3 and u ~ w; so u » v; to avoid (uvi, uw, uugus,uvsvs). Note that w' ~ vy
to avoid (viug, vive, viunw’, vivgug—1), w' » vy and u = vs by the choice of (C,P,v1), and
u ~ w' to avoid (vsu, v3ve, v3v4vs, v3wiw’). So {w,w'} » vy_9 by the choice of (C, P,v1), and
(vgw, vgw', VgV1V2, VgUg—1V4—2) is a fork, a contradiction.

Subcase 2.3. N(u1) € N(wy) U {ug}, and u; € V3 and u; = w.
Then we may assume u; ~ w'. Now w’ ~ vg; otherwise we are back in Subcase 2.2.

We claim that ug ~ vg. For, suppose uy ~ v4. Then vy € V3 by the choice of (C, P, v;),
and ug ~ {w',vs} to avoid (ugus, ugve, usuiw’, ugvavs). If us ~ w' then usz ~ vs; so vs € Vs
and n > 4 (by the choice of (C, P,v1)), and hence (ugve, ugvy, uguiw’, ugusguy) would be a fork.
Hence, uz ~ w'. Then uz ~ w to avoid (wjw, wivy, wivsvy, wiw'us), and ug ~ vs by the choice
of (C, P,v1). Now (uguq,ugva, ugusw, usvavs) is a fork, a contradiction.

Thus, by the choice of (C, P,v1), ug ~ C U (P — {u1,us}). By Corollary 4.3, let u €
N(u2) \ {u1,us,v2}. Then u ¢ {w,w'} to avoid Cs. Let © € N(us3) \ {ug} such that x = uy if
n > 4 and, subject to this, z ~ u when possible. Then x ¢ V(C'), and x # w; to avoid Cs.

Suppose u ~ z for all choices of . Then x = wuy (since N(uz) € N(u)), v and uz are
symmetric, and {u, ug} ~ {v1,v3,v4} by the choice of (C, P,v1). Now w’ ~ {u,us} to avoid
(ugu, ugug, ugvovs, uguiw'), and assume w’ ~ wu by symmetry. Then u ~ w or w’ ~ vy to
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avoid (wiw, wivi, wiw'u, wivsvs). If u ~ w then v, € V3 by the choice of (C, P,v1), and
(ux, uvw’, uugva, uwvy) would be a fork. Hence u ~ w, and w’ ~ vy. Then vy € V3 by the
choice of (C, P,v1), so (w'vg, w'uy, w'uz, w'wiw) is a fork, a contradiction.

So u » x. Then u ~ wv3 to avoid (ugu,uguj, ugusx, ugvavs), u ~ vy to avoid N(ve) C
N(u), and u ~ {w,v5} to avoid (vsu,vsvy, v3wiw, v3v4vs). If u ~ vs then us = vs by the
choice of (C, P,v1), so (ugui, ugva, ugusz, uguvs) would be a fork. Thus, u ~ vs, and u ~ w
(so  # w). Then uz ~ w to avoid (ugui, usva, usuzx, uguw); so vy € V3 by the choice of
(C,P,v1). Now wi ~  or uz ~ vg—1 to avoid (wu,wwr, wuse, wvgvg—1). If wi ~ x then
(viug, vive, viwi T, vV1vgug—1) would be a fork. So w; ~ x, and uz ~ vg_1. Now vy_; € V3 by
the choice of (C, P,v1); so (usx, ugvg—1, uguvz, uswwy) is a fork, a contradiction.

Subcase 2.4. N(ui) C N(wy)U{uz}, and u; & Vs.

Suppose u; » w. Let w',w” € N(u1) N N(wi). Then v, = {w',w"}, to avoid (vyw,vew’,
VgU1V2, VgUg—1Vg—2) and (vgw, vgw”, v4v102, VgUg—10g—2). So vy ~ {w', w"} to avoid (wiw', wiw”,
wW1v1vg, w1v3vs), and we may let vg ~ w”. Then w' ~ vy to avoid (viw', vaw”, v4v3V2, V4V5VE),
and ug ~ {w',w"} to avoid (wyw',uivy, ugw’vy, uiugug). If ug ~ w” then uz ~ w'; so
(wiw”, wivs, wiw'us, wivivg) would be a fork. Thus, us ~ w”. Then vy € V3 by the choice
of (C,P,v1), and uz ~ w' to avoid (wiw’, wivs, wivivg, wiw”usz). Hence, uz ~ w to avoid
(wyw, wrv, wiw'uz, wivzvy). Now (ugw, wsw', ususve, ugw”vy) is a fork, a contradiction.

Hence, u; ~ w. Then us ~ w; otherwise, uz ~ vy_1 to avoid (wus, wui, wWvyvg—_1, WW1V3),
and {vg_1,v4} € V3 and n > 4 by the choice of (C, P,v1). Then (wvg, wui, wugus, wwivs) is
a fork, a contradiction.

We claim that ug ~ w’ or vq4 = w’. For, suppose ug ~ w’ and vy ~ w’. Then v4 € V3 by the
choice of (C, P,v1). Let u € N(u3)\N(u1) such that u = ug if n > 4. Thenu ¢ V(C), and uz ~
vs or u ~ wy to avoid (w'wy, w'uy, w'vivs, w'usu). If u ~ wy then (wyw,wivy, wiuus, wW1vsVy)
would be a fork. So u ~ w; and us ~ vs. Then vs € V3 by the choice of (C, P,v;), and
(usu, ugvs, usw'wy, ugugvy) is a fork, a contradiction.

In fact, w' = ug; for otherwise, vy » w', and so (wiw, wyv1, w1v3vy, W1w'ug) would be a
fork. Let w” € N(w')\ N(w). Then w” # ug, w” # vy to avoid (vgw, vyw’, vgv1v2, Vgvg_1Vg—2),
and w” # vy to avoid (u1vy, uyw, uyugus, urw'vy). So w” ¢ V(C) by the choice of (C, P, v1).

If w” ~ uy then w” ~ w3 to avoid (ugw”, ugus, uguiw, usvavs), and w” ~ wvs to avoid
(vsw” v3vg, V3WIW, V3V4V5); SO (ugug, UgVe, Usu W, ugw"v5) is a fork in G, a contradiction.
Thus, w” » us. Sow” ~ vy to avoid (ww, urvr, ww'w”, urusus), w” ~ vs to avoid (vivg, viw”,
V1w V3, V1uiug), and w” « ve_y by the choice of (C, P,v1). Now (viw”, viwi, viujug, v1vgvg—1)
is a fork, a contradiction. |

We now turn to the case when u; ~ vy—1 and wy ~ v3.

Lemma 5.4. Suppose n > 3, uy ~ vg_1, and wy ~ vs. Then for any v € N(v2) N N(vg),
IN(v) N {ur, wi}t| # 1.

Proof. By Lemmas 5.2 and 5.3, {va, vy} ~ P—wvy. First, suppose there exists v € N(v2) NN (vg)
such that v ~ u; and v » w;. Then vy ¢ V3 to avoid N(vy) C N(u1). Hence, v » u3 by the
choice of (C, P,v1), us ~ vg—a to avoid (uiv,u1v1, u1usus, u1vg—1vg—2), and uy ~ w; by the
choice of (C, P,v1). So (u1v,u1vg—1, uiugus, u1viws) is a fork in G, a contradiction.
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Now suppose there exists v € N(v2) NN (vg) such that v ~ u; and v ~ wy. Then vg,w; ¢ V3
to avoid N(v2) € N(w;y) or N(w;) € N(v2). Let w € N(wi) \ N(v2). Then w ¢ V(C) by
the choice of (C, P,v1), and w ¢ {uj,us} since og(G) > 7. Moreover, wy ~ uz (so w # us);
otherwise, with viwius ... u, replacing P, we obtain the situation in the first paragraph.

Note that w ~ {u1,v,4} to avoid (viva, v1vg, Viurug, viwiw). Suppose w ~ uy. Then uy ~
vg—2 to avoid (ujug, uiw, u1v1v2, U1Vg—_1V4—2), W ~ u3 to avoid (ujw, u1vg—1, u1v1v2, UTULUZ),
vg » w by the choice of (C, P,v1), and uz ~ v to avoid (wjv,wivy, wivzvy, wiwus). Thus by
the choice of (C, P,v1), va € V3, a contradiction.

Hence, w » uy, and w ~ vg. Let v € N(vz) \ N(wi1). Then v ~ {uj,vs} to avoid
(020, vav, Vav3Vy, Vv 1), and V' ~ {u1,v4} to avoid (vivg, viwi, viuiug, vivev'). Therefore,
v ~ uy since 0g(G) > 7. So (u1v', u1vg—1, urugus, uviws ) is a fork, a contradiction. |

Lemma 5.5. Suppose n > 3, uy ~ vg_1, and wy ~ v3. Then for any x € N(vy) \ N(u1) and
y € N(v2) \ N(w1), © ~ vz ory ~ vg.

Proof. For, let x € N(vg) \ N(u1) and y € N(v2) \ N(w) such that z ~ vy and y ~ v,. By
the choice of (C, P,v1), ug » vy and x,y ¢ V(C U P) (also by Lemmas 5.2 and 5.3). Let
u € N(us) \ N(uy) such that u = w4 if n > 4. Then u ¢ V(C).

Case 1. wy ~ us.

Then y ~ up to avoid (viw, v1vg, viujug, viv2y), ¥y ~ u3 to avoid (u1y, u1vg—1,u1viws,
uugus), and up ~ vg_o to avoid (uiug, w1y, uiviwi, u1vg—1vg—2). Hence by the choice of
(C,P,v1), v2,vg—2 € V3 and vg = {z,y}. So z ~ w; to avoid (viva, viwr, viuiug, V1V42).

Suppose there exists v € N(v3)\{v2, v4,w1}. Then v ¢ V(CUP) by the choice of (C, P, v1),
and v ¢ {z,y} since 0g(G) > 7. Now v ~ {y,vs5} to avoid (vsv,vzwi, v3vay, v3vavs). If v ~ v
then v ~ {z,y} by the choice of (C, P, v1); so (v3v, v3v4, v3v2y, v3wiz) would be a fork. Hence
v % vy and v ~ y. Then, v ~ v; to avoid (ulvg_l,ulug,ulvlwl,ulyv), v ~ x to avoid
(v1v, V102, ViU U2, V1Vgx), and ug ~ x to avoid (vvi,vx,vvsvs,vyus). Thus, v, € V3 by the
choice of (C, P,v1), and (usu, ugug, ugxvg, usyve) is a fork, a contradiction.

So vg € V3 and w; ¢ V3 (by Corollary 4.3). Let w € N(w;) \ {v1,v3,z}. Then w ¢
V(C)U V(P — {uy,uz}) by the choice of (C, P,v1), and w ¢ {uy,uz,y} as wy » {uy,us,y}.
Note that w ~ {uj,v4} to avoid (wjw, w1z, wiviuy, wivsvy). If w ~ uy then w ~ uz to avoid
(ww, u1vg—1, U1v1v2, UTu2u3); SO (uzu, UsW, U3Yva, uzuavy—2) would be a fork. Thus w ~ ug
and w ~ vg. Then w »~ v, by the choice of (C, P,v1); so (vivg, v1v2, viuiug, viwiw) is a fork,
a contradiction.

Case 2. w1 ~ us.

Note that u; ~ y or wy ~ z to avoid (viu1,viws, V1V, v1v2y). So by symmetry, assume
uy ~ y. By the choice of (C, P,v1), ug « vg—2. Soy ~ us to avoid (u1y, uiv1, u1vg—10g—2, U1u2u3).
Hence, vy € V3 by the choice of (C, P,vy).

Suppose there exists v € N(v3) \ {v,v4,w1}. Then v ¢ V(C U P) by the choice of
C,P,v1), and v ¢ {x,y} since 0og(G) > 7. If v ~ vs then v = {y,us} by the choice of
C, P,v1); so (v3v,v3vg, v3v2y, v3wiuz) would be a fork. Thus v « vs. Then v ~ y to avoid
V3V, UV3W1, U3V4V5, U3V2Y), U ~ Uy to avoid (v3v,wv3ve, v3v4vs, vswiugz), and v ~ u to avoid
Yv, yv2, Yyui1vg—1, yusu). So let uf € N(uz) \ N(v). By the choice of (C, P,v1), n = 3 and u§ ¢

(
(
(
(
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V(CUP). Now uf ~ uj to avoid (yv, yve, yuivg—1, yusus), and v ~ v1 to avoid N(ve) C N(v);
S0 (u1uf, u1vg—1, uru2v, u1v1v2) is a fork, a contradiction.

Thus, v3 € V3 and w; ¢ V3 (by Corollary 4.3). Let w € N(wi) \ {u2,v1,v3}. Then
w ¢ V(C)U V(P — up) by the choice of (C,P,v1), w # uj as 0og(G) > 7, and w # y as
wy » y. Note that wy » = (so u # x); otherwise z ~ uz to avoid (wyxz, wivy, wiugus, w1v3vy),
and so (ugu,usus, usrvg, uzyvy) would be a fork. Also note that w ~ {v4,v4} to avoid
(wiw, wiug, w1v1vg, w1vsvs). If w ~ vy then w ~ {ug,vy} by the choice of (C,P,v1); so
(v1ug, V1V, VWIW, vivgx) is a fork, a contradiction. Thus, w ~ vy4, and w ~ vg. So w = u3 by
the choice of (C, P,v1), and (wjw, wjv1, wiugug, wivsvy) is a fork, a contradiction. |

Lemma 5.6. Suppose n > 3, wi ~ v3, and u; ~ vg—1. Then (N(v2) \ N(w1)) N (N(vg) \
N(ul)) = @

Proof. For, let v € (N(v2) \ N(w1))N (N (vg) \N(u1)). Then v # ug by Lemma 5.2, and v ~ ug
since 0g(G) > 7. Thus, since v1 ¢ V3, v ¢ V3 by the choice of (C, P,v1). Let v/,v" € N(v)\
{v2,v4} be distinct. Then v',v” ¢ V(C') by the choice of (C, P,vy), {v/,v"} ~ {v3,v4-1} to
avoid (vv', vv”, vugus, vugvg—1). By symmetry, let v’ ~ {v3,vg_1}. Thenv' ¢ V(P)\{u1, u2,v1}
by the choice of (C, P,v1), v',v" ¢ {u1, w1} asv = {uy, w1}, and v',v" ¢ {ug,v1} and {v/, 0"} =
{u1, w1} as og(G) > 7.

We claim that w; = us. For, suppose w; ~ us. By symmetry let v/ ~ v3. Then ug ~ v’
to avoid (vsv',v3v2, V3V4Vs5, V3w ug), and v ~ ug to avoid (ugus,usw, ugv'v, uguivg—1). So
{v2,v4} C V3 by the choice of (C, P,v1). Let u € N(u3) \ N(v') such that u = ug if n > 4.
Thus u ¢ C, and so (vva, vV, vusu, vvgvg—1) is a fork in G, a contradiction.

Let w € N(wi)\ N(v2). Then w ¢ V(C)UV (P —{u1,uz2}) by the choice of (C, P,v1), w ¢
{ug, v} as w = {ug, v}, and w ¢ {uy,v',v"} since 0og(G) > 7. Note that w ~ {u1,v4} to avoid
(v1v2, V10, ViU U2, VIWiw). If w ~ w; then w ~ wug to avoid (ujw,uivy—1,u1v102, UTULUS);
hence, w » vy by the choice of (C, P,v1), and replacing P with vywwus...u,, we get a
contradiction to the above claim that w; »~ ug (because w ~ uy). Thus, w ~ u; and w ~ vy.
Hence, by the choice of (C, P,v1), w » vs and u; ¢ V3. Let uw € N(u1) \ {u2,v1,v4—1}. Then
u ¢ V(CUP)U{v,w,w;}, by the choice of (C, P,v1) and the fact that u; ~ {v, w}.

Case 1. u ~ us.

Then u ~ wy and u ~ vy to avoid (uiu, u1vg—1, uruousz, urviwy) and (u1u, u1vg—1, Uiu2us3,
u1v1v2), respectively. So u ~ v4_o by the choice of (C, P,v1), and us ~ vg_2 to avoid (uju, uivi,
U UU3, U1 Vg—1Vg—2). Hence vg_o € V3 by the choice of (C, P,v1). If ug € V3 then vy_1 € V3
by the choice of (C, P,v), contradicting Corollary 4.3. Hence ug ¢ V5.

Let v’ € N(u2)\{u1,u3,vg—2}. Thenu' ¢ V(CUP) by the choice of (C, P,v;), v ¢ {u,v,w}
since 0g(G) > 7, and v # w; as ug «~ wy1. Let z € N(ug) \ N(uy) such that z ¢ V(C). (Note
that such z does exist as otherwise n > 4 and we may choose z = uy.) Then z ¢ {u,v, w,w}
by the choice of (C, P,v1), and z # v’ as og(G) > 7.

Suppose @' = z. Then v/ ~ v to avoid (ugt,ugvg—2,usugz, uguivy), u' ~ wvg_1 to
avoid (v1vg, viwy, viu'ug, Vivgvg_1), and v’ ~ {vy_3, w} to avoid (vg_1u', vg_1u1, Vg_1Vg—20V4—3,
Vg—1vgw). If v ~ w then (Wvg_1,v'w,uwvive, v'usuz) would be a fork. So v’ ~ wvy_3, and
(Wvg—1,u'vg_3, u'v1ve, W'ugug) is a fork, a contradiction.
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Thus, v ~ z for all z € N(ug) \ N(ui) such that z ¢ V(C). Let uf € N(ug) \
N(u'). Then by the choice of z, uf ~ uy or uy = vg—3. If ujy ~ uy then uj ¢ V(C), and
(uru, uvr, wusus, u1vg—1v4—2) would be a fork. So uf ~ u; and uf = v,_3, and thus we may
assume z = uy.

Now v is symmetric to u3. Applying the argument above for ug to v/, v’ = vg_3 for any
u” € N(u')\ N(up), a contradiction as vg_3 € V3 by the choice of (C, P,vy).

Case 2. u ~ us.

Then u ~ {v2,v4} by the choice of (C, P,v1). So u and up are symmetric, and vg_o ~
{u,ua} to avoid (uiu,uiusz, u1vive, u1vg—1v4—2). By symmetry, assume u ~ vg_. Then by
the choice of (C,P,v1), vg—2 € V3, u = wy, and u » C — {vg_2,v4-3}. Since og(G) > 7,
u o {ug, v, v4-3, w}.

If u € V3 then vy_; € V3 by the choice of (C, P,v;), contradicting Corollary 4.3. Hence,
u ¢ V3. Let v/ € N(u)\ {u1,u3,vg—2}. Then v’ ¢ V(CUP)U{uz,v, w,w;} by the assumption
0g(G) > 7 and the choice of (C, P,v1). Let z € N(ug) \ N(uy) such that z = uy if n > 4.
Then z ¢ V(C), and z ¢ {vi,v,w1} and z = {v1,v2,v3,04—1,04} by the choice of (C, P,v1).
So v ~ {z,v1} to avoid (uv', uvg_o, uusz, uuivy).

If v ~ vy then w' ~ vy_3 by the choice of (C, P,v1), v’ ~ vg_1 to avoid (viwy,v1v2, viu'u,
V1VgVg—1), and v ~ v’ to avoid (vg_1u', vg_1u1, Vg—1Vg—2Vg—3, Vg—1UgV); 50 (Wvg_1,u'v, v v1Ww1,
w'uug) is a fork, a contradiction.

Hence, v/ »~ v; and v’ ~ z. Let uy, € N(uz)\ N(u). Then u, ¢ V(C U P) by the
choice of (C,P,vy), ufy # z since og(G) > 7, and ufy ¢ {v, w1} since ug = {v,wi}. Now
uh ~ {vr,vg-1} to avoid (uju,uivg—1, uv1v2, uruguy). If uh ~ vy then uh ~ w3 to avoid
(v1uh, vV1vg, VUYL, V1V2V3); SO (V3W1, V3V2, V3UYU2, V3V4Vs) would be a fork. So uh ~ vy and
uh ~ vg—1. Then ufy ~ vy_3; for otherwise replacing P with vy_jujuus...u,, we get a
contradiction to Lemma 5.3. Hence u}, ~ w to avoid (vg,lu’g, Vg—1U1, Vg—1Vg—2Vg—3, vg,lvgw),
and u' ~ {ug,v4-1} to avoid (ujug,uivg—_1,u1vive, wuw'). If v ~ ug then v’ ~ w to avoid
(uo, ugus, uguqv1, ugubw); so (u'z, u'ug, w'uvg_9, w'wuy) would be a fork. Thus, u' » up and
u' ~ vg_1. Then v/ ~ vy_3 to avoid (vg_1u, vV4—1Vg, Vg_1UIU2, Vg—1Vg—2V4—3). Now, replacing
P with vy_juquus ... u,, we get a contradiction to Lemma 5.3. |

6 Final reduction

We now show that n < 2. First, we need the following lemma.

Lemma 6.1. Suppose n > 3. If wi ~ {v3,vg_1} and uy ~ {v3,vg_1}. Then wy ~ us.

Proof. By symmetry assume w; ~ v3. Suppose wi ~ 3.

Case 1. w1 ¢ V3.

Let w € N(wy) \ {ug,v1,v3}. Then w ¢ V(C U P) by the choice of (C, P,v;) and the fact
that og(G) > 7. Note that the exceptional case of Lemma 5.3 does not occur for C' even if we
change P to another path P’ with V(P'NC) = {v1}. For, otherwise, vy € V3 and there exists
w) € V3 such that w] ~ v; and w] € v3. Then {va, w}} = {ug, w} to avoid N(ve) € N(w;) or
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N(w)) € N(wy). So ug ~ vg to avoid (v3va, vsw], v3vavs, v3wiuz), and hence vy € V3 by the
choice of (C, P,v1). Thus, (v3ve, vsw], v3v4v5, v3wiw) is a fork, a contradiction.

We claim that w ~ ug. For, suppose w » ug. Then {w,us} ~ vy to avoid (wiw, wivy, wiugus,
wivzvg). If w ~ vy then w ~ vy by the choice of (C, P,v1), us ~ vy to avoid (ww, wvs, wiugus,
w1v1vg), vg € V3 by the choice of (C, P,v1), and u3 ~ vy_1 to avoid (ugus, usu1, uswivs, uavgvg—1);
son >4 (as d(up,C) > 2), and (uvg, ugui, ugusus, upwivz) is a fork in G, a contradiction.
Thus, w ~ vg4 and uy ~ vg4. Hence vy € V3 by the choice of (C, P,v1). If ug »~ vs then let
uy € N(us) \ N(up) such that uf = uyg if n > 4; now uf ¢ V(C), and v}y ~ wy to avoid
(ugu1, ugws, ugv4vs, uguguy), which implies the fork (wjw,wivr, wivzve, wiujus), a contradic-
tion. Hence ug ~ vs, vs € V3 by the choice of (C,P,v1), and n > 4 since d(up,C) > 2.
Now w ~ wuy to avoid (ugui,ugvs,ugugug, uswiw). Let uw € N(up) \ N(wi). Note that
u ¢ V(C U P) by the choice of (C, P,v1) (and since u; ~ {v3,v4—1}). So u ~ ug to avoid
(ugw1, ugvy, ugugug, uguiu), and uy ~ vg to avoid (usug, usu, usugwi, usvsve). Hence vg € V3
by the choice of (C, P,v1) and n > 5 since d(u,,C) > 2; so (ugu, uzvs, ugugus, usugwi) is a
fork in G, a contradiction.

Then w » vg; for otherwise, vy € V3 by the choice of (C, P,v;) which would imply N (ve) C
N(wn). Also ug = vg. For if up ~ v, then v, € V3 by the choice of (C, P,v1), vg—1 ~ us to avoid
(ugug, UgUi, UgW1V3, U2VyVg—1), and n > 4 since d(up, C) > 2; s0 (uguy, ugvy, UgUzUy, U2WIV3)
is a fork in G, a contradiction.

We claim that ug ~ vy. For, suppose ug ~ v4. Then vy € V3 by the choice of (C, P,v1). Let
u € N(uz) \ N(wp) such that u = ug if n > 4. Then u ¢ V(C), and u # u; since og(G) > 7.
If u ~ wu; then u ~ vy (otherwise with vjujuus ... u, replacing P we get a contradiction to
Lemma 5.3), u ~ vy to avoid (viwi, v1v2, viuiu, v104v¢—1), vg € V3 by the choice of (C, P,v1),
and w ~ wuj to avoid (vlul,vlvg,vwgvg_l,vlwlw); so (uiu, ugw, uugvg, uivive) is a fork, a
contradiction. Hence u » uy, uz ~ vs to avoid (ugui, ugwi, ugusu, usv4vs), and w ~ vy by the
choice of (C, P,v1) (minimality of C'). Then vs € V3 by the choice of (C, P,v1), and so u = uy4.
If w »¢ u; then uy ~ vg to avoid (uguy, ugw, usugui, usvsve) and, hence, vg € V3 by the choice of
(C,P,v1), and n > 5 as d(uy,,C) > 2; so (usw, usvs, ugusus, usuguy) is a fork, a contradiction.
Thus w ~ u;. Let w’ € N(w)\ N(ug). Then w' ¢ V(C —v2) UV (P) by the choice of (C, P,v1),
and w' # vy as w » vg. If W' » uy then uy ~ vg to avoid (ususg, uzug, uzvsve, usww'); so n > 5
and (uguz, usvs, ugugus, usww') is a fork, a contradiction. Hence, w’ ~ ug, and so w’ » {v1,v3}
by the choice of (C, P,v1). Now (wiug, w1vs, wiww’, wiv1vy) is a fork, a contradiction.

Suppose w ~ vg. Then vy € V3, w » vy and uz ~ vg_1 by the choice of (C, P, v1); so
w ~ u to avoid (viuy,v1v2, V1VgVg—1, Viwiw). Suppose ug ~ vs, and let u € N(u3) \ N(w)
such that u = uyg if n > 4. Then u ¢ V(C), u; ~ u to avoid (wuy,wws, wusu, wosvs),
u ~ v to avoid (uiu,uius, uiwvs, uv1v2), U ~ vy to avoid (uju,ujug,uiwus, u1vivy); SO
(wusz, uuy, uvavs, uvgvy—1) is a fork, a contradiction. Hence, ug ~ vs, vs € V3 by the choice
of (C,P,v1), and n > 4 as d(u,,C) > 2. Let uf € N(uz) \ N(w;y). Then, since u; ~
{v3,v4—1} and 0g(G) > 7, u} ¢ V(C U P) by the choice of (C, P,v1). Now u} ~ u3 to avoid
(wog, wwy, wuzug, wuguh); so (usul, usua, usugws, usvsvy) is a fork, a contradiction.

Hence, w » v4, w ~ vy to avoid (wiw,wiug, wivsvy, wiv1vg), and v, € V3 by the choice
of (C,P,v1). If w ~ w; then ug ~ v4_1 to avoid (wui,wus, wwvs, Wvgvg—1), and hence
n > 4 as d(un,C) > 2; so (wuy, wvg, wuzus, wwivs) would be a fork. Thus w ~ u;. Let u €
N (u3)\ {u2, w} such that u = uy if n > 4. Then u ¢ V(C). By Corollary 4.3, {us, uz,w} ¢ Va.
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First, suppose us ¢ V3, and let v’ € N(us3) \ {u2,u,w}. In this case, we will not use the
restriction “u = uy if n > 4”7, u and v’ are symmetric. Suppose {u, v’} ~ w; and by symmetry
assume «’ ~ wi. Then v’ ¢ V(C), v/ ~ vy to avoid (wiu/, wiug, w1vivg, wivsvs), and vy € V3
by the choice of (C,P,v1); so (ugu,usus, uswvg, ugu'vy) is a fork, a contradiction. Hence,
{u,u'} » wy and by symmetry, assume u; ~ u’. Then u' # uy by the choice of (C, P, v1),
and u' « v by Lemma 5.3 (with vjujuug...u, replacing P). Since u; ~ {u,u'} to avoid
(usu, uzu', ugwog, usuguy ), (Vive, viwy, viw ', Vivgvg—1) is a fork, a contradiction.

Now suppose ug € V3 and ug ¢ V3. Then u = w; to avoid N(uz) € N(w1). Let v €
N(ug) \ {u1,u3, w1}. Then, since ug = {va,v4,v4} and 0g(G) > 7, v’ ¢ V(C U P) by the
choice of (C, P,v1). If v = {v1,v3} then v/ ~ w to avoid (wiw,wivy,wiv3vy, wiugu’) and
u' ~ u to avoid N(uz) € N(u'); so (wu',wvg, wwivs, wusu) is a fork, a contradiction. If
u' ~ vz and v’ ~ wv; then, since w » wuy, w ~ ¥ to avoid (viui,viv,vivav3, VIV W); SO
u o u to avoid N(ug) C N(u'), and (wu', wvg, wwivs, wusu) is a fork, a contradiction. Thus
u' ~ v3, and v’ « vy by the choice of (C,P,v1). Now u' » w; otherwise u' » u to avoid
N(uz) € N(u'), and (wu', wwi, wvgvs—1,wuzu) would be a fork. Then u' ~ vs to avoid
(v3u', v3ve, v3WIW, V3V4v5), and u ~ {u',u1} to avoid (uguy, ugwy, ugu'vs, ugusu). If u ~ uy
then u ~ vg by Lemma 5.3 (with viujuus ... u, replacing P); so (v1v2, viwi, V1UgVg—1, V1UIU)
is a fork, a contradiction. Hence u ~ u; and u ~ «'. Then u ~ vy by Lemma 5.3 (with
vsu'uug . . . uy replacing P), and u ~ vy to avoid (vsvy, v3ve, v3u'u, v3wiw). So vy € V3 by the
choice of (C, P,v1), which implies N(vs) C N(u'), contradicting Lemma 3.2.

Thus, ug,uz € V3 and w ¢ V3. Let v’ € N(w) \ {us,vg,w1}. Then v’ ¢ V(C U P) and
w' » v5 by the choices of (C, P,v1). Now w' ~ {v3,v4-1} to avoid (ww’, wug, wwivs, wugvg_1).
If w' ~ vz then (vsw’, v3v2, v3V4Vs, V3w uz) would be a fork. Hence w' » v3 and w’ ~ vy_1, and
w' » vy to avoid N(vg) € N(w'). Note that u »~ w; to avoid N(ug) C N(wi), and w’' ~ u to
avoid (ww', wug, wwvs, wuzu). So (wiug, wiv, wiww’, wivsvs) is a fork in G, a contradiction.

Case 2. wy € V3.

Then ve € V3 by the choice of (C, P,v1), and v ¢ V3 by Corollary 4.3. Let z € N(v2) \
{v1,v3} and y € N(v3) \ {v2,v4,w;1}. Note that x ¢ V(C U P) by the choice of (C, P,v;) and
Lemma 5.2, y ¢ V(C U P) by the choice of (C, P,v;) and because vs » u1, and w; # = # y
since 0g(G) > 7. Let u € N(u3)\ N(up) such that u = ug if n > 4. Then u ¢ V(C), and u # y
as og(G) > 7.

We claim that ug ~ C. For, suppose us ~ C. Then, since 0g(G) > 7, ug ~ {v4,v4} by the
choice of (C, P,v1). If ug ~ vy then vy € V3 by the choice of (C, P,v1); (ugu1, ugvy, ugusu, ugwivs)
would be a fork. Hence ug ~ v, and up ~ vy, and thus vs € V3 by the choice of (C, P,v1).
Now ug ~ vs to avoid (ugui,ugwi, ugusu, usvsvs). So vs € V3 by the choice of (C, P, v),
and n > 4 as d(u,,C) > 2. Let z € N(uq) \ {us} such that z = usz if n > 5 (z is arbi-
trary if n = 4). Then z ¢ V(C), z ¢ {u1,u2, w1} by the choice of (C, P,v;), and z ~ ua
to avoid (ugui,ugwsy, uszug, ugvavs). By Lemma 4.3, let v’ € N(us) \ {u2,us,v5}. Then
u' ¢ V(C U P) by the choice of (C, P,v;) and because og(G) > 7. Hence z ~ u’ to avoid
(usu', uzvs, usugwy, usugz), and so z = us to avoid N(uy) C N(u') (as z is arbitrary when
n = 4). Moreover, vg ~ {u',us} to avoid (usu', usug, usvsve, ususwy). By the symmetry be-
tween v’ and ug, let ' ~ vg. Then vg € V3 by the choice of (C, P,v1). Let u” € N(uq)\ N ().
Then v’ ~ ug to avoid (ugu’, uzvs, ugugwy, ugusu”). So (ugu”, ugvy, ugusu’, uswivy) is a fork,
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a contradiction.

Now we show y ~ vs. For, suppose y ~ vs. Then uy ~ y; for otherwise, u ~ y to avoid
(uguy, ugwi, ugusu, ugyvs), and (yu, yvs, yugui, yvsve) would be a fork. Hence, = ~ {v4,y} to
avoid (v3y, v3vyg, V3w ug, v3vex). If & ~ vy thenlet v € N(y)\N(v4); now (v3va, v3v4, VWU, V3YV)
is a fork, a contradiction. So x ~ y. Let v € N(vg) \ N(y); then (vsve, v3y, v3wiug, v3v4v) is a
fork, a contradiction.

Then y » u to avoid (v3ve, V3w, Vsyu, V3V4V5), Y ~ uz to avoid (vsy, v3ve, V3V4Vs5, V3WIUL),
and x ~ {y,v4} to avoid (vsy,vswi, v3vavs, v3vex). If N(y) = {ug,vs,z} for all y € N(v3) \
{vo,v4, w1}, then v € Vy, and hence vy, v3 contradict Lemma 3.4. Thus, let y be chosen so
that there exists ¥’ € N(y) \ {ug,vs,z}. Then y' # vs (since y = vs), ¥ # v1 (since y ~ vy to
avoid N(w1) C N(y)), and ' ~ v4 to avoid (vswy, v3va, v3V405, V3YY').

We claim that x » vy (and hence z ~ y). For, otherwise us » 3’ by the choice of (C, P, v1),
y' ~ vg to avoid (vay, vax, v4v3W1, V4V506), Y = uy by the choice of (C, P,v1), and u ~ y to
avoid (uguq, uswy, ugugu, ugyy'). So (yu, yusa, yvsve, yy've) is a fork, a contradiction.

We also claim that ug » x. For, suppose ug ~ z. Then ¢’ ~ ug to avoid (usy’, usu, ugzvs,
uzuswi), T * vy to avoid (zvg, xva, zyy', Tusu), x ~ uy to avoid (viwr, vViUl, V1VeVg—1, V1V2T),
and ¥ ~ w to avoid (zuy,zvs, zugu,zyy’). Hence (uiug, w1z, uivivg, u1y'vs) is a fork, a
contradiction.

Then x ~ wu; to avoid (uguy,ugws, ugusu, ugyx). Moreover, 3y’ ~ ug; for, otherwise, y' ~
uy to avoid (uguq,ugws, usyy’, ususu), and so (u1v1, urw, uiusus, u1y'vy) is a fork in G, a
contradiction. Hence vs € V3 by the choice of (C, P, v1).

We now show that u; € V3. For, suppose u; ¢ Vi, and let v/ € N(uy) \ {ug,vy,x}.
Then, since u1 = {v3,vg—1} and og(G) > 7, v ¢ V(C U P) U {wy,y} by the choice of
(C, P,v1). Moreover, u' # y' to avoid (y'y,y'vs, y'usu,y'uivy). Now v’ ~ {us,y} to avoid
(u2y, ugwy, ugusu, uguiu'). If v’ ~ ug then (uzu',usu,ugugwi,usy’vs) would be a fork. So
u' % ug and v’ ~ y. Now (v3ve, v3wy, v3v4v5, v3yu’) is a fork, a contradiction.

If v; € Vj then vy, v1 contradict Lemma 3.4. So vy ¢ Vi, and let v € N(v1)\ {v2, vg, w1, w1 }.
Then v ¢ V(C U P) by the choice of (C, P,v1), v ¢ {x,y'} since 0og(G) > 7, and v # y (as
y ~ v1). Note that v ~ {ug,vy—1} to avoid (viv,v1v2, vViutuz, V1V4Vg—1), and v ~ {uz, vz} to
avoid (v1v,v1vg, Viutug, viv2v3). By the choice of (C, P,v1), v = v3 Or v % Vg_1; SO U ~ Ua.
Then v » v3 (to avoid N(w;) € N(v)), and v ~ u to avoid (ugv, uguy, ugwivs, ugugu). Now
x = v to avoid N(u1) C N(v); so (viug, viwy, vivu, vivex) is a fork, a contradiction. |

Lemma 6.2. Suppose n > 3. If wy ~ {v3,vg_1} then uy ~ {v3,vg4—1}.

Proof. For, suppose wy ~ {v3,vg—1} and u; ~ {v3,vy—1}. By symmetry assume wy ~ v3. Then
wy » ug by Lemma 6.1; so wy =~ P — vy by the choice of (C, P,v1). Moreover, vo = P — vy;
otherwise, by Lemma 5.3, wy,vs € V3, v ~ u9, and wy = us, and hence by replacing C' with
V1w, V3. .. Vgu1 We get a contradiction to Lemma 6.1 (since vg ~ ug2).

Therefore, us ~ vy to avoid (viva, viwi, viuitug, v1vgvg—1). So by the choice of (C, P, v1),
vg € V3. Let w € N(us)\ N(up) such that v = ug if n > 4. Then v ¢ V(C), and
u # w; since og(G) > 7. Let 1 € N(w;y) \ N(vz2), and 2 € N(v2) \ N(wi). Then
z1,22 ¢ V(C U P). Note that u; ~ z; for i = 1,2, to avoid (viui,v1v2, V1V409—1, vV1W12T1)
and (viu1, viwr, V1VgUg—1,V1v2x2). So u & {1, 22} as u ¢ N(uq).
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Claim 1. N(w1) \ {z1} = N(v2) \ {z2}.

Suppose there exists v € N (v2)\ ({2 }UN(w1)). Then u; ~ v to avoid (viug, viwr, v1vgvg—1,
v1020), and vy ~ {2, v} to avoid (vaxa, V2V, V2U1vg, V2v3V4). By symmetry, let v4 ~ v. Note
that us ~ {v, 22} by the choice of (C, P,v1). So vy ~ x2 to avoid (ujvy,uixe, ujusus, ujvvy).
Now (v4xe, v4v, v4v3W1, V4V506) is a fork, a contradiction.

Now suppose there exists v € N(wy) \ ({z1} U N(v2)). Then u; ~ v to avoid (viug, viva,
V1VgUg—1, V1w1v), and vy ~ {z1,v} to avoid (wixi,wiv, wiv1vg, wivzve). By symmetry, let
v ~ vy. Then vy » x; to avoid (v4x1, V4V, V4V3V2, V4V5VE), and ug ~ {1, v} to avoid (uixy, vy,
urugug, u1vvy). If ug o v then uz ~ x1, and (wiv, wivs, wiz1u3, W1V1v4) would be a fork.
Hence us ~ v, and v4 € V3 by the choice of (C, P,v1). If ug ~ vs then vs € V3 (by the choice of
(C,P,v1)) and n > 4 (as d(uy, C) > 2); so (uzu4, ugvs, ususvy, ugvwi ) would be a fork. Hence,
ug ~ vs. Then u ~ w; to avoid (vwy, vui, vuzu, vvavs). Now (wiu, w1z, w1vivg, W1vV,) is a
fork, a contradiction.

By Claim 1 and Lemma 3.3, N (z1) \{w1} € N(x2)\{v2} and N(x2)\{ve} € N(z1)\ {w:}.
Let x € N(z2) \ ({ve} UN(z1)).

Claim 2. x ¢ V(C).

For, assume =z € V(C). Then z = vg by the choice of (C, P,v1); so vy »~ x;. Hence,
ug ~ {1,292} to avoid (uix1, u1v1, u1evg, urugus), and us »~ xy or us = x2 to avoid (usu, ugxy,
ULV, U3UVg). If uz ~ w9 and uz ~ x1, then ve,vs € V3 by the choice of (C, P,v;); so
(x2va, T2v4, T2u1T1, T2usw) is a fork, a contradiction. Thus uz = x9 and ug ~ 7.

Next, we show xo ¢ V3. For, assume zo € V3. Then vg € V3 by the choice of (C, P,vy),
and vy ¢ V3 by Corollary 4.3. Let v € N(v4) \ {vs,vs,22}. Since 0g(G) > 7 and because
of the choice of (C,P,v1), v ¢ V(C U P)U {wy,z1} and v » uz. Then v ~ w; to avoid
(w1v, w13, w1T1Uz, W1VIVg), v ~ ur to avoid (v4v,v4vs, Vav3W1, v4x2u1), and v « v by the
choice of (C, P,v1). Hence, (v4v,v4x2, V40506, v4vzwy) is a fork, a contradiction.

Thus, let 2’ € N(x2) \ {u1,v2,vs4}. Note that 2’ ¢ {ug,z1} since 0og(G) > 7, ' ¢ {us, w1}
since zg » {ug, w1}, and 2’ ¢ V(C)U V(P — u3) by the choice of (C, P,v1). Now a’ ~ {uz,vs}
to avoid (x22, Tovs, Tov4vs, TouIUL).

Suppose 2’ ~ uy. Then 2’ » {vs,v4-1} by the choice of (C, P,v;), and 2’ ~ u or uz ~ vg_;
to avoid (uea’, ugur, ugusu, usvgvg—1). If @’ ~ w then (xour,xovs, Tox'u, Tov4vs) would be
a fork. So 2’ ~ uw and uz ~ vg—1. Thus, vy_; € V3 by the choice of (C,P,v1), u = uas
as d(un,C) > 2, and ug ~ vg_2 to avoid (usug,usus, U3T1Wi, UsvVg—1vg—2). SO0 n > 5 as
d(upn,C) > 2, and (ugvg_1, usus, ugusus, usriwi ) is a fork, a contradiction.

Hence, 2’ = ug, and 2/ ~ vs. Let 2" € N(2') \ N(vq). Since og(G) > 7 and because of
the choice of (C, P,v1), 2" ¢ V(C) U {u1,ug,us}, " # x1 as 2’ = x1, and 2’ # u to avoid
(xovg, Tovg, T2z U, Tousuz). Now 2" ~ {uy,va} to avoid (xqva, xovy, Toujug, xox'z"). If 2" ~ uy
then 2" ~ w; to avoid (uix”, uius, uixovy, uzviwy); hence x” ~ vy by Claim 1, and z” = ug
by the choice of (C, P,vy); if 2’ » uy and z” ~ vy then 2" ~ w; by Claim 1, and z” = ug by
the choice of (C, P,v1). So (wiz”, wiv3, wivivg, wizius) is a fork, a contradiction.

Claim 3. x9 = ug (so x ¢ V(P) by the choice of (C, P,v1)), and z » v;.

Suppose x3 ~ uz. Then v € V3 by the choice of (C, P,v1), and w; € V3 by Claim 1.
Thus, replacing C, P with viwivs ... vy, viu122us ... uy, respectively, we get a contradiction
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to Lemma 6.1 (since vy ~ {v3,vg-1} and vy ~ x2).

Now assume z ~ v;. Then z ~ vy_1 to avoid (viz,vive, ViwiT1,V104Vg—1), and & ~ ug
to avoid (vyz, vive, V1w Ty, vlvgug). Replacing P with vixus ... u,, we get a contradiction to
Lemma 5.2.

Claim 4. x ~ us.

Suppose = ~ uy. Then x » vs by the choice of (C, P,v1), and  ~ u or x1 ~ ug to avoid
(upz, ugvg, ugusu, usuixy). If uw = ug and = ~ ug then vy € V3 by the choice of (C, P,v;), and
wy € V3 by Claim 1; hence replacing C, P with vywivs...v4v1, viuizezuy . . . uy, respectively,
we get a contradiction to Lemma 6.1 (since uy ~ {vs,vg—1} and va ~ x2). So u # u4, or u = uyg
and x = uy4.

We may thus choose u so that u ~ {uj,x}. For otherwise, u # wug, n = 3, and,
since N(u3z) € N(x), there exists v’ € N(uz) \ (N(z) U {u1}) such that v’ ~ wu;. Then
(v, ur 1, uizax, u1v1vy) is a fork, a contradiction.

Thus, 1 ~ ug to avoid (uavg, usx, ugugu, usuix1), and vg—1 ~ {us, x} to avoid (usx, uguy,
UUgU, UgUgUg—1). If vg_1 ~ wug then vy_; € V3 by the choice of (C,P,v1), and v = uy as
d(un,C) > 2; so (ugvg—1,usuq, ususx, ugziwy) is a fork, a contradiction. Hence, vg_1 = u3
and vg_1 ~ .

If wy ¢ Vs and let w € N(w;) \ {v1,v3, 21}, then w ~ v9 by Claim 1, and w = ug by
the choice of (C, P,v1); so (wiw, wvs, wiziug, wivivg) would be a fork. Hence w; € V3, and
then vy € V3 by Claim 1. So vz ¢ V3 by Corollary 4.3. Let v € N(v3) \ {va,v4,w1}. Then
v ¢ V(CUP)U{z} by the choice of (C, P,v1), and v ¢ {x1,x2} since og(G) > 1.

Suppose v ~ x5 for all v € N(v3) \ {v2,va,w1}. Then v ~ x; to avoid (zov, x2v2, Taxvy_1,
xourxy). If v € V3 for all v € N(v) \ {v2, v4, w1} then vs € Vj by Lemma 3.2, and hence vy, v3
contradict Lemma 3.4. So v ¢ V3 for some choice of v, and let v € N (v)\{vs, x1,22}. Note that
v » v5 (80 v' # vs) by the choice of (C, P,v1), and v’ ~ vy to avoid (vswi, v3va, V30405, v3VV").
Hence v’ = x by the choice of (C, P,v1), and v' ~ uy to avoid (zov2, xour, xaxvg_1, z2vv"). But
then (ujug,uixy, u1v'vy, ugv1ve) is a fork, a contradiction.

So v = g for some v € N (v3)\{va, v4, wsa}. Then v ~ v5 to avoid (vswr, V3V, V3VaT2, V3V4V5)
(as xg » vg by Claim 2), and x1 ~ {v,v4} to avoid (v3v, v3vy, v3uoxe, v3wi21). If 1 ~ v then
let v € N(vg)\ N(v); now (v3v, v3wy, v3v229, v3v40") is a fork, a contradiction. If 21 ~ v4 then
let v/ € N(v) \ N(v4); now (v3vg, vswy, v3vexe,vavv’) is a fork, a contradiction.

By Claims 3 and 4, x « {ug,v;} and x2 » ug. So us ~ x1 to avoid (ujv1, w121, ujugus, u1r2).
We claim that w; € V. For, let w € N(wy) \ {v1,v3,21}. Then w ¢ V(C)U V(P — {uy,uz2})
by the choice of (C, P,v1), w ¢ {ua,x2} as wy = {uz, x2}, and w ¢ {u1,z} as og(G) > 7. Since
w ~ v (by Claim 1), w ~ u3 by the choice of (C, P,v1). So (wiw,w1vs, wiz1us, wivivg) is a
fork, a contradiction.

Therefore, v9 € V3 by Claim 1, and hence vs ¢ V3 by Corollary 4.3. Let v € N(v3) \
{va,v4, w1} be arbitrary. Then v ¢ V(C)U V(P — uy) by the choice of (C, P,vy), v ¢ {z1,z2}
since 0g(G) > 7, and v # u; as uj = vs.

Suppose v ~ 1 for some v € N(v3) \ {v2,vs,w1}. Then v ~ v; to avoid N(wy) C N(v).
Note that v ~ wvs; as otherwise replacing P with vsvzius...u, we get a contradiction to
Lemma 6.1 (since w; ~ x1). So vs » u by the choice of (C,P,v1), and v ~ u to avoid
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(x1w1, 11, T1U3U, T1VV5). Hence, (vvs, vu, vugve, vriuy) is a fork, a contradiction.

So v » xp for all v € N(v3) \ {va,vg,w1}. If vg ~ 1 then vy € V3 by the choice of
(C, P,v1); so (x1u1, x1w1, x1u3u, £104v5) would be a fork. Hence vg ~ x1; so v ~ v5 to avoid
(1)31),U3U2,U3U)1.I1,’U3U4U5), and T ~ {U,U4} to avoid (’1)31),1)3214,2)31)2.732,1)311)1%1). If Xrog ~ U
then let v € N(vq)\ N(v); now (v3v, v3va, v3wi 1, v3040") is a fork, a contradiction. If zg ~ vy
then let v € N(v) \ N(vq); now (vsvg, v3ve, v3wiz1,v300") is a fork, a contradiction. ]

Lemma 6.3. n < 2.

Proof. Suppose n > 3.

Case 1. wy ~ {v3,v4-1}.

Then by Lemma 6.2, u; ~ {v3,vg_1}. If wy ~ vg and u; ~ vy—1 then by Lemma 5.6,
(N(vg) \ N(u1)) N (N(v2) \ N(w1)) = 0. Let x € N(v2) \ N(w;) and y € N(vg) \ N(u1); so
x #y. By Lemma 5.5,  ~ vy or y ~ va. If x ~ vy then x ~ u; (since z ¢ N(vg) \ N(u1)),
contradicting Lemma 5.4 (as x »~ w;). So y ~ ve. Hence y ~ wy (since y ¢ N(v2) \ N(w1)),
contradicting Lemma 5.4 again (as y »~ uy).

Similarly, if w1 ~ vy—1 and u; ~ v3, we get a contradiction to Lemma 5.4. Thus by
symmetry, we may assume that vz ~ u1, v3 ~ wy and vg—1 = {ui, w1 }. Then vy » P — v by
Lemma 5.2. If wy ~ ug then us ~ v4 to avoid (vsve, v3wi, v3V4Vs5, V3uuz), and ug < v, by the
choice of (C, P,v1); so (v1v2, viwi, viuiug, v1vgve—1) is a fork, a contradiction. Thus wy ~ ua,
and hence u; and w; are symmetric. Let u € N(uy) \ N(w;) and w € N(wq) \ N(u1). Then
u,w ¢ V(C U P) by the choice of (C, P,v1).

Note that w ~ {vo,v4} to avoid (vzve,v3ur,v3vavs,vswiw), and w ~ {vg, vy} to avoid
(vlvg,vlul,vlvgvg_l,vlwlw). Hence, w ~ wy, since w ~ wvg or w ~ v, (by the choice of
(C,P,v1)). Similarly, u ~ vy. Thus, by the choice of (C, P,v1), uz » {u,w}, and {u,w} ~
{va,v4} to avoid (vau, vow, vav3v4, V2v1v,). So by symmetry let w ~ vy; then w ~ v, by the
choice of (C, P,vy).

Now vy ~ wug to avoid (wlw,wlvg,wluzu;:,,wlvlvg). Thus, vy € V3 by the choice of
(C, P,v1), and uz ~ vg_1 to avoid (ugus, usui, ugwiw, ugvgvg—1). So n > 4 as d(u,,C) > 2,
and (ugu1, ugvg, usuzuy, upwiw) is a fork in G, a contradiction.

Case 2. wy » {v3,vg_1}.

Then uq ~ {’Ug,’l}g_l} to avoid (viui, viwi, v1v203, V1VgVg—1). If w1 ~ ug then by replacing
P with viwiug ... u, we get back to Case 1. So wy ~ uz. By symmetry assume uj ~ vg_1.

Then vy = P — vy by Lemma 5.2. So up ~ vz to avoid (vivg, viwi, v1vavs, viuiuz). Hence,
vg € V3 by the choice of (C, P,v1), and {u1,u2} V3 by Corollary 4.3. Let v € N(u3) \ N(u1)
such that u = uyg if n > 4. Note that u ¢ V(C'), and u # w; by the choice of (C, P, v1).

Subcase 2.1. uy ¢ V.

Let v’ € N(ug) \ {u1,us,va}. Then, since uy » {vg, w1} and og(G) > 7, v’ ¢ V(CUP)U
{u, w1} by the choice of (C, P,v1). So v’ ~ {u,v4_1} to avoid (ust’, ugve, ugusu, uguivg_1).
Note that u' »= vy_1; otherwise, replacing P with vy_ju'us - - - uy,, we get back to Case 1. So

u' ~ u (for all choice of u). Now u' ~ v;; otherwise replacing P with viv/uug ... u, we get
back to Case 1.
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We claim u = uy4. For, otherwise, since N(ug) € N(u'), there exists u” € (N(ug\ N(u')))N
N(u1). Note that wy ~ u”; otherwise replacing P with vywiu"ug ... u, we get back to Case
1. Hence (uju”, uivg—1, urugu/, ugviwy) is a fork, a contradiction.

So we have symmetry between u' and ug, and thus we also have uz ~ wv,_;. Hence,
v3 ~ {u,uz} to avoid (ugu/,ugus, usuivy—1,usv2v3). By symmetry, let v’ ~ wv3. Then
vs € V3 by the choice of (C,P,v1). Let uy € N(ug) \ N(u'). Then by the choices of
(C, P,v1) and the assumption og(G) > 7, usy ¢ V(C U P)U{w}. Now uj ~ u; to avoid
(ugu, ugva, usuguly, usuivg—1), and uf ~ wiy to avoid (uiuy, urvg—1, urusu’, urviwy). But then,
replacing P with vjwiujus - - - up,, we get back to Case 1.

Subcase 2.2. ug € V3 and uq ¢ V3.

Since ug € V3, vy € V3; otherwise the cycle vovs . .. vg_1u1u2v2 contradicts the choice of C'in
(C, P,v1). Let v/ € N(u1)\{uz,v1,v9-1}. Thenu' ¢ V(CUP) by the choice of (C, P,v;), v’ # u
as u » ui, v # wy as 0g(G) > 7, u' ~ {ug,vg_2} to avoid (uiv/, uivi, urugus, u1vg_1v4—2),
U’ vy to avoid N(vy) € N(uy), and u’ ~ wy to avoid (viwi, v1vg, v1v2v3, Viw ). So u' = us;
otherwise, replacing P with viwiuus ... u,, we get back to Case 1. Thus, u/ ~ Vg—2.

We claim that «’ € V3. For, suppose there exists u” € N(u') \ {u1,vg—2,w1}. Then v’ # u
since 0og(G) > 7, v’ ¢ V(C — vy) UV (P — u3) by the choice of (C, P,v1), v’ ¢ {us,vy} as
u' o {ug,vg}, and v’ ~ {v1,v4-1} to avoid (uivi, u1vg—1, urugus, urw'v”). If u” ~ vy then
u” < vg_g by the choice of (C, P,v1), and u” ~ vy_1 to avoid (viu”, viwy, vivavs, vivgvg—1); SO
(Vg—1U", Vg—10g, Vg—1Vg—2Vg—3, Vg_1u1U2) is a fork, a contradiction. So u” » v; and u” ~ vgy_;.
Then u” ~ vg_3 to avoid (vg—1u”,vg_10g, Vg—1Vg—20g—3,Vg—1u1u2). Now, replacing P with
Vg—1U1U2 - - - Up, We get back to Case 1.

Thus vy_1 € V3 as otherwise vg...vg_gu'uluwg would contradict the choice of C' in
(C, P,v1). Hence, vg_o ¢ V3 by Corollary 4.3. Let v € N(vg_2) \ {vg—1,v4-3,u'}. Then
v ¢ V(C)UV(P—uq) by the choice of (C, P,v1), v ¢ {u1, w1} since 0og(G) > 7, v ~ {vg_4,v4} to
avoid (vg—2v, Vg_2U, Ug_2Ug_1Vg, Vg—20Vg—3Vg—1), and v ~ {vg, w1} to avoid (vg—2v, Vg—2vg_3, Vg2t w1,
Vg—2Vg—1vg). Hence, v ~ v, (for any choice of v); otherwise, v ~ v4_4 and v ~ wi, contra-
dicting the choice of (C,P,v1). Thus, vg_o € V4 as vy € V3, and v ~ {u1,w;} to avoid
(viur, viwr, V1V2U3, V1VgV). But v < 1y to avoid N(vg—1) C N(v); so v ~ wy.

If v € V3 then vy_3, vy_2 contradict Lemma 3.4. Sov ¢ V3, and let v' € N(v)\{vg_2, vy, w1 }.
Then v' ¢ V(C)U V(P — {u1,us}) by the choice of (C, P,v1), v' ¢ {v/,us} as og(G) > 7, and
v # up as v @ up. So v~ vg_g to avoid (vg_ou', vg_2vg—1,Vg-20V, Vg_2v4_3V4_4). Now
v € Vy; for otherwise, let v € N(v)\{vg—2,vq, v, w1}, then (vv/, v0", vogvy_1, vw ) is a fork,
a contradiction.

Suppose there exists w € N(w1)\{«/,v,v1}. Then, since wy ~ {ug,v3,v4-1} and og(G) > 7,
w ¢ V(C'U P) by the choice of (C, P,v1). So w ~ uy to avoid (viur, vivg, v1v203, viwiw), and
w ~ ug to avoid (’LLl'U},Ulu/,U1’l)1'l)g,U1u2U3). Now, replacing P with vjwiwus - - - u,, we get
back to Case 1.

Thus w; € V3. By the choice of G, G — {v/,v,v4-2,v4-1,v4, w1} has a 3-coloring c. By
setting c(vg—2) = ¢(v’) and greedily coloring {u/,v,v4_1} (with a common color for all three),
vg, w1 in order, we get a 3-coloring of G, a contradiction. |
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7 Conclusion

Proof. We complete now the proof of Theorem 1.2. Let C' = v ...v4v1 be a shortest cycle
in G such that the assertion of Lemma 6.3 holds. By Corollary 2.2, we see that Ny(C) # ().
Let T C V(G — C) such that for any u € T if P is a path in G from u to some v; with
V(P)NV(C) = {v;} then v; € V3, and let H be the union of all such paths P from T to C.
Define S =V(H)NV(C);s0 S C V3. Let K =G — (H — S). Note that S C Va(K).

By Corollary 4.5, S # V(C). So by the choice of G, x(H) < 3. Let ¢y be a 3-coloring
of H, which induces a 3-coloring cg on G[S]. If the conditions of Lemma 2.1 hold, then by
Lemma 2.1, ¢g can be extended to a 3-coloring of cx of K; now let ¢(v) = cx(v) if v € V(K)
and c(v) = cg(v) if v € V(H), we see that ¢ is a 3-coloring of G, a contradiction. Thus, it
suffices to verify the conditions of Lemma 2.1. Recall the notation in Section 2.

By Lemma 6.3, we see that if u € No(C) N V(K) then there is a path uujv; in K such
that v; ¢ V3. Let wy € N(’UZ) \ {ul,vi_l,vi+1}. Then {ul,wl} ~ {'I}Z'_Q,Ui+2} to avoid
(viug, VWL, ViV—1Vi—2, ViVi+1Vi4+2). By symmetry and by the minimality of C, assume w; ~
Vivo. If up ~ {vi_9,viy2} then w is associated with v;_; or v;y1. On the other hand, if
uy » {vj_g,vit2} then u ~ w; to avoid (v;wi, vivi—1, ViVi+1Vite, Viuju), and wy ~ v;_s to avoid
(ViW1, ViVi£1, ViU U, ViV;—1V;—2); SO u is associated with v;_q.

So in K, every vertex in Nao(C) N V(K) is associated with a vertex of C. Next we show
that (i) — (iii) of Lemma 2.1 holds.

Suppose w € N(v;) and z1,22 € N(w) N No(C), such that x; is associated with one of
{vi—3,v;—1} and x4 is associated with one of {v;;3,v;+1}. We show that v;_1,v;41 ¢ S. By
the minimality of C and by symmetry we may assume xp is associated with v;_1. Let ziuiv;
and xjujv;—o be paths in K. Note that u; » x9 to avoid (u1x1,u1Ta, U1v;—20;—3, UTVV11).
If ;11 € S then let v € N(vit1) \ {vi, vite}; now (viug, vivi—1, viwre, V;ivir1v) is a fork, a
contradiction. If v;—1 € S then let v € N(vj—1) \ {vi, vi—2}; now (vju1, v;vi41, ViWT2, V;V;_1V)
is a fork, a contradiction. So v;_1,v;+1 ¢ S, and Lemma 2.1(i) holds.

Now suppose X;1 # 0 and some v; € {v;—1,v;41} NS is associated with some vertex
u € No(C). Without loss of generality, let v; = v;11, and let wujv; and wuvi42 be paths.
Let w € X;1 and v € N(vip1) \ {vi, vige}. Then (vjw, viug, v;vi—1vi—2,vivi11v) is a fork, a
contradiction. So Lemma 2.1(ii) holds.

Finally, we verify Lemma 2.1(iii). By symmetry, assume that v; is associated with some ver-
texu € No(C)and u ~ w € X111 UXZ.‘:MUX;L?,. Suppose v, vi43 € S. Then w » v;13. Let
v e V(H)\V(K). Let uujv;—1 and uujviy1 be paths. Then (viy1u1, Vi41W, Vig10i420i+3, Vit10;V)
is a fork, a contradiction. So Lemma 2.1(iii) holds. ]
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