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Abstract

A circle in a graph G is a homeomorphic image of the unit circle in the Freudenthal com-
pactification of G, a topological space formed from G and the ends of G. Bruhn conjectured
that every locally finite 4-connected planar graph G admits a Hamilton circle, a circle con-
taining all points in the Freudenthal compactification of G that are vertices and ends of G.
We prove this conjecture for graphs with no dividing cycles. In a plane graph, a cycle C is
said to be dividing if each closed region of the plane bounded by C' contains infinitely many
vertices.
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1 Introduction

Whitney [19] proved that every finite 4-connected planar triangulation contains a Hamilton cycle.
This result was generalized by Tutte to the following

Theorem 1.1 (Tutte [18]). Every finite 4-connected planar graph contains a Hamilton cycle.

Thomassen [16] further generalized Theorem 1.1 by showing that every finite 4-connected planar
graph is Hamilton connected. In this paper we consider a possible generalization of Theorem 1.1
to infinite graphs, conjectured by Bruhn (see [5]).

A ray is a graph isomorphic to the graph with vertex set {v; : i = 1,2,...} and edge set
{vivi1 1 i = 1,2,...}. A double ray is a graph isomorphic to the graph with vertex set {v; :
i=...,—2,-1,0,1,2,...} and edge set {v;v;41 : 1 =...,—2,—1,0,1,2,...}. Subrays of rays or
double rays are their tails.

In an attempt to generalize Theorem 1.1 to infinite graphs, Nash-Williams ([11, 12], also
see [17]) conjectured that an infinite 4-connected planar graph contains a spanning ray if, and only
if, it is 2-indivisible. (A graph is said to be k-indivisible if the deletion of any finite set of vertices
results in at most k — 1 infinite components.) This conjecture is verified in [4]. Nash-Williams
also conjectured that an infinite 4-connected planar graph contains a spanning double ray if, and
only if, it is 3-indivisible. This conjecture is proved in [20-24]. The indivisibility conditions in
Nash-Williams’ conjectures (compared with Tutte’s theorem) indicate that spanning rays and
spanning double rays are not, in a sense, the right infinite version of a Hamilton cycle.

Note that a locally finite graph is k-indivisible if, and only if, it has at most k — 1 ends. An
end of a graph is an equivalence class of rays; two rays are equivalent if there are infinitely many
vertex disjoint paths between them. For example, a ray has just one end, while a double ray has
exactly two ends.

An end may be thought of as a “point at infinity” to which its rays “converge”. Viewing an
infinite locally finite graph as a 1-complex and compactifying it by adding its ends as points at
infinity, one obtains a topological space which is compact and Hausdorff. (See [5] for the definition
of basic open neighborhoods.) This space is called the Freudenthal compactification of the graph.
For a locally finite graph G, we follow [5] to use |G| to denote the Freudenthal compactification
of G. A circle in |G| is a homeomorphic image of the unit circle, see [5-7]. Under this definition,
finite cycles in G are circles in |G|. We shall sometimes abuse the notation by also speaking of a
circle in G. An arc in |G| is a homeomorphic image of the unit interval.

A Hamilton circle in |G| is a circle in |G| which contains all vertices (and hence, all ends) of
G. It is shown (recently) in [9] that the square of every locally finite graph admits a Hamilton
circle, confirming a conjecture of Diestel [5] and generalizing the result in [8] that the square of
every finite 2-connected graph is hamiltonian.

The following conjecture of Bruhn (reported by Diestel in [5]) would generalize Theorem 1.1
to infinite graphs.

Conjecture 1.2 FEvery locally finite 4-connected planar graph admits a Hamilton circle.

Recently, Bruhn and Yu [3] proved Conjecture 1.2 for 6-connected graphs with finitely many
ends. The next result, together with Theorem 1.1, shows that Conjecture 1.2 holds for graphs
with at most one end.



Theorem 1.3 (Yu [20, 21]). Every infinite locally finite 4-connected planar graph with exactly
one end admits a Hamilton circle.

Infinite locally finite graphs with one end contain no dividing cycles. A finite cycle C in a
plane graph G is said to be dividing if each closed region of the plane bounded by C contains
infinitely many vertices of G. The main purpose of this paper is to establish Conjecture 1.2 for
graphs with no dividing cycles.

Theorem 1.4 Let G be an infinite locally finite 4-connected plane graph. If G has no dividing
cycle, then G admits a Hamilton circle.

In order to describe the idea of our proof of Theorem 1.4, we need to define bridges and Tutte
subgraphs. Let G be a graph (finite or infinite) and H be a subgraph (finite or infinite) of G.
An H-bridge of G is a (finite or infinite) subgraph of G which is induced by either (1) an edge
of E(G) — E(H) with both incident vertices on H or (2) the edges contained in a component of
G — V(H) and the edges from this component to H. If B is an H-bridge of G, then the vertices
in V(H N B) are called the attachments of B (on H). We say that H is a Tutte subgraph of G if
every H-bridge of G is finite and has at most three attachments on H. For any subgraph (finite
or infinite) C of G, we say that H is a C-Tutte subgraph of G if H is a Tutte subgraph of G and
every H-bridge of G containing an edge of C' has at most two attachments.

Our approach to proving Theorem 1.4 is as follows; a more detailed overview is given in the
next section. We work with 2-connected (and almost 4-connected) graphs, avoiding the difficulty
of maintaining 4-connectivity. In such a graph G, we find a collection S of double rays such
that the union of the double rays in S is a Tutte subgraph of G whose closure is a circle in |G|.
(Therefore, when G is 4-connected, that union is a spanning subgraph of G whose closure in |G|
gives a Hamilton circle.) For that purpose, we need to find a sequence of collections of finite paths
such that these finite paths “converge” to the desired double rays (by applying a variation of the
Konig Infinity Lemma). To achieve this convergence, such finite paths need to move “forward”
towards the ends of G. This will be made precise by describing a structure of G and by defining
forward paths with respect to that structure (in section 5). Two main lemmas will be given in
section 4, for the purpose of extending Tutte subgraphs in the process of finding forward paths.

We consider simple graphs only. Let P be a path and x,y be distinct vertices of P; then z Py
denotes the finite subpath of P between x and y. For a finite cycle C' in a plane graph and for
distinct vertices z,y of C, we use xCy to denote the subpath of C' from x to y in clockwise order.
If G is a finite 2-connected plane graph, then the boundary of each face of G is a cycle (called
facial cycle of G), and the cycle of G bounding its infinite face is called the outer cycle of G.

Throughout the rest of the paper, a graph may be finite or infinite unless it is clear from
the context. For convenience, we use the notation A := B to rename B with A. Let G be a
graph, for H C G and S C V(G) U E(G), we use H + S to denote the graph with vertex set
V(H)U(SNV(Q)) and edge set E(H) U {uv € SN E(G) : {u,v} C(SNV(G))UV(H)}. When
S C V(H), we use H — S to denote the graph obtained from H by deleting S and all edges of
H incident with S. If S = {s}, we simply write H + s and H — s instead of H + S and H — 5,
respectively. A block in a graph G is either a maximal 2-connected subgraph of G or a subgraph
of G induced by a cut edge of G.



2 Overview of the proof

Since the proof of Theorem 1.4 is quite complex, we give an overview here. By a face in a plane
graph G, we shall always mean a connected component of the complement of the topological
closure of GG in the plane. If the boundary of a face is a finite cycle, say C, then we say that C
is a facial cycle. Note that our graphs G will have nice embeddings (see section 3) and we shall
mainly work with faces of finite subgraphs of G. However, we mention that for any 2-connected
locally finite plane graph G, it follows from [13] (also see [1]) that the face boundaries of G are
circles in |G].

For inductive purposes we shall prove the following stronger result: Let G be an infinite locally
finite 4-connected plane graph without dividing cycles, C' be a facial cycle of G, and e € E(C);
then |G| has a Hamilton circle containing e. This is done in a “constructive” way: We find a
spanning subgraph 7' of G such that e € E(T) and the closure of T' in |G| is a Hamilton circle.
Such T consists of disjoint double rays.

To facilitate our discussion, we first show that G has a “nice embedding” in the plane such
that C' is a facial cycle, and the closed disc of the plane bounded by any finite cycle of G contains
only finitely many vertices and edges of G. This is done in section 3.

To find the subgraph T, we let H denote the infinite block of G — V(C') (which is well defined
because G is 4-connected and planar), and let D denote the facial cycle of H that bounds the
face of H containing C' (which is a disc since G is nicely embedded). We wish to find a subgraph
T’ of H that can be extended to the desired subgraph T of G. A problem arises, namely, H need
not be 4-connected. However, H is almost 4-connected, in the sense that if S is a cut of H of
size at most 3 then every component of H — S contains a vertex of D; and we say that H is
(4, D)-connected (formally defined later). So instead of requiring that G' be 4-connected, we shall
assume that G is (4, C')-connected.

Because of this relaxation of connectivity, 1" is not necessarily spanning. As in the finite
cases (such as the proof of Theorem 1.1) one instead requires that 7" be a Tutte subgraph of G
(therefore, if G is 4-connected then T is a spanning subgraph of G.) In fact, for inductive purpose,
we further require that 7" be a C-Tutte subgraph of G. In section 3, we include several known
results about Tutte subgraphs of finite graphs.

Thus we shall prove the even stronger result (Theorem 5.5 in section 5): Let G be a plane
graph and C be a facial cycle of G such that G is (4, C)-connected, and let e € F(C); then G
contains a C-Tutte subgraph T such that e € E(T) and the closure of T in |G] is a circle.

We shall assume that G has at least two ends; for, otherwise, Theorem 1.4 follows from
Theorem 1.1 and Theorem 1.3. The proof of Theorem 5.5 then proceeds as follows.

We work with a nice embedding of G in which C' is a facial cycle. Suppose there is a cycle
that is disjoint from C' and bounds a disc containing C. Then G — V(C) has a unique infinite
block, say H. Let D denote the facial cycle of H bounding the face of H containing C. We
wish to find a D-Tutte subgraph of H that can be extended to the desired Tutte subgraph T' of
G. This, however, is not possible without adding additional properties on the Tutte subgraph of
H. So we construct a new graph G; from H by adding to it an appropriate vertex v of C' and
edges from v to certain vertices on D, and the resulting graph G has a facial cycle C; (which
bounds the face of G containing C') so that G is (4, Cq)-connected. Moreover, certain C1-Tutte
subgraphs of G; can be extended to the desired Tutte subgraph T of G. This step of the proof
is taken care of by a variation of a lemma proved in [20] (stated as Lemma 3.3 in this paper).

After repeating this argument (in the proof of Theorem 5.5 in section 5), we arrive at a plane



graph G, with a facial cycle C), and an edge e, € E(C),) such that G, is (4, Cy,)-connected, and
if G, has a C,-Tutte subgraph P, containing e, then G has the desired C-Tutte subgraph T
containing e. Moreover, since G has at least two ends and G is nicely embedded, we may assume
that no finite cycle in G,, disjoint from C,, bounds a disc that contains C'. (Note that when no
finite cycle in G disjoint from C' bounds a disc containing C', this argument is not necessary and
we simply let G,, = G and C,, = C.) See Figure 18 in section 5 for an illustration of G,, and C,,.

To find the desired Tutte subgraph P, of G,, we need to split the graph G, to certain
subgraphs. This is done in section 5 (in the proof of Theorem 5.5). In Figure 18 such subgraphs
are labeled as Bj, Bo, Bs and so on. (See section 4 and Figure 1 for the definition of such
subgraphs.) Each B; has a spine H; which, in the case of those obtained from G, is a subpath of
C), between two vertices x; and y; such that B; — V(H;) is connected. To find the desired P, we
need to find an H;-Tutte subgraph T; of B; such that the closure of T; in |B;| is an arc between
x; and y;. This is proved in Lemma 5.4 in section 5. (Each T; consists of a ray from x;, a ray
from y;, and double rays.)

Therefore, the proof of Theorem 5.5 reduces to the problem of finding a Tutte subgraph (of
each B;) whose closure in |B;| is an arc between z; and y;. To solve this problem, we need to
produce a layered structure in a similar fashion as we described above for producing the graph
G, from G, and prove two lemmas similar to Lemma 3.3. Basically, from each B; we produce
graphs B%, . ,B,%z such that certain Tutte subgraphs of |J B? can be extended to the desired
Tutte subgraph of B;. This is taken care of by Lemma 4.2. However, to produce those Tutte
subgraphs of | J B2, we need to construct from | J B2 graphs Bf’, .. ,B,‘Z’3 so that certain Tutte
subgraphs of | J B} can be extended to the desired Tutte subgraphs of | JB2. This is done by
applying Lemma 4.1. We may think of the spines of B; as forming layer 1, the spines of B2
forming layer 2, the spines of B} forming layer 3, and so on. This process is repeated according
to the parity of layers: Lemma 4.2 applies to odd layers (to extend disjoint double rays so that
the closure of the extension is an arc) and Lemma 4.1 applies to even layers (to extend disjoint
arcs to a circle). We find a sequence of finite Tutte subgraphs (consisting of disjoint paths) in
appropriate finite graphs. We then use a variation of the Konig Infinity Lemma to show that such
sequence has a subsequence that converges to the desired arc. To ensure the convergence, every
path in our finite Tutte subgraphs must move towards the ends of the graph. For this purpose,
we define a “forward” notion based on the layered structure. This is done in section 5.

3 Tutte paths and nice embeddings

We begin with two results on Tutte paths in finite planar graphs. The first is a result of Thomassen
which is used to prove that finite 4-connected planar graphs are Hamilton connected.

Lemma 3.1 (Thomassen [16]). Let G be a finite 2-connected plane graph with a facial cycle C.
Assume v € V(C), e € E(C), and v € V(G) — {u}. Then G contains a C-Tutte path P from u
to v such that e € E(P).

The next result is proved in [14], which is used to prove that every finite 4-connected projective-
planar graph contains a Hamilton cycle.

Lemma 3.2 (Thomas and Yu [14]). Let G be a finite 2-connected plane graph with a facial cycle
C. Let u, v € V(C) be distinct, let e, f € E(C), and assume that u, v, e, f occur on C in
clockwise order. Then G contains a vCu-Tutte path P from u to v such that {e, f} C E(P).



It is easy to see that the edges e and f in the above lemmas can be replaced with vertices.
Hence, when these lemmas are applied, we allow e or f or both to be vertices.

By the Jordan curve theorem, any finite cycle C' in an infinite plane graph G divides the plane
into two closed regions (whose intersection is C'). If exactly one of these two closed regions, say R,
contains only finitely many vertices and edges of G, then we use I;(C) to denote the subgraph of
G consisting of the vertices and edges of G contained in R. Note that I¢(C) is a finite subgraph
of G. If there is no confusion, we use I(C) instead of I5(C). Clearly, C C I(C), and if I(C) = C
then C is a facial cycle. Moreover, a finite cycle C' is dividing if, and only if, I(C') is not defined.

Let G be a graph and let C' be a subgraph of G. We say that G is (4,C)-connected if G is
2-connected and, for any cut set X C G with |X| < 3, every component of G — X contains a
vertex of C'. Thus, if G is 4-connected, then G is also (4, C)-connected.

The following result is essentially the same as Theorem 2.1 in [20] where it is used to prove
Theorem 1.3 in this paper. We shall use it in the proof of Theorem 5.5; the reader may want to
skip reading it until then.

Lemma 3.3 (Yu [20]). Let G be an infinite 2-connected plane graph, let C' be a facial cycle of
G, and let uv be an edge of C. Assume that G is (4,C)-connected and there is a finite cycle C'*
in G such that C N C* =0, Io(C*) is defined, and C C Ig(C*). Then, there exist a 2-connected
infinite plane graph G', a facial cycle C' of G', and a path w'v'w' in C' such that

(1) G" is (4,C")-connected and G' —v' is 2-connected;
(2) G'—{u'v',vw'} C G, and no edge of G joins a vertex of G'—V (C") to a vertex of G—V (G');

(3) (G + {uVVuw'}) — (V(G') — V(C") is finite, and has a plane representation in which C
and C' are facial cycles;

(4) vV £ v and (C'"=0")NC =10;

(5) for any subgraph (finite or infinite) X of G with C' C X, and for any C'-Tutte subgraph
(finite or infinite) P' of X containing u'v' such that v' has exactly one neighbor, say w, in
P — 4, there is a C-Tutte subgraph (finite or infinite) P of G — (V(G') — V(X)) through
wv such that P' —v' C P, P —V(P' =) is a w-u’ path, and, for any z € V(P) — V(P’),
either 2 ¢ V(X) or z € V(Z) for some P'-bridge Z of X containing an edge of C'.

Remark. The difference between Lemma 3.3 here and Theorem 2.1 in [20] is that P’ and P
in (5) above are Tutte subgraphs (while they are Tutte paths in [20]). For the same proof of
Theorem 2.1 in [20] to apply here as well, we need the condition in (5) that v’ has exactly one
neighbor, say w, in P’ —u’. As a consequence of this new condition, P—V (P’ —4') is a w-u' path.
(Similar, but more detailed, constructions and arguments are given in the proofs of Lemma 4.1
and Lemma 4.2.)

It will be convenient to work with certain plane representations of planar graphs. (Although
it is not needed here, we nevertheless note that if a plane graph G has no dividing cycles, then
the embedding of G may be modified to give a VAP-free embedding of G. Here VAP stands for
vertex accumulation point, see [10,15].) We say that an infinite plane graph G is nicely embedded
or is a nice (plane) embedding if, for any finite cycle C in G for which I(C) is defined, I(C) is
contained in the closed disc bounded by C'. The following result is Lemma 2.1 in [21].



Lemma 3.4 (Yu [21]). Let G be an infinite plane graph with a sequence of finite cycles (D1, Da, .. .)
such that 1(D;) is defined for alli > 1, I(D;) C I(Djy1) for alli > 1, and G = ;51 1(D;). Then
for any facial cycle C' of G, G has a nice embedding in which C is a facial cycle.

The next result describes (to some extent) the structure of infinite plane graphs with no
dividing cycles. It is similar to Lemma 2.3 in [21].

Theorem 3.5 Let G be an infinite 2-connected plane graph with no dividing cycles, let C' be
a facial cycle of G, and assume that G is (4,C)-connected. Then there is an infinite sequence
(D1, Do, ...) of finite cycles in G such that C C I(Dy) and the following properties hold:

(1) for each i > 1, I(D;) C I(D;4+1), and D; N D;y1 is minimal among all subgraphs D; N D*
arising from finite cycles D* in G such that 1(D;) C I(D*);

(2) for each i > 1, G has no finite I(D;)-bridge;
(3) for eachi>1, D;NDiy1 C Diy1 N Diyo;
(4) UiZl [(Di) =G.

Note that the graph G in Lemma 3.4 and Theorem 3.5 need not be locally finite. Also note
that when Theorem 3.5 is applied, we only need I(D;) C I(D;41) (for all « > 1) and properties
(3) and (4).

The difference between Theorem 3.5 above and Lemma 2.3 in [21] is that the graph G in
Theorem 3.5 has no dividing cycles, while the graph G in Lemma 2.3 in [21] is required to be
cohesive. (A graph is cohesive if it is 2-indivisible and the deletion of finitely many vertices
results in only finitely many components.) Because the graph G in Theorem 3.5 is planar and
(4, C')-connected, the deletion of finitely many vertices results in only finitely many components.
Also, the sole purpose of the 2-indivisibility condition used in the proof of Lemma 2.3 in [21] is
to ensure that I(D) is defined for every finite cycle D in G. Since the graph G in Theorem 3.5
above has no dividing cycles, I(D) is defined for every finite cycle D in G. Hence with slight
modification, the proof of Lemma 2.3 in [21] also gives a proof of Theorem 3.5 above.

By Theorem 3.5 and Lemma 3.4, we have the following.

Corollary 3.6 Let G be an infinite 2-connected plane graph with no dividing cycles, let C' be a
facial cycle of G, and assume that G is (4,C)-connected. Then G has a nice embedding in which
C is a facial cycle.

4 Tutte subgraphs and 4-tuples

The aim of this section is to prove two lemmas for extending Tutte subgraphs according to the
parity of a layered structure. These lemmas will be used in the next section to find certain finite
paths that converge to double rays. Both lemmas are similar in flavor to Lemma 3.3.

First we define 4-tuples. We say that (G, H,x,y) is 4-tuple if G is an infinite locally finite
plane graph with no dividing cycles such that

(i) G is nicely embedded in the plane,

(ii) G is 2-connected,



(iii) there is a double ray F' in G such that the vertices and edges of F' are incident with a
common face of GG, and

(iv) z,y are distinct vertices on F', and H = zFy.

F is said to be the frame of the 4-tuple, and H is said to be the spine of the 4-tuple. In Figure 1, F
is represented by the darkened double ray. We also say that the 4-tuple (G, H, z,y) is associated
with G.

z H Y

Figure 1: 4-tuple (G, H, zy).

We now state and prove the first lemma of this section. Basically, the lemma says that given a
4-tuple associated with a graph G, there exist 4-tuples associated with graphs B1,..., By (which
are subgraphs of G) such that a certain Tutte subgraph 7" of Ule B; can be extended to a Tutte
subgraph T of G. The statement of this lemma is more general, so that it can be applied to finite
subgraphs of G (see condition (4) in the lemma). When Lemma 4.1 is applied later, the closure
of T” will be a disjoint union of arcs, and the closure of T' will be a circle.

Lemma 4.1 Let (G,H,z,y) be a 4-tuple such that G is (4, H)-connected. Then for any e €
E(H), there exist 4-tuples (B;, H;,x;,y;) (1 <i < k) and there exist e; € E(H;) such that

(1) By is an induced subgraph of G — V(H), and B; is (4, H;)-connected;
(2) no edge of G joins a vertex of B; — V(H;) to a vertex of G — V(B;);
(

3) G-V (B) is finite (where B := Ule B;), and B;NB; =0 for 1 <i <1<k unlessl =i+1,
Yi = Tiy1, and V(B; N Biy1) = {yi = Tip1};

(4) for any subgraph (finite or infinite) X of B containing H' := Ule H;, and for any H'-
Tutte subgraph (finite or infinite) T of X containing {e;, z;,y; : 1 <1i < k}, there exists an
H -Tutte subgraph (finite or infinite) T of G— (V(B)—V (X)) containing {e,z,y} such that

(i) T'C T,
(it) for any z € V(T) = V(T"), either z ¢ V(X), or z € V(Z) for some T'-bridge Z of X
containing an edge of H', and

(tit) T — (V(T") — {xs,y; : 1 <i < k}) is the disjoint union of y;-x;+1 paths (one for each
1<i<k), where 41 := x7.

Proof. Let F' denote the frame of (G, H, z,y), and let F,,, F;, denote the H-bridges of F' containing
x,1, respectively. Since G is 2-connected and by planarity, there exists a path H* from some



I

G*

Figure 2: G and G*.

z' € V(F,—z) tosome y € V(F,—y) such that H*NH = (). Note that C':= HUyFy' UH*Ux'Fx
is a cycle in G. Since G has no dividing cycles, I(C) is defined. We may choose H*, z’ and 3/
so that I¢(C) is minimal. See Figure 2.

Let G* := G—(V(Ig(C))—V(H*)). By planarity, all attachments on G* of (HUG*)-bridges of
G are contained in V(H*). By the minimality of I¢(C), any (H UG*)-bridge of G has at most one
attachment on H*. Therefore, since G is (4, H)-connected and by planarity, any (H UG*)-bridge
of G with only one attachment on H must be induced by a single edge.

Because G is 2-connected and planar, all cut vertices of G* are contained in H*, neither a2’
nor ' is a cut vertex of G*, and each block of G* contains an edge of H*. So by planarity
F, —V(xF2' —2') and F,, — V(yFy —y') each are contained in an infinite block of G*. Since
G is locally finite, G* has only finitely many blocks. Let B;, 1 < i < k, be the infinite blocks of
G* and, for each 1 < i < k, let x;,y; be distinct vertices of B; such that 1 = 2’ and y;, = v/,
T1,Y1,--.,Tk, Y Ooccur on H* in order, and zs,...,Tg,y1,...,Yr—1 are cutvertices of G*. Let
H; := z;H*y;. Then for each i € {1,...,k}, (B, Hj,x;,y;) is a 4-tuple. For 1 <i < k — 1 with
Yi # xiy1, let Y; denote the finite {y;, x;41}-bridge of G*. (Because G is (4, H)-connected, Y; is
uniquely defined and contains y; H*x;41.)

T

®
.’Elwl/ Y1 -mv
Y

By By

Figure 3: The infinite blocks By, Bo, ..., By of G*.

Clearly, each B; is an induced subgraph of G — V(H). Since G is (4, H)-connected and
by planarity, each B; is (4, H;)-connected. So (1) holds. From the constructions of G* and



(Bi, Hi, xi,y;), we see that (2) follows from planarity. Note that G — V(U?:1 B;) is finite, because
it is contained in I¢(C) U (Uf:l1 Y;). Also note that if 1 < i <[ <k, then B; N B; = ) unless
l=i+41,y; =241, and V(B; N Bj+1) = {yi = zi+1}. So (3) holds.

We now prove (4). We begin by defining e* € E(H*) and ¢; € E(H;) (1 <1i < k). Choose
a path A from a* € V(H*) to the component of H — e containing y such that A is internally
disjoint from H UG* and, subject to this, x1H*a* is minimal. See Figure 3. Thus, any path from
x1H*a* — a* to H and internally disjoint from H U G* must intersect the component of H — e
containing x. Choose the edge e* from F(H™*) so that e* is incident with a*. (This is to ensure
that when we later extend 7" to T, we can require e € E(T).) For each 1 < i <k, let e; = e* if
e* € E(H;); and otherwise let e; € E(H;) be arbitrary.

To prove (4), let X be a subgraph (finite or infinite) of B := Ule B, containing H' := Ule H;,
and assume that 7" is an H'-Tutte subgraph (finite or infinite) of X containing {e;, z;,9; : 1 <
i < k}. We proceed to find the disjoint y;-x;11 paths (one for each 1 < ¢ < k, and zp41 = x1)
whose union with 7" gives rise to T

For each 1 < i < k — 1, we find a y;-x;4+1 path P; in Y; such that P; is a y;H*x;41-Tutte
path in Y;, and e* € E(FP;) whenever e* € E(Y;). If |[V(y;H*zi+1)| < 3, then Y; = y;H* x4
(since G* is (4, H*)-connected) and P; :=Y; is the desired path. Now assume |V (y; H*x;41)| > 4.
Then Y; 4+ y;z;+1 is 2-connected; and we may assume that Y; + y;x,41 is a plane graph in which
yiH*x;11 + yizi+1 is a facial cycle. By Lemma 3.1, there is a (y; H*z;+1 + y;z;+1)-Tutte path P;
from y; to x;41 in Y; + y;z;41 through an edge of y; H*z;11 (chosen to be e* when e* € E(Y;)).
Then F; is the desired path.

Next we find the yg-x1 path Py containing {z,y,e}. For convenience, let T* := T" U (Ufz_l1 pP;)
and X* := X U (Uf;ll Y;). See Figure 4 for an illustration. Note that e* € E(T*), and T™* is an
H*-Tutte subgraph of X* containing {x1, yx, e*}.

Let W denote the set of attachments on H* of (HUG™)-bridges of G. We define an equivalence
relation ~ on W as follows. For any w,w’ € W, w ~ w' if w = w', or {w,w'} C V(D) —V(T*)
for some T™*-bridge D of X*. Let Wy, ..., W,, be the equivalence classes of W with respect to ~.
Then either |W;| =1 and W; C V(T™) (in which case, let D; := W;), or there exists a T*-bridge
D; of X* such that W; C V(D;) — V(T* N D;). By planarity, we may assume that Wy,..., W,,
occur on H* in order, with Wy = {z1} and W,,, = {yx} (because z1,y, € V(T™)).

For each 1 < i <m, let s;,t; € V(H) with s; Ht; maximal such that (a) x, s;, t;,y occur on H
in order, and (b) there exist wg, w; € W; such that {s;, ws} and {¢;, wy} each are contained in an
(H U G*)-bridge of G. By planarity, s1 = z, t,, = y, and s1,t1,S2,t2, ..., Sm, tym occur on H in
order. See Figure 4.

For each 1 <i < m — 1, let I; denote the union of ¢;Hs;+1 and those (H U G*)-bridges of G
whose attachments are all contained in V' (¢;Hs;+1). See Figure 4. Because G is (4, H)-connected,
I =t;Hs;qq if |V(t;Hsi11)| < 3. For each 1 < j < m, let U; denote the union of s;Ht;, D;, and
those (H U G*)-bridges of G whose attachments are all contained in V(s;Ht;) U W;.

Note that [V (U;NT*)| = |V (D;NT*)| < 2. Because e* € E(T*), we see that when W; € V(T™)
then e ¢ E(sjHt;). Also note that I; — {t;,s;11} (1 <i<m—1)and U; — (V(U;NT*)U{sj,t;})
(1 < j <m) are pairwise disjoint.

We shall construct the desired path Py by finding the following paths: a path R; in I; from
ti to sit1 (for each 1 < 4 < m — 1), a path Q; in U; — V(T N Uj) from s; to t; (for each
2<j<m-—1),apath @ in U; from z; to t; through s; = z, and a path @,, in Uy, from s,, to
yi through ¢, = y.
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Figure 4: The graphs X*, T, I; and U;.

Claim 1. For each 1 < i < m—1, there is a t;Hs;+1-Tutte path R; in I; from t; to s;11 such
that e € E(R;) whenever e € E(t;Hs;y1).

If |V(t;Hsi+1)| < 3 then I; = t;Hs;+1; and hence R; := t;Hs;;1 is the desired path. Now
assume |V (t;Hs;+1)| > 4. Note that I; N H* = (), and every cut vertex of I; must separate ¢; from
si+1 (since G is 2-connected). Hence, I} := I; +t;5;41 is 2-connected. We may view I} as a plane
graph in which C; := t;Hs;11 + t;s;11 is a facial cycle. By Lemma 3.1, there is a C;-Tutte path
R; in I? from t; to s;4+1 and through an edge of t;Hs;1 (chosen to be e if e € E(t;Hs;11)). It is
easy to see that t;s,11 € E(R;), and so, R; is the desired path for Claim 1.

Claim 2. For each 2 < j < m —1, U; — V(U; NT*) contains an s;-t; path Q); such that
Q; U (U;NT*) is an sjHt;-Tutte subgraph of Uj, and e € E(Q;) whenever e € E(sjHt;).

If s; = t;, then let Q; := s;Ht;. In this case, [V(U;NH)| =1 and e ¢ E(s;Ht;). Hence,
since |V(U; NT™)| < 2, Q; is the desired path for Claim 2. So we may assume s; # t;. We have
two cases to consider.

First, assume W; C V(T™). Then |W;| = 1. Let v be the only vertex in W;. Since G is
2-connected, any cut vertex of U; must separate v from s;Ht;. Hence, Ur = Uj+ s;vis 2-
connected; and we may assume that U; is a plane graph in which s;Ht; and s;v are contained
in a facial cycle Cj. (See Uj, s;,t; in Figure 4.) By Lemma 3.2 there is an s;Ht;-Tutte path Q;k-
in U} from ¢; to v such that s;v € E(Qj), and e € E(Q) when e € E(s;Ht;). Let Q; := Qj —v.
Then Q; CU; — V(U; NT*). It is easy to check that @; is the desired path for Claim 2.

Now assume W; € V(T™). Then e ¢ E(s;Ht;) (see the paragraph following the definition of
Uj), and W; C V(D;)—V(T*ND;) where Dj is a T*-bridge of X* containing an edge of H*. Since
T* is an H*-Tutte subgraph of X*, D; has exactly two attachments on 7%, say z and z’. Without
loss of generality, we may assume that 1, z, 2/, yp occur on H* in order. (See Figure 4.) Since G is
2-connected, any cut vertex of U; either separates s;Ht; from Dj or separates z from z’. Hence,
U J* = U; + {s;2,2't;} is 2-connected; and we may assume that U; is a plane graph in which
sj,8jHt;,tj,t;2', 2/, z,zs; occur on a facial cycle C; in clockwise order. By Lemma 3.2, there is
a zCj2'-Tutte path @} in U} from 2 to 2 such that {s;z,2't;} C E(Q}). Let Q; := QF — {#,2'}.
Then Q; C U; — V(I'* NU;) and Q; is a path from s; to t;. It is easy to check that @; is the
desired path for Claim 2.

Claim 3. There is an sy Hti-Tutte path @ in Uy from x; to t; such that x € V(Q1), and
e € E(Qq) when e € E(s1Hty).
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If |V(Uy)| = 2, then s; = ¢, = z and e ¢ E(U); in this case, Q1 := Uj is the desired path
for Claim 3. Now assume that |V (U;)| > 3. Then Uf := U; + t1x; is 2-connected; and we may
assume that U] is a plane graph in which Cy := (x1F's; U siHty) + t121 is a facial cycle with
x1C1ty = 1Fs1 U s Hty. (Recall that F is the frame of G.) By Lemma 3.2, there is an x1C1t1-
Tutte path @, in Uy from z; to t; such that z € V(Q), and e € E(Q1) when e € E(s1Hty). It
is easy to see that t121 € F(Q1), and so, @ is the desired path for Claim 3.

Note that t,, = y and s; = z. By applying the same argument as for Claim 3, with
U, Sm, Y, Yr playing the roles of U, t1, x, z1, respectively, we can prove

Claim 4. There is an s,, Ht,,-Tutte path Q,, in Uy, from yi to s,, such that y € V(Qun),
and e € E(Q,) when e € E(spyHty,).

Let P, = (U Ri) U (UL, Q) and let T := T* U P,. Then T' = 7' U (UL, P;). It is
straightforward to check that any T-bridge D of G — (V(B) — V(X)) is one of the following: a
subgraph induced by an edge of G — E(X) with both incident vertices in X; or a T*-bridge of X*
with (V(D)—V(T*))NW = 0; or an R;-bridge of I; for some 1 <i < m—1; or a (Q;U(U;NT*))-
bridge of U; for some 1 < j < m. Hence, it is easy to see that D has at most three attachments
on T, and if D contains an edge of H then D has just two attachments on T". Therefore, T" is an
H-Tutte subgraph of G — (V(B) — V(X)). From the above claims, e € E(T) and {z,y} C V(T).

Clearly, T" C T} so (i) of (4) holds. Now let z € V(T') — V(T"). Then z € V(R;) for some
1<i<m-—1,orze V(D) forsome 1l <I<k—1,orzeV(Q;) for some 1 < j < m. Therefore,
either z ¢ V(X), or z is contained in U; N B; for some 1 < j < m and 1 <4 < k. In the latter
case, z € V(Z) for some T’-bridge Z of X containing an edge of H'. So (ii) of (4) holds. Since
T — (V(T") — {zspi - 1 <i < k}) =, P, (iii) of (4) holds. N

The statement and proof of the next lemma are similar to (but more complicated than) those
of Lemma 4.1. It says that given a 4-tuple associated with a graph G one can construct 4-tuples
associated with graphs By, ..., By (which are almost subgraphs of GG) such that a certain Tutte
subgraph 7" of Ule B; can be extended to a Tutte subgraph T of G. When applied later, the
closure of T” will be a disjoint union of circles, and the closure of T" will be an arc. However this
lemma is stated so that we can also apply it to subgraphs of G (see condition (4)). Note the
notation B., H!,z!,y. in the statement; it is selected (partly) to avoid confusion when Lemmas 4.1

and 4.2 are applied together. See Figure 5 for an illustration.

Lemma 4.2 Let (G,H,z,y) be a 4-tuple such that G is (4, H)-connected, and let e € E(H).
Then there exist 4-tuples (B}, H, %, y}) (1 <i < k) and there exist paths u;v;w; on H! such that

(1) B} is (4, H!)-connected, V(H] N H) = {v;}, and B} is an induced subgraph of (G —V (H —
v;)) + {ving, viw; };

(2) no edge of G joins a vertex of Bl — V(H!) to a vertex of G — V(B});

(3) G — V(B') is finite, where B" := Ule B, and BN B] =0 for all 1 < i <1 < k unless
l=i+1, v; =viy1, and V(B; N Bj ;) = {v; = viy1};

(4) for any subgraph (finite or infinite) X of B’ containing H' := U?:1 H! and for any H'-
Tutte subgraph (finite or infinite) T' of X containing {viu;, z},y; : 1 < i < k} such that
each v; has exactly one neighbor in (T' N Bl) — w;, there exists an H-Tutte subgraph T of
G — (V(B') — V(X)) containing e, such that
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(1)) TV —{v; : 1 <i<k}CT,

(it) for any z € V(T) — V(T"), either z ¢ V(X), or z € V(Z) for some T'-bridge Z of X
containing an edge of H', and

(i17) if w}, u} denote the neighbors of v; in T'N BY (hence u; € {u}, w.}) such that x},w;, u},y!
occur on H! in order, then T — V (T" — {u},v;,w} : 1 <1i < k}) is the disjoint union of
u_y-wj paths (one for each 1 <i <k +1), where ug = x and wj_, = y.

Proof. Let F' be the frame of (G, H,z,y), and let F, and F}, denote the H-bridges of F' containing

x and y, respectively. Since G is 2-connected, there exists a path H* in G — V(H) from some

z’ € V(F, —x) to some y' € V(F, —y). Note that C := HUyFy'UH*Ua'Fx is a cycle in G. We

select H*, ' and vy such that I(C) is minimal. Let G* := G-V (I¢(C) -V (H*)). See Figure 2.

By the minimality of I;(C), any (H U G*)-bridge of G has at most one attachment on G*
which, by planarity, must be on H*. Therefore, because G is (4, H)-connected, any (H U G*)-
bridge of G has at least one attachment on H, and if an (H U G*)-bridge of G has only one
attachment on H then it is induced by a single edge.

Because G is 2-connected and by planarity, every cut vertex of G* is contained in H*—{x’,y'}.
Let By,..., By, be the infinite blocks of G* and let z;, y; be distinct vertices of B; such that 1 = 2/
and y, = v, 1,Y1,..., Tk, Yr occur on H* in order, and xo,..., Tk, y1,...,Yr—1 are cutvertices
of G*. Since G is (4, H)-connected and by planarity, G* is (4, H*)-connected. Hence for each
1 <i<k—1with y; # x;j;+1, there is a unique finite {y;, 2,11 }-bridge of G*, denoted by Y;.

)

Ye =Y

Figure 5: G* and the vertices w and u’.

Let u, v be the vertices of G incident with e, and we may assume that x,u, v,y occur on H in
order. Since G is (4, H)-connected, there exist two disjoint paths from xHu to H* or two disjoint
paths from vHy to H*, both internally disjoint from H UG*. By symmetry, we may assume that

(%) there exist two disjoint paths in G from vHy to w,u’ € V(H*) and internally disjoint from
H U G*; and we choose these paths so that x’ H*w is minimal and, subject to this, wH*u’
is minimal.

Then by planarity, ', w,u’,y’ occur on H* in order. See Figure 5. By minimality of 2’ H*w and
by planarity, any path from 2/ H*w — w to H internally disjoint from H UG* must intersect zHu.
Because G is (4, H)-connected and by minimality of wH*u/, all (H U G*)-bridges of G with an
attachment in wH*u — {w, v’} must be induced by single edges that are incident with a common
vertex of H.
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Note that either there is some 1 < t < k such that w € V(z;H*y; — y;), or there exists
some 1 <t < k such that w € V(y,H*x141 — x441). In either case, since G is (4, H)-connected,
u' € V(wH*ys1 — yer1)-

Before we define the 4-tuples (B}, H.,z},y;) from B;, we find the special paths in (a) and (b)
below according to the location of w. (We will use (a) in Steps 3, 4 and 5, and will use (b) in
Steps 1, 2, and 6.) Let W denote the set of attachments on H* of (H U G*)-bridges of G.

Figure 6: J;, pt, and ¢; when w € V(xyH*yr — yy).

Suppose w € V(z:H*y; — y¢). Figure 6 illustrates the three cases according to the location of
u': v € V(wH* y); o € V(yeH*xei1) — {yt, ve1}; v € V(21 H*Yrr1 — ye41). Note that when
u' € V(xer1 H yer1 — Y1), it follows from (4, H)-connectedness of G that either y; = x4, or
Y; is induced by the edge y;x¢4+1. Define py,qr € V(H) with p;Hgq; maximal such that {p;, w}
and {q;,u'} each are contained in an (H U G*)-bridge of G. Note that p; # ¢ by the choice of
w and u/. By planarity, x, ps, q;,y occur on H in order. Let J; denote the union of p;Hq; and
those (H UG*)-bridges of G whose attachments are all contained in ps Hg UwH*u'. See Figure 6,
where J; is in the disc bounded by the dotted closed curve. Let v, € V(H) with v, Hy minimal
such that {v;,w} is contained in an (H U G*)-bridge of G. Note that by (%) all (H U G*)-bridges
of G with an attachment w* € V(wH*u') — {w, u'} must be induced by the edge vsw*.

(a) Ifw € V(zyH*y;—y,) then for any w; € WNV (wH*u' —u'), there exist disjoint paths Py, Q;
in J; from py, q; to wi,u’, respectively, such that V(P U Q) NW = {w},u'}, e € E(P; UQy)
when e € E(Jy), v € V(P UQy), and (P, U Qy) + w is a pH q;-Tutte subgraph of J;.

To prove (a), let J, and J; denote the v4-bridges of J; containing {p;, w} and {q;, v}, respectively.
By the choice of w,u’,p; and ¢, J, — ¢ has a path from w to p; and through e when e € E(J;).
So let J' denote the block of (J, —¢¢) +wp; containing a cycle through wpy, and let v' € V(J'NH)
with v/ Hg; minimal. We may assume that p;, p, Hv',v',w occur on its outer cycle in clockwise
order. Then e € E(J') when e € E(J;). (Note that v' = v, if, and only if, ¢; ¢ V(J,).) First,
suppose w;, = w. In J', we apply Lemma 3.2 to find a p; Hv'-Tutte path P; from w to p; through
v" and also e when e € E(J'). If ¢4 = v, then let Q¢ be the path induced by the edge u/q;; and
otherwise, in J; + w/v¢, we use Lemma 3.1 to find a v Hg-Tutte path @Q} from ¢ to v; through
vy, and let Q¢ := Q) — v;. Then P, and Q; are the desired paths for (a). Now suppose wj # w.
Then, since v’ # wj}, we have ¢; # v¢ by the choice of u'; and hence, J' = J, + wp;. In J' we use
Lemma 3.2 to find a p;Hv;-Tutte path P/ from w to vy such that wp; € E(P/), and e € E(P/)
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when e € E(J;); and let P, := (P} — w) + {w}, wjv }. In J; 4+ /vy, we use Lemma 3.1 to find a
ve Hq-Tutte path Q) from ¢ to v; through v'; and let Q; := Q) — v¢. Then P, and @, are the
desired paths for (a).

Figure 7: Y,p,q when w € V(ysH* x4 41 — Ti41)-

Suppose w € V(ysH*x441 — x41). See Figure 7. Let p,q € V(H) such that there exist paths
from p, q to ye H* x4 11 — 41, Tep1 H Y1 — Ty, respectively, and internally disjoint from HUG™,
and subject to this, zHp and xHq are minimal. By planarity, x,p,q,y occur on H in order.
Let Y denote the union of pHq, Y, and those (H U G*)-bridges of G whose attachments are all
contained in V(pHq Uy H*z+1). In Figure 7, Y is contained in the disk bounded by the dotted
closed curve.

(b) If w € V(ysH*x14+1 — x441) then there is a path Q in (Y + qxi41) — y¢ from p to q such
that e € E(Q) whenever e € E(pHq), and Q + y; is a pHg-Tutte subgraph of Y + qzy41.
Note that one of the following holds: x14+1q € E(Q); or 21419 ¢ E(Q) but x441 € V(Q); or

T+1 ¢ V(Q)-

To see (b) we note that, since G is 2-connected, any cut vertex of Y either separates pHq from
Y; or separates y; from x411. Hence, Y* :=Y + {py;, qx141} is 2-connected; and we may assume
that Y is a 2-connected plane graph in which pHq+ {x¢+1, yt, qT¢+1, pys } is contained in a facial
cycle C* of Y* and y;,p,pHq, q, x411 occur on C* in clockwise order. By Lemma 3.2, there is a
y:C*g-Tutte path Q* in Y* from ¢ to y; such that yyp € E(Q*), and e € E(Q*) when e € E(pHq).
Then @ := Q* — y; is the desired path for (b).

In (¢) and (d) below, we define the path L; in Y; by considering the locations of w and u'.

(¢) Ifw e V(xsH*ys —y¢) and v’ € V(ys H*x111 — yt), then there is a path Ly in Y; from u' to y;
such that L; + x441 is a yH* x4, 1-Tutte subgraph of Y;, and x41 ¢ V(L) when v’ # x441.

If o = 2441 then y; = @1 Or Yrwesq is an edge (since G is (4, H)-connected); and Ly := Y} is the
desired path. So assume u’ # x;11. We may view Y; + y;7441 as a 2-connected plane graph in
which y, H*z11 + ypxe41 is a facial cycle. See the middle graph of Figure 6. By Lemma 3.1, there
is a y H* x4 1-Tutte path L} in Y; + ypx441 from o' to x411 through yixer1. Now Ly := L} — 2411
is the desired path for (c).

(d) For all situations other than those described in (c), we define Ly = ).
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We now define Bf, H/, u;, v;, w;, z;,y; for 1 < i < k, which is done in six steps. At each step,
we show that (1) and (2) hold. When B, H], u;, v;,w;, x},y, are defined for all 1 < i < k, we
shall show that (3) and (4) also hold. Step 1 and Step 2 take care of all i ¢ {t,t + 1}, as well
as some cases when ¢ € {t,t + 1}. Steps 3, 4, and 5 deal with the remaining cases for ¢ = ¢; and
Step 6 deals with the remaining case for i« = t + 1. Note that when w € V(x,H*y; — y;) and
u' € V(w1 H Y1 — {441, Ye41}, By and Byyy are contained in By, and so By ; need not be
defined; this is done in step 4.

Step 1. Definition of B}, H!, u;, v;, w;, x,,y; if

(¢

1<i<t—1andy; # i1, or
t+2<i<kandzx; #y;_1,or

)

(i)

(#i1) i =t and w € V(yeH* T411 — T441), O
)
)

() i=t+1,weV(xsH*y —yt), and v’ € V(wH* x4 — T411), OF
(W) i=t+1, weV(yH viy1 — x441), and x441 ¢ V(Q) (where Q is defined in (b)).

Choose w;,u; from V(z;H*y; — {z;,y;}) with w; H*u; minimal such that there are disjoint
paths from w;,u; to H and internally disjoint from H U G*. Such w; and wu; exist because G is
(4, H)-connected. We may assume that z;, w;, u;, y; occur on H* in order. By the minimality of
w;H*u;, no (H U G*)-bridge of G has an attachment in w; H*u; — {w;,u;}. Let v; € V(H) with
v; Hy minimal such that {v;,w;} is contained in an (H U G*)-bridge of G. See Figure 8.

Let a} := z; and vy, := y;, let B! := B; + {v;, vju;, viw;}, and H} := (i H*w; U u;H*y;) +
{vi, vius, viw;}. Clearly, (Bl, H,z},y}) is a 4-tuple. Since no (H UG*)-bridge of G has an attach-
ment in w; H*u; — {w;,u;}, Bl is an induced subgraph of (G —V(H —v;)) + {vju;, v;w; }. Because
G is (4, H)-connected, B! is (4, H!)-connected. So B/ and H] satisfy (1). By planarity, B. and
H! also satisfy (2). Moreover

(1a) for any H!-Tutte subgraph T} of B! containing {v;u;,x},y.}, we must have w; € V(T7).

For, otherwise, the T/-bridge of B. containing w; would have three attachments on 7/, namely v;
and two on H* (since z},y; € V(TY})).

Figure 8: B], H], u;,v;,w; and x in Step 1.

Let p;,q; € V(H) with p; Hg; maximal such that {p;, w;} and {¢;, u;} each are contained in an
(H U G*)-bridge of G. See Figure 8. By the choice of w; and u;, p; # ¢;. By planarity, z,p;, g,y

16



occur on H in order. By the choice of w and u’ and by the restriction on i, e ¢ E(p;Hg;). Let J;
denote the union of p; Hg; and those (H U G*)-bridges of G whose attachments are all contained
in V(piH¢q;) U {w;,u;}. Then

(1b) there exist disjoint paths P;,Q; in J; from p;,q; to wj,u;, respectively, such that v; €
V(P;UQ;), and P; UQ); is a p;Hq;-Tutte subgraph of J;.

To prove (1b), we note that J; + w;u; is 2-connected; and we may assume that it is a plane
graph in which w;u; and p; Hq; are contained in a facial cycle. By applying Lemma 3.1, there is a
piHq;-Tutte path S; from p; to ¢; such that w;u; € E(S;). Let P; and @Q; denote the components
of S; — w;u; containing p; and ¢;, respectively. Then by planarity, P; is from p; to w; and Q; is
from g; to u;. Clearly, P; U Q; is a p; Hg;-Tutte subgraph of J;.

Note that v; € V(P; U Q;); as otherwise the (P; U @Q;)-bridge of J; + w;u; containing v; would
have at least three attachments (since {v;,w;} is contained in an (H U G*)-bridge of G). This
concludes Step 1.

We need to define B}, H], u;, v;, w;, x}, y; that are not defined in Step 1: i =¢, or i =t + 1, or
x; = y;—1. Note that for some cases (according to the location of w,u’), Bf or B;, is defined in
Step 1. In the remainder of this proof, when w € V(xH*y; — y;), we define w; := w; and recall
that v, € V(H) with v4Hy minimal such that {vs,w;} is contained in an (H U G*)-bridge of G
(see Figure 6).

Step 2. Definition of B., H], u;,v;, w;, x}, y; if

(i) 1 >t+2, x; =y;—1, or

(1) i=t+1, we V(xgH*yy — yt), and v’ = x411, or
(#i1) i=t+1, w € V(yy H*xp41 — x441), Tr41 € V(Q), and qrirq ¢ F(Q), or
(iw) i <t—1and y; = Tij41.

First, we define B, H!, u;, v;, w;, z;,y, when (i) or (ii) or (iii) occurs; the definition when (iv)
occurs is symmetric to (i) (and will be sketched).

Because (B;, H;,z;,y;) is a 4-tuple and since G* is (4, H*)-connected and has no dividing
cycles, B; — z; has a unique infinite block which we denote by BJ; so every (B] + z;)-bridge of
B; is finite. See Figure 9. Let F'* denote the double ray whose vertices and edges are all incident
with the face of B} that is not a face of B;. (So F* and the frame of (B;, H;, z;,y;) differ by a
finite path.) Let x},w} € V(F*) be the attachments of (B} + x;)-bridges of B; such that a}F*w}
is maximal, with 2/ ¢ V(H*) and w} € V(H*).

Since G is (4, H)-connected, there exist u; € V(wfH"y; — w}), w' € V(z;H*u; — {x;,u;}),
and disjoint paths in G from w’,u; to z*,y* € V(H), respectively, and internally disjoint from
H U G*. We choose such w’ and u; that

w}H*u; is minimal and subject to this, w'H*u; and z*Hy* are minimal.

Then each (H U G*)-bridge of G with an attachment w* in w' H*u; — {w',u;} is induced by
the edge y*w* (otherwise, w*, u; contradicts the choice of w’,u;). So by the choice of w’, u;, no
(H UG*)-bridge of G has an attachment in (w’'H*u; — {w’,u;}) N (wf H*u; — {w},u;}); otherwise,
w’ and such an attachment contradicts the choice of w’, u;.
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(a) w; = wy (b) w; # wy

Figure 9: Bl, H], u;, v;,w;, x},y, in Step 2.

If w € V(z;H*w}) we define w; = w} (see Figure 9(a)). If w’' € V(w!H*u; — {w], u;}) then
each (H U G*)-bridge of G with an attachment, say w*, in x;H*w’ — {z;,w'} must be induced
by the edge z*w* (otherwise, w*, w’ contradict the choices of w’,u;). In this case, since G is
(4, H)-connected, the (B} + z;)-bridge of B; containing x; H*w} is induced by the edge z;w}. We
let w; € W NV (wfH*w') such that w;H*w; is minimal (see Figure 9(b)).

Let y; = y;. Let v; € V(H) with v; Hy minimal such that {v;,w'} is contained in some (HUG*)-
bridge of G. Note that v; € {z*,y*}. Define B} := B +{v;, v;w;, vju;, viw* : w* € WNV (w; H*u;)}
and H, := (x}F*w; Uu;F*y;) + {v;, viw;, viu; }. Note that (B, H,z},y.) is a 4-tuple. Clearly B]
is an induced subgraph of (G — V(H — v;)) + {v;w;, vju;}. Since B; is (4, H;)-connected, B| is
(4, H])-connected. So (1) holds for B; and H|. By planarity, (2) also holds for B; and H.

We claim that

(2a) for any H!-Tutte subgraph T} of B containing {v;u;, z},y!}, we must have {w;,w;} C V(T}).

For otherwise, we may assume that w; or w} is contained in a T)-bridge Z of B] with exactly two
attachments which are on x,F*u; (since x},u; € V(T7)). If w; ¢ V(T!) then we may assume that
w; € V(Z); in this case v; must also be an attachment of Z, a contradiction. So w; € V(I}). Then
wf € V(Z) and w} ¢ V(T}). Hence w; € V(wfH*u;) —{w}, u;}, and no (H UG*)-bridge of G has
an attachment in w}H*w; —w;. Thus, since z; H*w] is induced by the edge z;w}, V(ZNT!)U{z;}
is a 3-cut in G, contradicting the assumption that G is (4, H)-connected.

2 Vg q;

w U;

Figure 10: The graph J;.

Let p;, q; € V(H) with p; Hg; maximal such that {p;,w’'} and {g;, u;} each are contained in an
(H U G*)-bridge of G. By planarity, =, p;,z*,y*, ¢;,y occur on H in order. Note that p; # ¢; by

18



the choice of w’ and u;. (Clearly, e ¢ E(p;Hg;) since i > t+1.) Let J; denote the union of p; Hg;
and those (H U G*)-bridges of G whose attachments are all contained in V(p;Hg;) UV (w' H*u;).
Then

(2b) there exist disjoint paths P;, Q; in J; from p;, q; to w', u;, respectively, such that W NV (P; U
Qi) ={w',u;}, v; € V(P UQ;), and P; U Q; is a p; Hg;-Tutte subgraph of J;.

If no (H U G*)-bridge of G has an attachment contained in w'H*u; — {w’, u;} (see the left graph
in Figure 10) then (2b) follows from the same argument as that for (1b). So we may assume
otherwise. Then by the minimality of w'H*u;, y* = ¢;, and each (H U G*)-bridge of G with an
attachment in w’H*u; —w’ must be induced by an edge incident with y* = ¢; (see the right graph
in Figure 10). Let @Q; be induced by the edge g;u;. Let J, denote the g;-bridge of .J; containing p;
and w'. (J, is inside the dotted closed curve in Figure 10.) In J, 4+ w'q; we apply Lemma 3.1 to
find a p;Hg¢;-Tutte path P/ from p; to ¢; through w'g;; and let P; := P/ — ¢;. It is easy to check
that P;, Q; are the desired paths for (2b). In particular, v; € V(P; U Q;); since otherwise v; is
contained in a (P; U Q;)-bridge of J; with two attachments, contradicting the fact that {v;,w'} is
contained in an (H U G*)-bridge of G.

Let X; denote the (B; + z;)-bridge of B; containing z; H*w.

(2¢) If w' € V(z;H*w}) — {z;,w]}, then there exists a path N; in X; — z; from w' to w} such
that N; + x; is an x; H*w;-Tutte subgraph of X;.

To see this, we view X; + z;w] as a 2-connected plane graph in which x; H*w; + x;w] is a facial
cycle. By Lemma 3.1, there exists an x; H*w}-Tutte path N/ in X; + z;w} from x; to w’ through
zjw}. Then N; := N/ — z; is the desired path for (2c).

We now define B}, H!, u;,v;, w;, z;,y, when i <t —1 and y; = x;41. This is symmetric (left-
right reflection) to the above case for B ; and H] ;. So we only give a sketch. See Figure 11.

(b) w; # wj

Figure 11: B., H], u;, v;, w;, x},y: (for i <t and y; = x;11) in Step 2.

7

Here we consider the infinite block B} of B; — y;, and let F'* denote the double ray whose
vertices and edges are incident with the face of B that is not a face of B;. Let w},y, denote
the attachments of (B} + y;)-bridges of B; such that w} € V(H"), y; ¢ V(H"), and w;F*y, is
maximal.
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Since G is (4, H)-connected and has no dividing cycles, there exist u; € V(w;H*z; — wy),
w' € V(y;H*u;) — {yi, u; }, and disjoint paths in G from w’, u; to z*,y* € V(H), respectively, and
internally disjoint from H UG*. We choose w’, u; so that w} H*u; is minimal, and subject to this,
w'H*u; and x* Hy* are minimal.

If w' € V(y, H*wy) then let w; = w} (see Figure 11(a)). If w’ € V(wfH*u;) —{w}, u;} then let
w; € WNV(wfH*w') so that w;H*w] is minimal (see Figure 11(b)). Let v; € V(H) with v;Hzx
minimal such that {v;,w'} is contained in an (H U G*)-bridge of G. Let z} = x;. Define B :=
B + {v;, viug, viw, viw* : w* € W NV (w;H* )} and H] := (2, F*u; Uw F*y}) + {v;, viui, viw; }.

Then (Bl, H,z},y.) is a 4-tuple. Clearly, B} is an induced subgraph of (G — V(H — v;)) +
{viu;, viw;}, and is (4, H!)-connected. So (1) holds for B] and H]. By planarity, (2) also holds
for B} and H/. Similar to (2a), we have

(2a’) for any H|-Tutte subgraph T} of B/ containing {v;u;, z},y.}, we have {w;, w}} C V(T}).

Let p;,q; € V(H) with p; Hg; maximal such that {p;, w'} and {g;,u;} each are contained in an
(H U G*)-bridge of G. By the choices of w’ and u;, p; # ¢;. Since i <t —1, e ¢ E(p;Hg;). Let J;
denote the union of p;H¢; and those (H U G*)-bridges of G whose attachments are all contained
in V(p;Hgq;) UV (w H*u;). Then, similar to (2b), we have

(2b’) there exist disjoint paths P;, Q; from p;, ¢; to w', u;, respectively, such that WNV (P;UQ;) =
{w u;}, v € V(P,UQ;), and P;UQ; is a p;Hg;-Tutte subgraph of J;.

Let X; denote the (B} + y;)-bridge of B; containing y; H*w;. Similar to (2c), we have

(2d) If w' € V(y;H*w}) — {y;, w;}, then there exists a path N; in X; — y; from w’ to w; such
that N; + y; is a y; H*w;-Tutte subgraph of X;.

Step 3. Definition of By, H], us, v, wy, x}, y; whenw € V(xy H*y—yy) and v’ € V(wH* w1 —
th+1)~

Recall w; = w and the definition of v; preceding (a). Let u; := ' if v/ € V(w H*y;) (see
Figure 12(a)), and let u; = y; if ' € V(yeH*x141) — {yr,xe41} (see Figure 12(b)). Define
xp =z and y; = yi. Let Bj := By + {vg, vpug, vpwg, vpw* 2 w* € W N V(wgH*uy)} and Hy =
(xtH*wt U utH*yt) + {Ut, VWy, vtut}.

Clearly, (B}, H{, x},y;) is a 4-tuple. Recall that every (HUG*)-bridge of G with an attachment
in weH*uy — {w¢, us } is induced by a single edge incident with v;. So By is an induced subgraph
of (G—V(H —wv)) + {viwy, veur }. Using planarity and (4, H)-connectedness of G, it is not hard
to show that Bj is (4, H})-connected. So B; and H{ satisfy (1). By planarity, B; and H| satisfy
(2) as well. By the same argument as that for (1a), we have

(3a) every H[-Tutte subgraph of Bj containing {viu,x},y,} must contain wy.

Note that when we later extend an Hj-Tutte subgraph of B; we will use the paths P, Q; in
(a), as well as the path L; in (c).

Step 4. Definition of By, H{, us, v, wy, x},y; whenw € V(z¢H*y—y;) and v’ € V(xpp1 H* ypi1—
{@i41,y141}). (In this case, By U By11 C Bj; so B;,; need not be defined.)
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(a) v € V(wH*yy) (b) v € V(yeH*x411) — {ys, Tes1}

Figure 12: B}, w¢, and u; in Step 3.

Suppose w € V(xiH*y — y) and v/ € V(zir1 H* Y1 — {@e41,Ye41}). Since G is (4, H)-
connected, either y; = z;11 or Y; is induced by the edge ys;xs11. Let wy = w and recall the
definition of v; preceding (a).

Let ug := o/, @} := x4, Yy} := Y1, B} := (B U Byy1) + {vg, veug, vpwg, vpw* - w* € V(we H* ug) N
W}, and H| := (z}H*w; Uu H*y,) + {vg, vpwe, viug }. See Figure 13. Since G is (4, H)-connected,
Bj is (4, H{)-connected. Clearly, B; is an induced subgraph of (G — V(H — v;)) + {viwe, veuy }.
So B; and H] satisfy (1). By planarity, B; and H| satisfy (2). By the same argument as that for
(1a), we have

(4a) every H/-Tutte subgraph of B} containing {viu,x},y,} also contains wy.

Note that when we later extend an H{-Tutte subgraph of B, we will use the paths P, Q; in
(a).

Ut Ut

H* yé = Yt+1

Figure 13: Bj in Step 4.

Note that when Step 4 applies, By, is not defined. Once all B; are defined, we can simply
perform a relabeling for ¢ > ¢ 4 2 (by relabeling B; and H] with B} _, and H]_,, respectively).

Step 5. Definition of Bj, H{,us, v, wy, xy,y, when w € V(zeH*y — y¢) and v’ = x441.
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See Figure 14. Let uy := wy, @), = x4, ¥, = Yy, H, = xyH*wy + {vg, ug, vpwe, veug b, and
Bj := B; + {vs, vpug, vew* 2 w* € V(w H*ug) N W} Clearly, (B}, H,,x},y;) is a 4-tuple. Recall
that every (H U G*)-bridge of G with an attachment w* € V(wH*u') — {w,u'} is induced by
the edge viw* of G. So By is an induced subgraph of (G — V(H — v)) + {viug, viwe}. Since G
is (4, H)-connected, Bj is (4, H})-connected. Hence By, H, satisfy (1). By planarity, B; and H|
satisfy (2). Similar to (1a), we have

(5a) every H{-Tutte subgraph of B, containing {viu, z},y;} also contains wy.

Note that when we later extend an Hj-Tutte subgraph of B; we will use the paths P, Q; in
(a), as well as the path L; in (c).

Ut

Figure 14: w € V(xsH*yy — yp) and v’ = 2441.

L / / / /
Step 6. Definition of By 1, Hj |, U1, V41, Wit1,Typq,Yiq Whenw € V(ys H*wpq — 2441).

Suppose w € V(ys H*x441—x141). Then y; # 441, and we just need to define B;H for the case
qri+1 € E(Q); all other cases are done in Step 1 and Step 2. Recall Figure 7, the path @ in (b), and
the definition of p, q preceding (b). Let wyt1 := z¢4+1, and let ug1 € W NV (21 H ypr1 — T441)
such that x;y1 H*ugqq is minimal. Note from the definition of ¢, {q,us11} is contained in an
(H U G*)-bridge of G. Let viy1 = q, oy = Typ1 = Wp1, and y; | := yq1. Define By | =
Biy1 +{vt41, Veg1Usg1, Vep1wegr }, and let Hy o= wp i H Y 4+ {We 1, Vg1, Ve 18y 1, Vs 1 Wi )
Then (By , H{ 1,2}, 1,Y;,1) is a 4-tuple. It is easy to check that B; ; and H;,, satisfy (1) and
(2). Also, since xj_ | = w1,

(6a) any H; ,-Tutte subgraph of B; | containing {viy1ui1, %y, 1,41} contains weyy.

Let s € V(H) with sHy minimal such that {s,usy;} is contained in an (H U G*)-bridge of
G (possibly s = ¢). Let Ji41 denote the union of ¢H's and those (H U G*)-bridges of G whose
attachments are all contained in V(¢gHs) U {us+1}. Let Py = 0. We claim that

(6b) there exists a ¢H s-Tutte path Q41 in Jiyq1 from w1 to s such that ¢ € V(Qy41).

If ¢ = s then Ji4q is induced by the edge quit1, and Qyy1 := Jpy1 is the desired path for (5b). So
we may assume q # s. Then Jy41 + suy4q is 2-connected; and we may assume that it is a plane
graph in which su;y1 and ¢H's are contained in a facial cycle. By applying Lemma 3.1, there is
a qH s-Tutte path Q41 from wuyq to s such that ¢ € V(Q¢41). This concludes Step 6.
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q § q = Vt+1

Li41

Yi+1 r=
r Y1 = Yt+1
U+ et = Tibl ugy

Bt Biy| B

Figure 15: B;, in Step 5.

We have now completed the definition of B}, H], u;, v;,w;, x},y, for all 1 < ¢ < k, with the
possible exception: i =t + 1, w € V(xiH*ys —yt), and v’ € V(2401 H*yre1) — {xt11, Y241} When
this exceptional case occurs, we simply relabel (for each i € {t +2,...,k}) B}, H], u;, v;, w;, x}, .
by B._y,H!_{,ui—1,vi—1,w;—1,%;_4,y;_y, respectively, and then relabel k — 1 as k.

From the construction in Steps 1-6, we see that V(B]) —V(B;) = {v;} forall 1 <i < k. Since
G- V(U?:1 B;) is finite, we see that G — V(U?:1 BY) is finite. So the first part of (3) holds. It is
clear from the definitions (and since G is (4, H)-connected) that the second part of (3) also holds.

We now prove (4). Let B' := U, B/ and H' := |J*_, H]. Further, let X be a subgraph
(finite or infinite) of B’ containing H', and let 7" be an H’-Tutte subgraph (finite or infinite) of
X containing {v;u;, x}, vy, : 1 <14 < k} such that each v; has exactly one neighbor in (7' N B}) — ;.
Then each 7" N B] is an H]-Tutte subgraph of B; containing {v;u;, z},y;}. So it follows from (1a),
(2a), (2a), (3a), (4a), (5a) and (6a) that {wq,...,wx} C V(T").

Let w}, u; denote the neighbors of v; in 7'M B, (one of which is u;) such that z}, w}, u}, y; occur
on H in order. We need to find an H-Tutte subgraph T of G — V(B’ — V(X)) as in (4); and we
do this by finding u;_,-wj} paths (one for each 1 <14 < k+ 1, where uj = x and wy, ., = y). We
shall use an argument similar to that in the proof of Lemma 4.1. See Figure 16 for an illustration;
noting that the paths between B; and By change according to the location of w, v’ and the path
Q)

First, we combine all paths found so far. Recall from Step 2 the path N; in X; from (2c)
and (2¢'); and for all other situations let us define X; = N; = . Let Y/ := Y; when w €
V(yeH*x141 — ®41); and otherwise define Y/ := ). Recall the path L; in Y; from (c¢) and
(d). Let T* :== (I" —{v; : 1 < i < kPHULUWUL,N) and X* .= (X —{v; : 1 < i <
k}) U (Uf;ll(Y,- -Y/)U (Uf:1 Xi). Note that when w € V(y:H*z¢41 — x441), Yz is not included
in X*, and @ NY; is not included in T*. Then {u,, w}, =}y, : 1 < i < k} C V(T*). Moreover,
every T*-bridge of X* is one of the following: Y; for some 1 < ¢ < k — 1, a T’-bridge of X
containing no vertex from {v; : 1 <i < k}, or a subgraph of X* obtained from a T"-bridge of X
by deleting its vertices in {v; : 1 <14 < k}, or an (L; 4 x¢41)-bridge of Y; when w € V(xiH*yr — y¢)
and v’ € V(yeH*x141 — yi) (see (c)), or an (N; + z;)-bridge of X; for some ¢ >t + 1 (see (2c)),
or an (N; + y;)-bridge of X; for some i < t — 1 (see (2¢’)). Hence, it follows that T* is an
(H*N X*)-Tutte subgraph of X*. (Note that H*NX* = H* if w € V(x;H*y; — y¢); and otherwise
H*NX*=x1H*y Uz 1 H yy.)

Recall that W denotes the set of attachments on H* of all (H U G*)-bridges of G. We

/ /
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o o
T=1Uy Vg Vh—1 Uk Y= Wgiy

N
\ wy U 1+t

B, By

Figure 16: An illustration of 7% and 7' when w,u’ € V(z H*y,).

define an equivalence relation ~ on W as follows. For z,2’ € W, define z ~ 2/ if 2 = 2/, or
{z,2/} CV(D)—V(T*) for some T*-bridge D of X* (in that case, D has just two attachments),
or {z,2'} CV(Yy) — {ys,x441} when w € V(ysH*xpy1 — x441). Let Wi, Wa, ..., W,, denote the
equivalence classes of W with respect to ~, and assume that Wy, Ws, ..., W,, occur on H* in
order from z’ to y'. Since &’,y’ € V(T™*), W1 = {2’} and W,,, = {y'}. Note that either |W;| =1
and W; C V(T™) (in which case let D; = W;), or W; C V(D;) — V(T™) for some T*-bridge D; of
X* (with just two attachments on T*), or W; C V(Y}) — {4, 2441} when w € V(ye H* 241 — x441)
(in which case D; = Y;).

For each 1 < j < m, let s;,t; € V(H) with s;Ht; maximal such that z,s;,t;,y occur on H
in order, and s; and ¢; each are contained in an (H UG™*)-bridge of G with an attachment in W.
Note from planarity that x = sq,t1,S2,t2,...,8m,tm = y occur on H in order. Also note that
if we V(yH*x411 — x41) and e ¢ E(Q) (see (b)) then e € E(ty_1Hsy) with s = p for some
1 <h<m;and if w € V(z,H*y; — y) then w; = w and there is some 1 < h < m such that
Wy, = {w;} (because wy € V(T")), and e € E(t,_1Hty) (by the definition of w; and uy).

For each 1 < ¢ < m — 1, let I; denote the union of ¢;Hs;+1 and those (H U G*)-bridges
of G whose attachments are all contained in V(t;Hs;11). (It is possible that I; C Y when
w € V(yH v111 — x441).) For each 1 < j < m, let U; denote the union of s;Ht;, D;, and
those (H U G*)-bridges of G’ whose attachments are all contained in V' (s;Ht;) U W;. Note that
V(U; nT*)| = |V(D; NT*)] < 2 and possibly D; = Y; and U; C Y. Recall that P, Qy,J;
(1 <1< k) are defined in (a), (1b), (2b), (2b’) and (6b).

By exactly the same argument as for Claims 1 and 2 in the proof of Lemma 4.1, we have the
following two claims.

Claim 1. For each 1 < i < m —1 for which I; € Y and I; Z J; (1 <1 < k), there is a
t;Hs;1-Tutte path R; in I; from t; to s;+1 and containing e when e € E(t;Hs;11).

Claim 2. For each 1 < j < m for which U; Y and U; € J, (1 <1< k), U; = V(U; NT*)
contains an s;j-t; path M; such that M; U (U; N'T*) is an sjHt;-Tutte subgraph of U;.

By the choice of w, v, we know that e ¢ E(U;) for all U; with U; € Y and U; € J; (1 <1 < k).
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Let S denote the union of LUQ;UN; (1 <1<k), QNY (when w € V(y; H*z141 — x441)), R;
(1<i<m—1for which I; Y and I; £ J; for all 1 <1 < k), and all M; (1 < j < m for which
U; Y and U; € J; for all 1 <1 < k). From construction, each component of S is a u),_-w},
path (1 <n < k), where u{, = = and w}cH = y. See Figure 16. Note that the paths P,, @, are
from {w;,,u),} to {pn,aqn}, and {pn,qn : 1 < n <k} C {s;,t; : 1 < j < m}. Also note that if
i >t+1 then Q,_1 is from u, | = up—_1 to ¢u—1, P, is from w), = w, to p,, and Q,_1, P, and
some R;’s and M]’ form a w],_,-w!, path; if i <t —1 then P,_; is from u,_; = wp_1 to pp_1, @Qn
is from w), = u, to g, and P,_1, @, and some R;’s and M]/ form a wu],_,-w], path.

Let T':= T*US. From construction, 77 —{v; : 1 <i <k} CT* C T, and T -V (T" —{u}, v;, w} :
1 <1 < k}) =S which consists of disjoint u],_;-w], paths. For each z € V(T') — V(T"), we see
that z € V(S). Hence, either z ¢ V(X) or z € V(Z) for some T’-bridge Z of X containing an
edge of H'. Thus (i), (ii) and (iii) of (4) hold.

To complete the proof of this lemma, we need to show that T is an H-Tutte subgraph of
G —V(B'—V(X)). Let D be a T-bridge of G — V(B’ — V(X)). Then D is induced by an edge
of G — E(X) with both incident vertices in X, or a T*-bridge of X* containing no edge of H*,
or a ((P; UQ;) + w;)-bridge of some J; (see (a), (1a), (1b), (2a), (2b), (2a’), and (2b')), or a
Q¢+1-bridge of Jiy1 (see (6b)), or a (Q + y¢)-bridge of Y + qr441 when w € V(y H* x40 — x441)
(see (b)), or an R;-bridge of I; for some 1 <i<m—1with ; Y and I; Z J; (1 <1< k), or
an (M; U (U; N'T*))-bridge of U; for some 1 < j < m with U; € Y and U; € J; (1 <1 < k).
Thus, D has at most three attachments on 7', and if D contains an edge of H then it has just
two attachments on 7. |

5 Hamilton circles

In this section, we prove a result which implies Theorem 1.4. First, we state a variation of the
Konig Infinity Lemma, which is proved in [20]. We say that a sequence of finite paths {P,}
converge to a ray P if, for any given u,v € V(P), uPv = uP,v for all sufficiently large n. (It
is possible that a sequence converging to a ray may also converge to a different ray; but the
sequences we consider will have a “forward” property which ensures a unique limit.)

Lemma 5.1 Let G be an infinite locally finite graph and let x € V(G). Suppose {Pn} is an
infinite sequence of finite paths from x such that for all n > 1, the length of P, increases. Then
{P,} has an infinite subsequence {P,, } converging to a ray from x.

We also need two results from [2]. Let G be a locally finite graph. For a subgraph H of G
and an end z of G, the degree of x in H is defined as sup{|R|: R is a set of edge-disjoint z-arcs
that are contained in the closure of H}. (Note that an x-arc is an arc in x.) Bruhn and Stein [2]
proved the following two results.

Lemma 5.2 Let G be a locally finite graph, let H C G, and let x be an end of G. Then for any
natural number k, the degree of x in H is k if and only if k is smallest integer such that every

finite S C V(G) can be separated from x with a finite edge cut in G that shares exactly k edges
with E(H).

Lemma 5.3 Let C be a subgraph of a locally finite graph G. Then the closure of C' is a circle in
|G| iff it is topologically connected and every vertex or end x of G contained in the closure of C
has degree 2 in C.

25



In later proofs, we need to find finite paths which converge to double rays whose union is
a Tutte subgraph. For this reason, we need those finite paths to move towards the ends of the
graph. Let (Hy, Ho,...) be a sequence (finite or infinite) of subgraphs of an infinite graph G. A
path P in G is (Hy, Ho,...)-forward if, for every ¢ > 1 and for any distinct z,y,z € V(P) with
y € V(zPz), {x,z} C V(H;) implies that y ¢ V(H;) for all j > i+ 2. Intuitively, if P starts from
H,, then after P meets H; o (for each i > 1), P never visits H; again.

Lemma 5.4 Let (G, H,z,y) be a 4-tuple, and assume that G is (4, H)-connected. Then for any
e € E(H), there is an H-Tutte subgraph T of G such that e € E(T') and the closure of T in |G|
s an arc between x and y.

Proof. First, we construct an infinite sequence of collections: {(B] H] el,xl,yl) 11 < < kj}
for 7 > 1, where each (B] HZJ, Z,yl) is a 4-tuple and €] € E(HJ)

Let k1 =1 B1 =G, H1 = H, e1 = e, :z:% = x, and yl = y. Suppose we have constructed
{(BJ HJ el,:nl,yz) :1 < i < k;} for some odd integer j > 1 such that B} OBZJ = () for
1 <i <1 <FEj (except possibly V(B] N sz+1) = {yf = JUg_H}), each (B] HZJ, Z,yl) is a 4-tuple,
B! is (4, H})-connected, and e/ € E(H}). Let B/ := Ufil B! and HI := Ui:l H!. Note that

=Gand H' = H.

By applying Lemma 4.2 to each Bg , 1 <t <kj, and by an appropriate labeling (say, from left
to right according to the embedding), there exist 4-tuples (Bg“, HijJrl JH, yf“) (1<i<kjt)

and there exist paths uz +1vf +1wg on H f *1 such that
(1) BijJrl is (4, Hijﬂ)—connected, V(HjJrl NHY) = {Ug—H}, and BijJrl is an induced subgraph of
(B = V(i = o) + {o Tl o] ] T

3 7 3

(2) no edge of B’ joins a vertex of Bg“ - V(Hz-jﬂ) to a vertex of BJ — V(Bg“);

(3) BY —V(B/*1) is finite, where BI*! := Uf”ll B and BIT N B/t = pforall 1 <i<li<

. — J+1 _ g+l ]-‘rl j+1 J+1 _ g+l
kjppunless =i+ 1,0/ =o/ ), and V(BT NBj}) ={v];7 =v/ 1}

4) for any subgraph (finite or infinite) X of B/*! containing H/*! := -i“ H! *1 and for any
=1
H7+1_Tutte subgraph (finite or infinite) 79+ of X containing {Uf.ﬂugﬂ, zH,ny 1<

i < kj41} such that each vgﬂ has exactly one neighbor in (77+! OBZJH) g“, there exists
an HI-Tutte subgraph 77 in B/ — V(BI*! — V(X)) containing {e] : 1 <14 < k;} such that

(i) T9+' — {1 <i<kja} CTY,
(ii) for any z € V(T7) — V(T711), either 2z ¢ V(X), or z € V(Z) for some 77T -bridge Z
of X containing an edge of H/+1 and

(iii) if 2!, al™ (corresponding to w},u; in Lemma 4.2) denote the neighbors of v/ in

TJJrlﬁBf+1 such that l’]+l A ]H, yf“ occur on H]+ in order, then 77 — V(T]+1

[as} ) z
{vq'+1 J+1 41,

a2zl 01 < i < kjpq}) consists of the following disjoint paths: one from

al™ to zgii (for each pair {a™", gﬂ} that is contained in B’ for some 1 <i < kj),

one from z to zgil (with s = 0 and i = 1, or for each pair {al"", gﬂ} with s > 1

and for some 1 < i < kj, al™ ¢ V(Bj) and zgﬂ € V(Bj)), and one from al™ to yl

(with s = kj41 and ¢ = k;, or for each pair {al™, gﬂ} with s < kj41 and for some

1<i<kjal™ eV(B/)and zgﬂ ¢ V(BY)).
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Let egH = fug“ugﬂ, 1 <4 < kjq1. By applying Lemma 4.1 to each Bg“ (1<t <Ekjn),
and by an appropriate labeling (from left to right according to the embedding of ), there exist
4-tuples (Bg+2, HZ-]Jr2 IR (1< < kjt2) and there exist eg+2 € E(HZ?H) such that

? Z ?J

(5) B/*? is an induced subgraph of B/*! — V(H/*1) and B!*? is (4, H T*)-connected;

(6) no edge of Bit! joins a vertex of B! ™ — V(H/™?) to a vertex of Bit! — V(B/1?);

(7) BI*L —V(B7*2) is finite, where B2 := Ufgf B2 and BV n B/ = forall 1 <i<

I <Fkjiounlessl=i+1, y”2 = :Ugilz, and V(B; ]+2 N ng_f) = {y]+2 = xzif

(8) for any subgraph (finite or infinite) X of B/*2 containing H/2 := Ufgf H?*? and for any

HI*2_Tutte subgraph (finite or infinite) 7772 of X containing {eg”,:ng”,ygw 1 <i <

kji2}, there exists an H/T1-Tutte subgraph T7t! of B/ — (V(B/*2) — V(X)) containing
{egJrl 2t y]-Jrl :1 <9 < kjqr1} such that

(k)
(i) Ti+2 C it
(ii) for any z € V(T9+1) — V(T7+2), either z ¢ V(X), or z € V(Z) for some T7*2-bridge
Z of X containing an edge of H/2, and
(iii) 77+ — V(T7+2 — {xj+2,y3+2 1 <4 < kjt2}) consists of the following disjoint paths:
12 o wH_l (for each pair {y]+2, gilz} that is contained in B/ for some
1 <t < kjy1), and one from 23 to 43 ™2 (for each pair {z5*?, 47"} such that there
exists some 1 <t < kjyq for which xﬁ,”,yf]” IS V(Bt” ) and, subject to this, p is
minimum and ¢ is maximum).

one from y;

Note that V (H/ N HI*Y) = {v/T" 1 1 <i < kjy1} when j is odd (see (1)), and HI N H/t1 =)
when j is even (see (5)). Hence H/ N H/*2 = () for j > 1. Also note that because of (2) and (6),
V(H) is a cut set of G for j > 2.

For any n > j > 1, let Bj, :== B/ — (V(B™) — V(H")). Note that B;, is a subgraph of

B,

In order to find the desired 7', we need to find a sequence of subgraphs of Bi, for n > 1

which converge to T'. These subgraphs are found in (9) below. But we need to prove (9) and (10)
simultaneously.

9)

When j is odd, there is an H7-Tutte subgraph T; n, of B; , containing {e ,JJZ , y 11 <i < kj},
such that the components of each T}, nﬂB] (1 <t < kj) are paths: one (H7,..., H")-forward
path from x] to H", one (H7,..., H")-forward path from y; to H", and one path between
two vertices of H™ and contalmng {yi,2; ,} (for each ordered pair (s,i), j +1 < s <n
and 1 <4 < ks — 1, with {y, 27} contained in both BJ and a component of B5™1) in
which the disjoint paths from y;, x5, to H" are (H’,..., H")-forward. Moreover, for each
1 <t < kj, there is some finite path P]’in in Bg from :z:g to y{ such that 17, ﬂBf C P;’n and
When j is even, there is an H’-Tutte subgraph 7}, in Bj, containing {e] = vf uf,xz,yZ :
1<i<k; } such that the components of each T} ,, ﬂBJ (1<t<k, ;) are paths between two
vertices of H™: one containing {e{ = vf u{ , 1‘{, yf } in which the disjoint paths from Uf , u{ to
H"™ are (H’,...,H")-forward, and one containing {y;,z; ,} (for each ordered pair (s, i),
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paths in (9) paths in (10)

Figure 17: Illustrations of paths in (9) and (10).

j+l1<s<nandl<i<ks,—1, with {y], l+1} contained in both Bj and a component of
B*~1) in which the disjoint paths from y,z, | to H" are (H,..., H ") forward. Moreover,
for each 1 <t < kj, there is some finite cycle C’]t-m in Bg such that T;n N Bg C C’;f’n and
(C;f,n —V(Tjn))NH =0.

We apply induction on n — j. Note that n —j > 0. When n —j = 0, we have B; , = HY, and
we sumply let T] = HJ. Then for each 1 <t < k;, TJ nN B] H7 N B} = H} is a finite path in
G’ from x] to y!. So when j is odd, we may take P ]7 = Htj ; and we see that T, is the desired

Hf—Tutte subgraph for (9). Now assume j is even. Then since Bt] is 2-connected and planar,

H} is contained in some cycle, say C;n, of B}; and we see that T}, gives the desired H I-Tutte

subgraph for (10). Hence we may assume n —j > 1.

To prove (9), suppose j is odd. Then j + 1 is even, and we apply (10) to Bj;1, inductively.

So there is an H/*1-Tutte subgraph Tji1, of Bji1, containing {eﬁl = UJH fl j+1,yi+1 :

1 < i < kji1}, such that the components of each T} yq,, N BJJrl (1 <t < kjq1) are paths between

two vertices of H™: one containing {eﬁl = vgﬂugﬂ, j+1, yt+ } in which the disjoint paths from
vl T wd T to H™ are (HHY, ... H™)-forward, and one containing {y3, z zj, 1} (for each ordered pair

(s,z), j+2<s<nand1<i<ks—1, with {yj,27 ,} contained in both Bg“ and a component
of B*~1) in which the disjoint paths from y3, ri , to H™ are (H7*Y, ..., H™)-forward. Moreover,
for each 1 <t < kjy1, there is some finite cycle C? 41, D Bg“ such that 741, N Bg +1 - Ct+1 n
and (Cf, 1, — V(Tj410) N HIT = 0.
CFor 1 <i < k:]+1, let zf“,qfl denote the neighbors of vf“ in Tjp1n N BZ?H such that
2l T 0T QI It gecur on HY T in order. By applying (4) with X = B..1,, there exists an
i i a; yz i y ymg J+1,
HJ-Tutte subgraph T}, of B;, containing {e],z7,y! : 1 <i < k;} such that

(i) Tjsrn— 0] 1 <i<kja} C T,

(ii) for any z € V(Tjn) = V(Tjt1,n), either z & V(Bji1,n), or 2 € V(Z) for some T} 1 ,-bridge
Z of Bjt1,, containing an edge of H/*1, and
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(ili) Tjm —V(Tjs1,n {vj+1 AT 1<i< kj+1}) consists of the following disjoint paths:

Mt A ) Z
Jj+1 Jj+1 ]+1

one from ax"" to zs+1 (for each pair {as" ", z/];} contained in some Bj 1 <i < kj), one

from z} to zgil (with s = 0 and i = 1, or for each pair {a™", gii} with s > 1 and for

some B], It ¢ V(BY) and zgﬂ € V(BY)), and one path from al* to y! (with s = kj

and ¢ = kj, or for each pair {ag ) gﬂ} with s < k;41 and for some B, alt e V(Bj) and

At ¢ V(B).

By (iii), for each 1 <t < k;, the components of T} , N Bg are the following paths: one from
:L'g to H™, one from yﬁ to H", and one between two vertices of H" and containing {y;,z; } (for
each ordered pair (s,i), j+1<s<mnand1<i<ks—1, with {y7, 27, ,} contained in both B/
and a component of B5~1). Because of C! 41 for 1 <1 < kjiq, we see that for each 1 <t < kj,
there exists some finite path Pf, in B! such that TjnN Bl C P}, and (P}, —V(Tj,))N HI = ().

It remains to prove the forwardness of paths in 717, N Bz , for 1 <t < k;. Note that any
component C of T}, N B} containing {yf,x{ ,} for some (s,7) (with j+2 < s < n and 1 <
i < ks —1) is also a component of T}, N B} It for some 1 <r< k]+1 Hence by induction
hypothesis, the disjoint paths in C' from y7,z7 ; to H" are (H7*Y, ... H™)-forward, and thus
also (H,..., H")-forward since C is disjoint from H’.

Let D be a component of T}, N B} containing {yjJrl H—l} (for some 1 <4 < kjy1 — 1), and

let Dy, D, be the disjoint paths in D from y/ +1 gj_rll to H", respectively. Then D, (respectively,

D,) is contained in one of the disjoint paths in the component of T]+1 n N Bj + (respectively,

g+ g+l il J+ J+1 z+1 Jj+1 G+1
T]HnﬂBZH) containing {x]" ", y/" ", v} } (respectively, {:UZH,yZH, vy upy }) from ugy

or vl N Lto 0™, Hence, by induction hypothe51s D, and D, are (H g+l .. H")-forward, and thus
also (HY,..., H")-forward since D, and D, are d18301nt from HY.

To complete the proof of (9), we need to show that the paths L, L, in T}, N B from art,yt
to H"™ are (H/,..., H")-forward. Let k be minimum such that z]+1 € V(Bjt1,n N B} ') and let
[ be maximum such that a]Jr1 € V(Bjtin N Bg ). Let L, (respectively, L,) denote the path
in Tjy1n N Bi“ (respectively, Tjy1, N Ble) from zi“ (respectively, ]H) to H™ which is
contained in L, (respectively, L,). By induction hypothesis, L., L, are (H]‘H, ..., H™)-forward
(and thus (HY,..., H")-forward since L, and L, are disjoint from H7). We now prove that L,
is (H7,..., H")-forward. Let a,b,c € V(L;) such that b € V(aL,c). Suppose a,c € V(H™)
for some j < m < n. We show next that b ¢ V(H") for all » > m + 2. This is clear when
a,c € V(L,) since L, is (H7,..., H")-forward. Now assume a,c € V(L) — V (L, — z]“) Then
since H/2 N H/™! = () (because j + 1 is even) and by (ii), we have aL,cN H'*2? = (), and hence
b¢ V(H") for all r > m +2 > j 4 2. So we may assume by symmetry that a € V(L,) — V(L)
and ¢ € V(L, — zi“). Then m = j+ 1. If b € V(L,) then b € V(2 ]HLZC); and since
{zﬁl ct CV(HITY), b¢ V(H") for r > m+2 = j+ 3 (since L, is (H7,..., H")-forward). So
we may assume b ¢ V(L.). Then again, since H/*2 N H/™! = () and by (ii), b ¢ V(H") for all
r > m + 2. This shows that L, is (H7,..., H")-forward. The same argument (with L, L, a{ﬂ
playing the roles of L., L, zi“, respectively) shows that L, is also (H”,..., H")-forward.

We now prove (10). Suppose j is even. Then j 4+ 1 is odd. By inductively applying (9),
there is an H/T!-Tutte subgraph Tji1, of Bji1, containing {e”l, 7+1,yz 01 <i < kjnl,
such that the components of each 711, N Bg“ (1 <t < kjqq1) are the following paths: one
(HI+ ... H™)-forward path from 2™ to H", one (H/t!, ... H")-forward path from 3™ to
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H", and one between vertices of H™ and containing {y;,x; ;} (for each ordered pair (s,7),
j+2<s<nandl<i<ks—1,with {yf,27 ,} contained in both Bg“ and a component of
B*~1) in which the disjoint paths from y3, x| to H" are (H7*Y ... H"™)-forward. Moreover, for
each 1 <t < kj41, there is some finite path PtJrl 1N Bg“ such that T 11, N Bg+ C pt
(Pli1n = V(Tjan) NHI =0 .

By applying (8) (with B/*! as B/™? and X = Bji1,), there exists an H’-Tutte subgraph
T of Bj, containing {e],z],y! : 1 <i < k;} such that

(1) frj—}—l,n C Tj,n7

(ii) for any z € V(Tjn) = V(Tjt1,n), either z & V(Bji1,n), or 2 € V(Z) for some T} ,-bridge
Z of Bjt1,, containing an edge of H/*1, and

j+1ln and

(iti) Tjn — V(Tj41,n {x]H,ny 1<i< k]+1}) consists of the following disjoint paths: one

Jj+1

from y/™" to le (for each pair {y/* 1 2+1} contained in B] for some 1 <1 < k;), and

one from mﬁl to y]+1 (for each pair {xﬁl, yé“} such that there exists some 1 <1 < k; for
j+1 Jj+1

which o, yy ' € V(Bl]) with p smallest and ¢ largest).

By (iii), the components of each T}, WnNB (1<t <k, ;) are the following paths: one containing
{et = ] ut,mt,yt} and one between two vertices of H" and containing {y;,z; ;} (for each

ordered pair (s,7), j+1<s<nand 1<i<ky;—1, with {y7, 2§ ,} contained in both B! and a
component of B*~!). Because of P! id1n for 1 <1 < kjiq, we see that for each 1 <t < kj, there
is some finite cycle C%,, in B! such that Tj,, N B} C Ct,, and (C},, = V(Tjn)) N HI = 0.

We need to prove the forwardness of paths in ijﬂBg for 1 <t < k;. Note that any component
CofT;nnN Btj containing {y;7,zf, ,} for some (s,i), j+2<s<nand1<i<ks;—1,isalsoa
component of T 1, N Blj + (for some 1 <1 < kj41). Hence by induction hypothesis, the disjoint
paths in C from y;,z§ ; to H" are (H7*1, ... H")-forward, and thus also (H7, ..., H")-forward
since C' is disjoint from H7.

Let D be a component of T, 2N B! containing {y] ZJrl} (for some 1 < i < kjy1—1), and let

Dy, D, be the disjoint paths in D from y! +1 fj_rll to H", respectively. Then D, (respectively, D)

is a component of Tj+1, N B} 1 (respectlvely7 it1,n N BZ +1) Hence, by induction hypothesis,
Dy and D, are (H7*Y, ..., H")-forward, and thus (H7,..., H")-forward since they are disjoint
from HY. o

To complete the proof of (10), we need to show that the paths L., L, from v/, u] to H™ in
the component of T},, N B containing {et ) wt,yt} are (H’,..., H")-forward. Let k be minimum
such that ™" € V(Bjy1,, N BJ) and let [ be max1rnum such that y/*' € V(B; +in NB). Let
L, (respectively, L,) denote the path in Tji1, N Bi (respectively, Tj11., N B ) from a:f;rl
(respectively, v/ +1) to H™. Then by planarity, L, € L, and L, C Ly, or L, C Lu and Ly C L,.
We may assume the former; as the argument for the latter is exactly the same. By induction
hypothesis, L, L, are (H’*!,... H")-forward (and thus (H,..., H")-forward since they are
disjoint from H7). We now prove that L, is (H7,..., H")-forward. Let a,b,c € V(L,) such that
b € V(aLyc). Suppose a,c € V(H™) for some j < m < n. We show next that b ¢ V(H") for
all ¥ > m + 2. This is clear when a,c € V(L) since L, is (H’,..., H")-forward. Now assume
a,c € V(Ly)—V(Ly —2,™). Then since V(HIT2NHITY) = {0)7 . 1 <i < kj 15} and by (ii), we
have aL,cNH'*2 = (). Sob ¢ V(H") for all 7 > m+2 > j+2. We may thus assume by symmetry

J-‘rl
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that a € V(Ly)—V(Lg) and ¢ € V(Ly—a, ™). Thenm = j+1. Ifb € V(L) then b € V (2}, Lyc);
and since {xﬁl,c} CV(HI*™), b ¢ V(H") for r > m+2 = j+ 3 (since L, is (H’,...,H")-
forward). So we may assume b ¢ V(L,). Then b € V(aLv:EiH) CV(Ly)—V(L, — x{jl), which,
as above, implies b ¢ V(H") for all r > m + 2. This shows that L, is (H/,..., H")-forward. The
same argument (with Lu,Ly,yl] +1 playing the roles of Lv,Lx,x{jl, respectively) shows that L,
is also (H7,..., H")-forward. This completes the inductive proof of (10).

Next, we show how to construct the desired graph T". For each n > 1, let T}, := T . Then
T}, is a subgraph of G, because T,, C B! = G. From (9), the components of T}, are the following
paths: a path X! from z = a?% to H™, a path Y,! from y = y,ﬁl to H", and one path P
between two vertices of H™ and containing {y;, zj,,} (for each ordered pair (s,i), 2 < s <n and
1 <i<ks—1, with {yf,25,,} contained in a component of B*™1).

Since each V(H™) is a cut set of G, it follows from Lemma 5.1 that there is an infinite
subsequence {X} } of {X]} converging to a ray X' from z] = z. Note that any subsequence
of {X}} } also converges to X'. Similarly, since all Y,! are (H', H?,...)-forward, it follows from
Lemma 5.1 that there is an infinite subsequence {Ynll’ L of {Ynlk} converging to a ray Y'! from

y} = y. Note that {X} 1} also converges to X1

ni1

For each s > 2 and 1 < i < ks — 1, the disjoint paths in Pns’i from yi, x| to H" are
(H?®,--- ,H")-forward. Hence, because nyfL’ifo C B! — V(B* — {yf,«5,,}) which is finite,
we can apply Lemma 5.1 to show that any infinite subsequence of {Pn‘”} contains an infinite
subsequence that converges to a double ray, say P**, containing {y?, z¢ 1)

Consider the lexicographic ordering of {(s,) : s > 1,1 <4 < ks — 1}; so (s,i) < (¢,7) if, and
only if, s < ¢, or s = t and i < j. We choose sequences {n,;} such that {P;),} converges to
a double ray P**; and if (s,i) < (¢,7) then {n;;} is a subsequence of {ns;}. Note that for any
(s,4) # (t,§) (where s,t > 2,1 <i<ks—1,and 1 < j < k — 1), P> and P" (when both
defined) are disjoint. Also note that the two ends of P*¢ must belong to distinct ends of G.

Let T denote the union of X', Y and all P*%. Note that T C G, and each component of T'
other than X!, Y is a double ray P* for some (s,i). Also note that each Tin N Bll =T,NG
is contained in the finite path Pll’n (see (9)) of G between z and y.

We wish to apply Lemma 5.3 to show that the closure of T' + zy is a circle. Because of the
paths in H* (H® C G for all odd i), we see that no finite cut of G disjoint from T can separate
T, and hence the closure of T'+ zy is topologically connected. Furthermore, for any end z of G
and any finite S C V(G), there is finite edge cut of G separating z from S and intersecting E(T')
exactly twice, and any finite edge cut of G separating z from S cannot intersect E(T') exactly
once. So by Lemma 5.2, we see that each end of G has degree 2 or 0 in T. Thus by applying
Lemma 5.3 to T 4+ zy and G + xy, we see that the closure of T' 4 xy is a circle. So

(11) the closure of T in |G| is an arc between x and y.

It remains to show that 71" is an H-Tutte subgraph of GG. Let D be a T-bridge of G.

We claim that D must be finite. For otherwise, because G is locally finite, D contains a ray,
say R. Therefore, there exists some k > 1 such that R N H* # (0 for k <i<k+3. Let R
denote a subpath of R between H k and H**3. Then since all X! vl and disjoint paths in
Py, from yf and xf,4 to H" (n > 1,s > 2 and 1 < i < kg — 1) are (H',..., H")-forward, we
see that R is contained in some T, ;-bridge D' of By, for all sufficiently large ns;. However,
{of,yf +k <r <k+3,1<i<k.} CV(T,,,), which shows that D’ would have at least four
attachments on T),, ;, a contradiction (because T}, ; is a Tutte subgraph of By, ).
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Now that D is finite and since all X}, Y,!. and disjoint paths Pnsfl from y; and z§, ; to H"
(n>1,s>2and 1 <i <k, — 1) are (H',..., H")-forward, we see that D is a T, -bridge
of Biy,, for all sufficiently large ns;. Thus D has at most three attachments on 7', and if D
contains an edge of H then it has just two attachments. |

We now state and prove the main result of this section.

Theorem 5.5 Let G be an infinite locally finite plane graph with no dividing cycles, let C be a
facial cycle of G and e € E(C), and assume that G is (4,C)-connected. Suppose G has at least
two ends. Then G contains a C-Tutte subgraph T such that e € E(T) and the closure of T in |G|
is a circle.

Proof. First, we construct a sequence ((G;, Ci, ui, v, w;) :i=1,2,---). Let G; = G and Cy = C,
let uq, vy be the vertices of G incident with e, and let w; be the neighbor of v; in C' —u;. Suppose
we have constructed (G;, C;, u;, v;, w;) for some positive integer ¢ > 1, where G; is an infinite
plane graph, C; is a facial cycle of G;, u;v;w; is a path in C;, and G; is (4, C;)-connected.

If there is no finite cycle C in G; such that C; N C; = 0 and C; C I, (Cy), then we stop
this process. Otherwise, by applying Lemma 3.3 (with G, C;, u;, v; playing the roles of G, C, u, v,
respectively), there exist a plane graph G;;1, a facial cycle C;41 of G;11, and a path w;1v;41wi11
in C;41 such that

(1) Giy1is (4,Ciy1)-connected and G411 — vi41 is 2-connected;

(2) Git1 —{uit1vit1, visrwip1} € Gy, and no edge of G; joins a vertex of Gip1 — V(Cit1) to a
vertex of G; — V(Gi11);

(3) (Gi + {uit1vi+1, vViv1wit1}) — (V(Giz1) — V(Ciz1)) is finite and has a plane representation
in which C; and C;1 are facial cycles;

(4) vit1 #v; and (Cigp1 — vi41) N C; = 05

(5) for any subgraph (finite or infinite) X of G;41 with C;;1 C X, and for any C;yi-Tutte
subgraph (finite or infinite) P;y; of X containing u;+1v;41 such that v;41 has exactly one
neighbor, say z;41, in P;y1 —u;+1, there is a C;-Tutte subgraph P; of G; — (V(Gi+1) — V(X))
containing w;v; such that P11 —v;41 C Py, and P; — V(P11 — vi41) is a uj41-2i+1 path.

By (4), C;NCiyo =0, for all ¢ > 1. If the above construction does not stop in finitely many
steps, we have G' = J,~, I(C;), and G is 2-indivisible (i.e. has just one end), a contradiction. So
the above construction must stop in finitely many steps. Let (G4, Cy, ui, vi, w;) 14 = 1,2,-++ ,n)
denote the maximum sequence constructed by this procedure.

By (5), it suffices to show that G,, has a C),-Tutte subgraph P, containing v,u,, and the
closure of P, in |G,| is a circle.

By Corollary 3.6, we work with a nice embedding of G,, in which C,, is a facial cycle. By
the maximality of the sequence ((G;,Cj,ui,vi,w;) : i = 1,2,--+ ,n), any finite cycle D with
Cp C I, (D) must intersect C,,. So we have two cases to consider.

First, assume that for any finite cycle D in G,, for which C, C I, (D), we must have
|[V(DNCy)| > 2. Then there exist vertices x1,y1,. .., Tk, Y (n0t necessarily distinct) on C,, in
counter clockwise order such that for 1 < ¢ < k, z; # vy;, the {x;,y;}-bridge of G,, containing
H; := y;Cpz; is an infinite block (denoted by B;), and the {y;,x;+1}-bridge of G, containing
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Figure 18: The graph G,,.

2;i+1Chy; is a finite graph (denoted by Y;), where z;11 = z1. See Figure 18(a). (B; and Y; are
uniquely defined since G is (4,C)-connected.) Note that each (B;, H;,x;,y;) is a 4-tuple. We
apply Lemma 5.4 to each B; to obtain an H;-Tutte subgraph T; of B; such that (i) v,u, € E(T;)
whenever v,u, € E(B;), and (ii) the closure of T; in |B;| is an arc between x; and y;. If
|V (2i+1Chyi)] < 3 then Y; = z;1:1Cphy; (since G is (4,C)-connected), and let @Q; := Y;. If
[V (2;41Cnyi)| > 4, then Y; + z;41y; is 2-connected; and we may apply Lemma 3.1 to find an
2i+1Chy;i-Tutte path @Q; in Y; + x;11y; from 241 to y; and containing an edge of x;11Chy; (which
must be v,u, when vyu, € E(Y;)). Let P, := Ule(Ti UQ;). Then P, is a C,-Tutte subgraph of
G, and the closure of P, in |G| is a circle.

Now assume that there exists a finite cycle D in G, such that C,, C I, (D) and |V(DNCy,)| =
1. Let z € V(D N C,). Then by the maximality of n, for any finite cycle D* in G,, for which
C, C Ig, (D*), V(D*N C,) = {z}. Let z1,..., 2y, denote the neighbors of z in G,, which occur
around z in clockwise order, with z1, z, z,, on C,, in clockwise order. Let 1 < k < m be such that
Zky 241 € V (I, (D*)) —V(D*) for any finite cycle D* with C,, C I, (D*). See Figure 18(b). Let
B denote the graph obtained from G,, by deleting z, adding two new vertices x and y, and adding
the edges zz; (1 <4 < k) and yz; (k+1 < j < m). Let H denote the subgraph of B induced
by (E(Cy) — {221, 22m}) U{x21,yzm}). Then (B, H,x,y) is a 4-tuple. By applying Lemma 5.4,
there is an H-Tutte subgraph 7,, of B such that v,u, € E(T},) and the closure of T}, in |B| is an
arc between x and y. Now let P, be obtained from T;, by identifying x and y back to z. Then
P, is a C,-Tutte subgraph of G,,, and the closure of P, in |G| is a circle. |

We now complete the proof of Theorem 1.4. Let G be an infinite locally finite 4-connected
plane graph with no dividing cycles. Let C be a facial cycle of G and e € E(C). Note that C
exists since G has no dividing cycle.

If G has just one end, then Theorem 1.4 follows from Theorem 1.3. So may assume that G
has at least two ends. By Theorem 5.5, G contains a C-Tutte subgraph 7' such that e € E(T),
and the closure of T in |G| is a circle. Since G is 4-connected, T is a spanning subgraph of G. So
the closure of T in |G| is a Hamilton circle.
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