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Abstract

Let G be a graph, {a,b,c} C V(G), and {a’,V’,c'} C V(G) such that {a,b,c} #
{d,V/,}. We say that (G, {a,c},{da’,c'}, (b)) is an obstruction if, for any three
vertex disjoint paths from {a,b,c} to {a’,V',¢'} in G, one path is from b to b’'. In
this paper we characterize obstructions.
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1 Introduction

We use the terminology in [5]. Let G be a graph, {a,b,c} C V(G), and {a’,V/,c'} C
V(G). Then (G,{a,c},{d’,d}, (b,V')) is an obstruction if for any three vertex disjoint
paths from {a,b,c} to {a’,t’,¢'} in G, one path is from b to b’. In [6], a special class of
obstructions are characterized. In this paper, we characterize all obstructions. In order
to state our main result, we need the following definition from [5].

A 3-planar graph (G, A) consists of a graph G and a set A = {Aq,..., A} of pairwise
disjoint subsets of V(G) (possibly A = 0)) such that

(a) for 1 <i#j<k N(A)NA; =0,
(b) for 1 <i <k, |N(A;)| <3, and

(c) if p(G,.A) denotes the graph obtained from G by (for each i) deleting A; and
adding edges joining every pair of distinct vertices in N(A;), then p(G,.A) can be
drawn in a closed disc D with no pair of edges crossing such that, for each A; with
IN(A;)| =3, N(A;) induces a facial triangle in p(G, A).

If, in addition, bg,b1,...,b, are vertices of G such that b; ¢ A; for any A; € A
and by, b1,...,b, occur on the boundary of D in that cyclic order, then we say that
(G, A,bg,by,...,by) is 3-planar. If there is no need to specify A, we will simply say that
(G,bg,by,...,by,) is 3-planar.

The building blocks of obstructions are described in the following definition.

(1.1) Definition. Let G be a graph, {a,b,c¢} C V(G), and {da/,V/,c'} C V(G). Sup-
pose {a,b,c} # {da’,V,c}, and assume that G has no 3-separation (G1,G2) such that
{a,b,c} C Gy and {d’,V',c'} C Go. Then we call (G, (a,b,c),(a’,t,)) a rung if one of
the following conditions is satisfied:
(1) b=V or {a,c} ={d,};
(2) a=d and (G — a,c, ',V ,b) is 3-planar;
(2") ¢e=d and (G —¢,a,a’,b,b) is 3-planar;
(3) {a,b,c} N{a,V,d} =0 and (G,d',V,c,c,b,a) is 3-planar;
(4) {a,b,c}n{d’, V', '} =0, G has a 1-separation (G1,G2) such that {a,a’,b,b'} C Gy,
{¢,d} C Go, and (Gy,a,d’,V,b) is 3-planar;
4" {a,b,c}n{a’, b, '} =0, G has a 1-separation (G1,G2) such that {c,¢’,b,b'} C Gy,
{a,d'} C Go, and (Gy,¢,d,V,b) is 3-planar;

(5) {a,b,c}n{a,b,} =0, (G,a,d’,V,b) is 3-planar, and G has a separation (G1,G2)
such that V(G1 N Ga) = {z,b} (or V(G1 N Gy) = {z,V'}), {a,d bV} C Gy,
{¢,d} € Go, and (Ga,¢,d, 2,b) (or (Ga,c,c b, 2)) is 3-planar;



(5") {a,b,c}n{d,b,} =0, (G, e, d,b,b) is 3-planar, and G has a separation (G1,Gs2)
such that V(G1NG2) = {z,b} (or V(G1NGs) = {z,V'}), {c,c,b,'} C Gy, {a,d’} C
Gs, and (Go,a,d’, z,b) (or (Go,a,d’,V,z)) is 3-planar;

(6) {a,b,c} N{a’,b',d} =0, and there are pairwise edge disjoint subgraphs G,,G., M
of G such that G = G, UG. UM, V(G, N M) = {u,w}, V(Ge.N M) = {p,q},
V(GaNG.) =0,{a,d b} C Gq, {c,d,b} C G, (Gg,a,a’, b, w,u) is 3-planar, and
(G, ,¢,b,p,q) is 3-planar;

(6") {a,b,c} N{d’,b',} =0, and there are pairwise edge disjoint subgraphs G, G., M
of G such that G = G, UG, UM, V(G N M) = {u,w}, V(GeN M) = {p,q},
V(G,NGe) =0, {a,d,b} C Gy, {c,d,b'} C Ge, (Gg,b,a,a',w,u) is 3-planar, and
(G67 bla Cl) D, Q) is 3_planar;

(7) {a,b,c} Nn{a’,b',d} =0, and there are pairwise edge disjoint subgraphs G,,G., M
of G such that G = G, UG. UM, V(G,N M) = {b,b/,w}, V(G.N M) = {b,V/,p},
V(G NGe) ={bV'}, {a,d'} C G, {c,d} CGe, (Gy,a,ad’ b, w,b) is 3-planar, and
(Ge, e, b,p,b) is 3-planar.

(1.2) Definition. Let L be a graph and let Ry,..., R, be edge disjoint subgraphs of L
such that
(1) (R, (wi—1,vi-1,Yi-1), (Ti, vi, yi)) is a rung for each 1 <i <m,
(ii) V(RZ N Rj) = {mi,vi,yi} N {IL‘j_l,Uj_l,yj_l} for 1 <i<j<m,
(iii) for any 1 <1i < j < m, if z; = z; then z}, = z; for all i < k < j, if v; = v; then
v =v; for all « <k < j, and if y; = y; then yp = y; for all « <k < 5.
(iv) L= (U, Ri)+S, where S consists of edges of L with both ends in some {x;, v;, y; },
1< <m.
Then we call (L, (2o, v0,Y0), (Tm, Vm,ym)) & ladder with rungs (R;, (Ti—1,vi—1,Yi-1),
(zi,v5,9:)), 1 = 1,...,m, or simply, a ladder along vg ... vp,.

It is easy to see that a rung is at most 5-connected. It was shown in [5] (Proposition
4.4) that if (L, (z0,v0,Y0), (Tm, Vm, ym)) is a ladder, then (L, {zo,v0}, {Tm, ym}, (Vo, vm))
is an obstruction. The main result of this paper states that every obstruction can be
constructed from ladders and 3-planar graphs in a special way. For a sequence .S, the
reduced sequence of S is the sequence obtained from S by removing all but one consecutive
identical elements. For example, the reduced sequence of aaabcca is abca.

(1.3) Theorem. Let G be a graph, {a,b,c} C V(G), and {a’,b',c} C V(G) such that
{a,b,c} # {d’,b/}. Assume that, for any T C V(G) with |T'| < 3, every component of
G — T contains some element of {a,b,c} U {a’,V',c'}. Then (G,{a,c},{d’,c},(b,V)) is
an obstruction iff one of the following statements holds.



(1) G has a separation (G1,G2) of order at most 2 such that {a,b,c} C V(G;) and
{a,V,d} CV(Gy).

(2) (G, (a,b,c),(a',b,)) is a ladder.

(3) G has a separation (J,L) such that V(J N L) = {wo,...,wy}, (Jywo,...,wy,) is
3-planar, (L, (a,b,c), (a’,V', ")) is a ladder along a sequence vy . . . Uy,, where vy = b,
vy = b, and wy ... w, is the reduced sequence of vy . .. Vy,.

Note the condition of (1.3) that for any 7' C V(G) with |T'| < 3, every component of
G — T contains some element of {a,b,c} U {a’,t/,c'}. Tt is a natural condition, for the
following reason. Suppose that 7' C V(G), |T| < 3, and G — T contains a component
H with V(H) N ({a,b,c} U{a',t/,'}) = 0. Let G’ be obtained from G by removing H
and adding new edges between every pair of distinct vertices in N(H). Then it is easy
to see that (G, {a,c},{d’,c'}, (b)) is an obstruction iff (G’,{a,c},{d’,c'}, (b,b)) is an
obstruction.

Also note that if (1) of (1.3) holds, then there do not exist three disjoint paths from
{a,b,c} to {a’,V,'}, and hence, (G,{a,c},{a’,c'}, (b,b)) is an obstruction in a trivial
sense.

As a consequence of (1.3), we will prove the following result.

(1.4) Corollary. Let (G,{a,c}, {a’,c'},(b,b")) be an obstruction. If {a,c} # {da’,c'}
and b # b, then G is at most 7-connected.

The rest of the paper is organized as follows. In Section 2, we prove a technical
lemma. In Section 3, we prove (1.3). In Section 4, we will prove (1.4) and construct
7-connected obstructions.

2 Good ladders

The main goal of this section is to prove a technical lemma, based on good ladders.
To this end, we need the following result proved in [2] (also independently in [1] and [3]).
Also, see (2.4) of [5].

(2.1) Theorem. Let G be a graph and {si, s2,t1,t2} C V(G). Then G contains no
({s1,t1},{s2,t2})-linkage iff (G, s1, s2,t1,t2) is 3-planar.

We also need the following result, which follows easily from Proposition 3.2 of [5].

(2.2) Lemma. Let (G, .A) be 3-planar and let b,b’ € V(G) be distinct. Let u,v € V(G)
such that u,v € p(G, A). If p(G, A) contains a ({u,b},{v,b’})-linkage, then G contains
a ({u,b}, {v,b'})-linkage L.



To prove the main result of this section, we need the main result of [6]. For conve-
nience, we state the following definition.

(2.3) Definition. Let (G, (a,b,c¢), (a’,V', ")) be arung. Suppose that G—{b, b’} has dis-
joint paths A, C from a, c to d’, ¢, respectively, and assume that the following conditions

are satisfied:
(1) If G is connected and b # b', then G— ((A—a’)U(C' —c¢)) contains a ({b,a’}, {c,b'})-
linkage, and G — ((A — a) U (C' — ¢’)) contains an ({a,b'}, {b, ¢’ })-linkage;

(1') if G is connected and b = V', then G — ((A — a) U C) has a path from a to ¥’,
G — ((A—d')UC) has a path from o’ to b, G — (AU (C — ¢)) has a path from ¢ to
b, and G — (AU (C — ¢)) has a path from ¢ to b;

(2) if G is not connected and {a,b} U {a’,b’} is contained in a component of G, then
G — ((A — a) U C) contains a path from a to b’ (and not using b if b # V') and
G — ((A—d')UCQC) contains a path from b to o’ (and not using b if b # ¥'); and

(2) if G is not connected and {b,c} U {b',¢'} is contained in a component of G, then
G — (AU (C — ¢)) contains a path from ¢ to b’ (and not using b if b # '), and
G — (AU (C —)) contains a path from b to ¢’ (and not using b if b # b').

Then we call (G, (a,b,c),(d’,V,c),A,C) a good rung. Let (L, (x0,v0,Y0)s (TmsVm, Ym))
be a ladder with good rungs (R;, (x;—1,vi—1,%i—1), (%i, vi, ¥i), Xi,Y;), i =1,...,m. Then
we say that (L, (x0,v0,%0), (Zm,Vm,Ym), X,Y) is a good ladder along vg...v,,, where
X=U" X;and Y =J, V.

The following is the main result of [6].

(2.4) Lemma. Let (G,{a,c},{d’,c'},(b,b')) be an obstruction satisfying the following
conditions:

(i) G — {b,b'} contains disjoint paths A,C from a,c to a’,c, respectively,
(ii) AUC is an induced subgraph of G, and
(iii) G — (AU C) is connected.
Then one of the following statements holds:
(1) There is a separation (G1,G2) in G of order at most 2 such that {a,b,c} C V(G1)
and {d',V',d} CV(G3).
(2) There is a subset T C V(G) such that |T| < 3 and some component of G — T
contains no element of {a,b,c} U {a’, V', c'}.
(3) (G,(a,b,c),(a’,b,), A, C) is a good ladder.
(4) G has a separation (J,L) such that V(J N L) = {wo,...,w,}, (Jywo,...,wy,) is
3-planar, (L, (a,b,c),(a’,b',d), A,C) is a good ladder along a sequence vy ...V,
where vg = b, v,, = b, and wy . .. w, is the reduced sequence of vy . .. Vy,.



We can now state and prove the technical lemma mentioned earlier. The conditions
of the lemma arise in the proof of (1.3).

(2.5) Lemma. Let (L,(a,b,c),(a’,b',c'),A,C) be a good ladder with good rungs
(Ris (wi—1,vi-1,Yi-1), (T, vi, ¥i), Ai, C), where A; = AN R;, C; = CNCy, a = o,

a =

Tm, b = vy, ¥ = vy, ¢ = yg, and ¢ = y,,. Let L' be a graph and let L* be

obtained from the disjoint union of L and L' by adding edges between V(A U C) and
V(L") and between V(A) and V(C). Assume the following conditions hold. (We use N
instead of Ny to denote neighborhood in L*.)

(a)

(b)

(¢)

(d)

(e)

(f)

For any i,j € {1,...,m} with i < j, let L; ; denote the graph obtained from L* by
deleting all R, — (AR UC,U{vi—1,v;}) withk < i or k > j and by deleting vy, . .., U
except vi—1 and v;. Then (L; j,{a,c},{d’, '}, (vi—1,v;)) is an obstruction.

If ¢ € V(A) (respectively, ¢ € V(C)) such that L contains a path from q to
{vo, ..., vy} Internally disjoint from V(AU C)U {vy,...,vn}, then, for any com-
ponent D of L', N(D)NV(A) C aAq or N(D)NV(A) C gAd’ (respectively,
N(D)NV(C)CeCqor N(D)NV(C) C qCCc).

If L* contains paths from distinct s,s’ € V(A) (in that order from a to a’) to
distinct t,t' € V(C) (in that order from ¢’ to ¢), respectively, which are internally
disjoint from L, then L contains no path from V(sAs' — {s,s'}) UV (tCt —{t,t'})
to {vg,...,vn} internally disjoint from V(AU C) U {vg,...,vm}.

Suppose that L* contains paths from s,s’ € V(A) (in that order from a to a’) to
t,t' € V(C) (in that order from c to '), respectively, which are internally disjoint
from L. If L contains a path from V (tCt' — {t,t'}) (respectively, V(sAs' —{s,s'}))
to {vo,...,vn} internally disjoint from V(AU C) U {vo,...,vn}, then there is a
vertex q € sAs' (respectively, ¢ € tCt') such that, for every component D of L',
N(D)NV(A) C aAq or N(D)NV(A) C qAd’ (respectively, N(D) NV (C) C ¢Cq
or N(D)NV(C) C qC¢).

If R; is not connected, but {xz;_1,v;—1 }U{x;,v;} (respectively, {y;—1,vi—1}U{yi, vi})
is contained in a component of R;, then v;_1 = v;.

For any T C V(L*) with |T| < 3, every component of L* — T contains a vertex in
V(AUC)U{vg,...,vm}.

Then (L*, (a,b,c), (a',V, ")) is a ladder along a sequence z ... z,, and the reduced
sequence of zy ...z, is the reduced sequence of vy . .. Up,.



Proof. Suppose (2.5) fails. Choose L*, L, A, C so that |V (L*)|+ |E(L")| is minimum.
Then it is easy to see that {a,b,c} and {a’,¥’, ¢’} are independent sets in L*. We proceed
by proving Claims 1-6.

Claim 1. L* does not contain any separation (Gi,G2) such that V(G N G2) =
{d" v, "}, {a,b,c} C Gy, and {d',V/, '} C Gy, where k € {0,...,m}, a” € V(A), and
e V(o).

Suppose that such a separation (G, G3) does exist. Note that {a”, vy, "} # {a,b,c}
and {a”,vg, "} # {d’,V,}; for otherwise, since {a,b,c} and {a’,¥, '} are independent
in L*, L* — {a”,vx, "} has a component not containing any element of V(A) UV (C) U
{vo,...,vm}, contradicting (f).

For 7 € {1,2}, let L; = LNG,, L; :L,ﬂGi, X, =ANG;and Y; = CNG;.

First, we claim that (L1, (a,b,c), (a”, vk, "), X1,Y7) is a good ladder along a sequence
whose reduced sequence is the reduced sequence of vg...v,. This is clear if, for every
i € {1,...,m}, either R; C Ly or R; C Ly. So assume that p is minimum such that
R, ¢ Ly and R, € Lo, and ¢ is maximum such that R, € L; and R, € Lo. Then,
for each p < i < q, {a;—1,vi—1,¢i-1} € Lo and {a;,v;,¢;} € L1, and hence, R; € L
and R; € Ls. Let R} = R; for 1 < i < p; then (R},(wi_l,vi_l,yi_l),(xi,vi,yi),Ai,C’i)
is a good rung. Now assume i € {p,...,q}. Because R; has no 3-separation (R}, R)
such that {z;_1,vi—1,yi-1} € R, and {x;,v;,y;} C R/, either z;_1Az; C aAd” and
yi—1Cy; C 'Cc or x;_1Az; C a”Ad" and y;_1Cy; C cCc”. This implies that a” €
{zp-1,...,24} and " € {yp-1,...,y4}. Let R} = (R; N Ly) U{c"} if 2;_1Ax; C aAd”,
and let R} = (R; N L1) U {a"} if y;—1Cy; C cCc”. Note that R} is not connected. Since
(Ri, (Ti—1,vi—1,Yi-1), (mi, v3,y:), Ai, C;) is a good rung, it is easy to see that (by using
(2.3)) if 7,1 Az; € aAd” then (R}, (zi—1,vi—1,c"), (ws, vk, "), Ai, {¢"}) is a good rung,
and if y;_1Cy; C cCCc” then (R}, (a",vi—1,vyi-1),(a”, vk, v:),{a"},C;) is a good rung.
Hence, (L1, (a,b,c), (a”,vg, "), X1,Y1) is a good ladder along a sequence whose reduced
sequence is the reduced sequence of vg . .. vg.

Similarly, we can show that (Lo, (a”,vg, "), (a’,b', ), X2, Y2) is a good ladder along
a sequence whose reduced sequence is the reduced sequence of v ... vp,.

It is easy to see that, for i € {1,2}, G;, L;, L, X;,Y; (as L*, L, L', A, C, respectively)
also satisfy (a)—(f) of (2.5) (with a”,vg, " as a/, ¥, ¢, respectively, when i = 1, and with
a”,b",d" as a,b, c, respectively, when i = 2).

Since |V(G1)| + |E(G1)| < |[V(L*)| + |E(G*)|, (Gy,(a,b,c),(a” v, ")) is a ladder
along zp...z4, where 29 = vp and z; = v, and the reduced sequence of zy...z, is
the reduced sequence of vy ...v. Similarly, (Gs, (a”,vg, "), (a’,b',)) is a ladder along
Zq ... 2p, Where 2z, = v}, and z, = v,,, and the reduced sequence of z, ... 2, is the reduced
sequence of v ...vn,. Hence, (L*,(a,b,c),(a’,b',)) is a ladder along z...z,, where
z0 = vo = b and 2z, = v, = b/, and the reduced sequence of z ...z, is the reduced
sequence of v ...v,,. This is a contradiction.



Claim 2. b # b and {a,c} # {d,'}.
Suppose b = V' or {a,c} = {a’,}. Then by Claim 1, (L*, (a,b,¢), (a’,V/,)) is a rung
(asin (1) of (1.1)), and so, a ladder, contradicting the choice of L*.

Claim 3. (1) If {zj—1,v;—1} U {z,v;} is contained in a component of R;, then for
each x € {x;_1,2;} and for every component D of L', N(D)NV(A) C aAz or N(D) N
V(A) C zAd. (2) If {yi—1,vi—1} U {y;,v;} is contained in a component of R;, then
for each y € {y;_1,y;} and for every component D of L', N(D)NV(C) C ¢Cy or
N(D)NV(C) CyCc.

Assume that {z;_1,v;-1} U {x;,v;} is contained in a component of R;. Because
(Ri, (i1, vi1,Yi—1), (@i, vi, yi), A, C;) is a good rung, it follows from (1) or (2) of (2.3)
that, for each = € {z;_1,2;}, Ri — ((A — x) U C) contains a path from z to {v;_1,v;}.
Hence, (1) follows from (b) (with x as ¢ € V(A)). Similarly, we can prove (2).

Claim 4. If R; is connected then v;_1 = v;.

Suppose R; is connected and v;—1 # v;. Since (R;, (Ti—1,Vi—1,Yi-1), (i, Vi, i), Ai, Ci)
is a good rung, it follows from (1) of (2.3) that R; — ((4; — z;) U (C; — yi—1)) con-
tains a ({vi—1, 2}, {yi—1,v;})-linkage X and R; — ((4; — z;—1) U (C; — y;)) contains a
({vi-1, i}, {wi-1,vi})-linkage Y.

Then L* has no path from aAx; — z; to y;_1Cc — y;_1 internally disjoint from L.
Otherwise, let P be a path from p € V(aAz; — x;) to p’ € V(y;—1C¢ — y;—1) internally
disjoint from L. Let K = aApUPUD'Cc UcCy;—1 Uz;Ad’ UX. Then, K C L;;, and K
contains disjoint paths from a,v;_1,c to ¢, d’, v;, respectively, contradicting (a).

Similarly, we can use Y (instead of X) to show that L* has no path from x;_1 Aa’—z;_1
to cCy; — y; internally disjoint from L.

Therefore, {z;_1,v;—1,yi—1} = {a,b, c}; for otherwise, by Claim 3, L* has a separation
(G1,G3) such that V(G1 N Gs) = {xi—1,vi—1,¥i-1}, {a,b,c} C Gy, and {a', V', '} C Go,
contradicting Claim 1. Similarly, we can prove {z;,v;,y;} = {a’,¥’,'}. Hence by Claim
2, bb is the reduced sequence of vg ... Up,.

If L' = (), then L* = R;, and so, (L*, (a,b,c),(a’,V/,)) is a ladder along bb, contra-
dicting the choice of L*.

So assume that L' # (). Let D be a component of L'. By (f), |[N(D)NV(A)] > 2 or
IN(D)NV(C)| > 2. By symmetry, let u,v € V(A) N N(D) with u # v. By (b), L has
no path from V(uAv — {u,v}) to {b,b'} internally disjoint from AUC. Let u/,v" € V(A)
with u/ Av’ maximal such that uAv C u'Av’" and L has no path from V(v Av' —{u/,v'}) to
{b,V'} internally disjoint from AU C. Then for any component D* of L', N(D*) C u'Av’
or N(D*)NV(uAv — {u/,v'}) = 0. (For otherwise, let u*,v* € N(D*) NV (A) such
that a,u*,u',v*,v',a’ occur on A in this order and u*,v* ¢ {u/,v'}. Then L has no
path from V(u*Av" — {u*,v'}) to {b,V'} internally disjoint from A U C, and so, {u*,v'}
contradicts the choice of {u’,v'}.) Also, L* has no path from V(u'Av" — {u/,7v'}) to
V(C) internally disjoint from L; otherwise, by Claim 2, such a path would be from



aAx; — x; to y;_1Cc —y;_1 or from cCy; — y; to x;_1Aa’ — x;_1, and internally disjoint
from L, a contradiction. Hence G — {u’,v’'} has a component containing no vertex of
V(AU C)UA{vp,...,vn}, contradicting (f).

Claim 5. No R; is connected.

Suppose that R; is connected. By Claim 4, v;_1 = v;. By Claim 2, v;_1 # bor v; # V.
By symmetry, assume that v;_1 # b.

If L* has no path from aAz;_1 — x;_1 to y;_1Cc — y;_1 internally disjoint from L,
and L* has no path from cCy;_1 — y;_1 to z;_1Aa’ — x;_1 internally disjoint from L,
then by Claim 3, L* has a separation (G, G2) such that V(G1NG2) = {zi—1,vi-1,Yi-1},
{a,b,c} C Gy, and {d’,V/, '} C G, contradicting Claim 1.

So assume (by the symmetry between x;_1 and y;—1) that L* has a path S from
s € V(aAzxi—1 — xi—1) to s’ € V(y;—1C¢ — y;—1) internally disjoint from L. Select S so
that aAs is minimal. By (1’) of (2.3), R; has a path from y;_1 to v; internally disjoint
from AU C. Hence for all j < i, N(R; — (A4; UC; U{vi—1})) NV (sAzi—1 — s) = 0;
otherwise, L;; has disjoint paths from a,v;_1,c to ¢,d’,v;, respectively, contradicting
(a). Also, by (c) and by Claim 3, L* has no path from ¢C'y;—1 —y;—1 to sAa’ — s internally
disjoint from L.

If N(L—(AUC))NaAs = () and L* has no path from aAs to ¢cC'y;—1 — y;—1 internally
disjoint from L, then by Claim 3, L* has a separation (G, G2) such that V(G1 NGsy) =
{a,vi—1,yi—1}, {a,b,c¢} C Gy and {a’,V', '} C G, contradicting Claim 1.

So let € V(aAs) with rAs minimal such that » € N(L — (AUC)) or L* has a path
from r to cCy;—1 — y;—1 internally disjoint from L.

If r e N(L—-(AUQ)), then let 2;_; = r. By (b) (with r as ¢ € V(A) there), for
every component D of L', N(D)NV(A) C aAx]_; or N(D)NV(A) C z,_,Ad. If L*
has a path from r to ' € V(cCyi—1 — yi—1), then by (d) (with r,7' s,s" as s,5',t,t/,
respectively), there is a vertex z_; € rAs such that, for every component D of L',
N(D)NV(A) CaAz,_, or N(D)NV(A) C x_,Ad .

Hence by the choices of r and s and by Claim 3, L* has a separation (G1,G2) such
that V(G1 N Ga) = {z}_;,vi—1,yi-1}, {a,b,¢} C G1, and {d',V,c'} C Gy, contradicting
Claim 1.

Claim 6. A;, C; and {v;_1,v;} are contained in three different components of R;.

Suppose on the contrary that Claim 6 fails. By Claim 4 and by symmetry, assume that
R; is not connected, but {x;_1,v;—1} U {x;,v;} is contained in a component of R;. Then
Yi—1 = yi (since (Ri, {wi—1,%i—1}, {2, vi}, (vi—1,v;)) is a rung). By (e), v;—1 = v;. Hence,
xi—1 # x;, and so, we have z;,_; # a' and z; # a. Moreover, either {x;_1,v;_1} # {a,b}
or {x;,v;} # {a’,V'}; otherwise, b = v;_1 = v; = V', contradicting Claim 2. By symmetry,
assume that {a,b} # {x;_1,v;_1} # {d’,V'}.

If i = 1 then define B = {vg}, and if i > 2 then define B = (J; <<, 1 (Rr — (43 UC})).
Let B’ = jL,(Rr — (Ax U Ck)). Then BN B’ = {v;_1}, N(B) C aAz;—1 UcCy;_1, and



N(B') Cz;—1Ad Uy;_1C¢.

Define s € V(C') with sC¢’ minimal such that s = ¢, or s € N(B — v;_1), or L* has
a path from aAz;_1 — z;—1 to s internally disjoint from L. Define ¢t € V(C) with cCt
minimal such that t = ¢/, or t € N(B' —v;_1), or L* contains a path from x;_1Aa’ —z;_1
to t internally disjoint from L. We distinguish three cases. Note that by (2) of (2.3),
R; — ((A; — x;—1) UC;) has a path from z;_1 to v;.

Casel. s=cort=c.

Suppose s = ¢ (respectively, ¢t = ¢/). Then by Claim 3 and by the choice of s (respec-
tively, t), L* has a separation (G1,G2) such that V(Gy N Gs) = {x;-1,v;—1,c} (respec-
tively, V(G1 N Gs) = {z;_1,vi-1,}), {a,b,¢} C Gy, and {d',b',} C G, contradicting
Claim 1.

Case 2. t # ¢ and s € N(B — v;_1).

Then N(B')NV(cCs—s) =0 because N(B')NV(C) C y;—1Cc¢ and N(B)NV(C) C
cCyi—1. By (b) (with s as ¢ € V((C)), for every component D of L', N(D)NV(C) C ¢C's
or N(D)NV(C) CsCc. Let s € N(R; — (A, UC,U{u})) for some [ <i— 1.

Hence, L* does not contain any path from z;_1Aa’ — z;—1 to ¢C's — s; otherwise, Ly ;
contains three disjoint paths from a,v;_1,c to v;_1 = v;, ¢, d’, respectively, contradicting
(a).

By the choice of s and by Claim 3, L* has a separation (Gi,G2) such that V(G N
Go) = {wi_1,vi—1,8}, {a,b,c} C Gy, and {a’, V', '} C G, contradicting Claim 1.

Case 3. t # ¢’ and L* has a path S from aAx;_1 — x;_1 to s internally disjoint from
L.

If L* has a path from z;_1Aa’ — x;_1 to t internally disjoint from L, then t € sCc’ by
(c) (with s,t as t,t’ in (c), respectively). By (d) (with s,t as ¢, ¢ in (d), respectively), there
is some vertex g € sC't such that, for every component D of L', N(D)NV(C) C ¢Cq or
N(D)NV(C) CqC¢. So by Claim 3 and by the choices of s and ¢, L* has a separation
(G1,G3) such that V(Gy N G2) = {xi—1,vi-1,q}, {a,b,c} C Gy, and {da’,b',d} C Go,
contradicting Claim 1.

Now assume that t € N(B’ — v;_1). Then by (b) (with ¢ as ¢ € V(C)), for every
component D of L', N(D)NV(C) C eCtor N(D)NV(C) CtCc. Lett € N(R;—(AUCU
{vi—1})) for some | with i <1 < m. Hence, t € sCc’; otherwise, L;; contains three disjoint
paths from a, v;_1, ¢ to ¢, a’, vy, respectively, contradicting (a). Thus, by Claim 3 and by
the choices of s and ¢, L* has a separation (G, G2) such that V(G1NG3) = {x;—1,v;-1,t},
{a,b,c} C Gy, and {d’,V',} C G, contradicting Claim 1. This proves Claim 6.

By Claim 6, A,C and {vy,...,v,} are in different components of L. Hence, AU C
and {b,b’} are contained in different components of L*. Since b # b’ (by Claim 2), G has a
separation (G1,Gs) such that V(G1NGsy) = {a,V, ¢}, {a,b,c¢} C Gy, and {d, ¥/, '} C Gy,
contradicting Claim 1. O
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3 The proof of main result
First, we prove the following lemma, which proves the necessary part of (1.3).

(3.1) Lemma. Let (G,{a,c},{d’,d},(b,V)) be an obstruction. Then one of the follow-
ing statements holds.

(1) G has a separation (G1,G2) of order at most 2 such that {a,b,c} C V(G;) and
{a,V,d} CV(Gy).

(2) There is a subset T C V(G) such that |T| < 3 and some component of G — T
contains no element of {a,b,c} U{a’,b','}.

(3) (G, (a,b,c),(a’,b,)) is a ladder.

(4) G has a separation (J,L) such that V(J N L) = {wo,...,w,}, (Jywo,...,wy,) is
3-planar, (L, (a,b,c), (a’,V', ")) is a ladder along a sequence vy . . . Uy,, where vy = b,
vy = b, and wy ... w, is the reduced sequence of vy . .. Vy,.

Proof. Assume that (1) and (2) do not hold. Let A, B, C be disjoint paths from {a,b,c}
to {a’,b',} in G such that a € A, ¢ € C, and B is from b to b’. We choose A, B and C
to be induced paths. Let H' denote the component of G — (A U C) containing B. Let
K be the subgraph of G obtained from AU C U H’ by adding those edges in G between
V(A)UV(C) and V(H'). It is straightforward to verify that A, B,C, H' and K satisfy
the conditions (i)—(iii) of (2.4) (with K as G there). By applying (2.4), one of (1)—(4) of
(2.4) holds.

Because of A, B,C, (1) of (2.4) does not hold. Since we assume that (2) of (3.1)
does not hold, if there is some T' C V(K) with |T'| < 3 such that some component U
of G — T contains no element of {a,b,c} U{a’,V/, '}, then T would be contained in the
“ladder part” of K when (3) or (4) of (2.4) holds (see the comment after (1.3)). So we
may assume that either (1a) (K, (a,b,c),(a’,V/,),A,C) (when ¢’ € A and ¢ € C) or
(K, (a,b,c),(d,V,d"),A,C) (when o' € C and ¢’ € A) is a good ladder along a sequence
V0 -+ - U, where vg = b and v, = U’ (in this case, let J = {wy,...,w,} and L = K, where
wy ... wy, is the reduced sequence of vg...vy,), or (1b) K has a separation (J, L) such
that V(J N L) = {wo,...,ws}, (Jywo,...,wy,) is 3-planar, (L, (a,b,c),(d’,V/, ), A,C)
(when @’ € A and ¢ € C) or (L, (a,b,¢),(,b',a’),A,C) (when o’ € C and ¢ € A) is a
good ladder along vy . .. v,,, where vg = b, v,,, = V', and wy . .. w, is the reduced sequence
of vy ... vp,.

Let (R, (xi—1,vi-1,Yi-1), (zi,vi,9i), Ai, Ci), i = 1,...,m, be the good rungs of L,
where A; = ANR;, C; = CNR;, a =g, ¢c=1yy, d =x, (when d’ € A) or ¢ = z,,
(when ¢ € A), and ¢ = y,;, (when ¢ € O) or a’ = y,,, (when o’ € C). Let v(L) = {x €
V(Rr —vg) : vg—1 = v, 1 <k <m}. Weselect A, B,C,H’, J and L such that

(I) H' is maximal,
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(IT) subject to (I), v(L) is maximal, and
(III) subject to (II), J is maximal.

Without loss of generality, we may choose the notation so that A, B, C are from a, b, ¢
to a’, V', respectively. Let L' = G — K and let L* = G[V(LUL’)]. Then L* is obtained
from the disjoint union of L and L’ by adding edges between V(A) UV (C) and V(L) or
between V(A) and V(C). Next we will show that L*, L, L', A, C satisfy the remaining
conditions (a)—(f) of (2.5).

Note that since (2) does not hold for G, J can be drawn in a closed disc in the plane
with no edge crossings such that wg, wq, ..., w, occur on the boundary of the disc in that
cyclic order.

(a) Foranyi,j € {1,...,m} with ¢ < j, let L; ; denote the graph obtained from L* by
deleting all Ry, — (A, UCLU{vi—1,v;}) with k < i or k > j and by deleting vy, ..., v,
except v;—1 and v;. Then (L, ;,{a,c},{d’, '}, (vi—1,v;)) is an obstruction.

Clearly (a) holds when v;_; = v;. So assume that v;_1 # v;. For convenience,
let G* denote the union of J and all Ry — (A U C%) with k < i or k > j. Then
V(G* N Li,j) = {Ui—lyvj}-

If we let J = {V(Rr) — (V(Ax U C) U {vgp_1,vx}) : k < i or k >
j}, then (G*,J,vo,...,vi—1,vj,...,0p) is 3-planar.  Hence, let J* be a col-
lection of pairwise disjoint subsets of V(J) — {vo,...,vi—1,vj,...,0n} such that
(G*,T*,v0,...,0i—1,Vj,...,0Up) is 3-planar and J* is minimal.

If G* contains a ({b,v;—1},{V',v;})-linkage, then (L; j,{a,c},{d’, '}, (vi—1,v;)) is an
obstruction. For otherwise, L; ; has three disjoint paths form {a,v,_1,c} to {d’,v;, '},
none from v;_; to v;. These three paths in L;; combined with a ({b,v;—1},{b',v;})-
linkage in G* give three disjoint paths in G from {a, b, ¢} to {a’,¥’, '}, none from b to b'.
This contradicts the assumption that (G, {a,c},{a’, '}, (b,V')) is an obstruction.

So assume that G* contains no ({b,v;—1},{V’,v;})-linkage. Then p(G*,J*) has no
({b,vi—1},{V',v;})-linkage; otherwise, by (2.2) (with G*,J*,vi_1,v; as G, A, u,v, re-
spectively), G* would contain a ({b,v;—1},{V',v;})-linkage. By planarity, p(G*, J*) has
a separation (G, GY%) such that [V(G) NGY)| < 1, {vi—1,v;} € G}, and {b,b'} C Gj.
Again by planarity of p(G*, J*), there are r < i—1 and s > j such that {v,,...,vs} C G}
and {vo,...,Vr—1,Vs11,...,0m} C Gh. Let G; denote the subgraph of G* induced by the
vertices contained in V(G}) or contained in some U € J* with Ng«(U) C V(G,). Then
(G1,G2) is a separation of G* such that [V(G1 N Ga)| < 1, {v,,...,vs} € Gi, and
{Uo, ey Up—1,VUg41y--- ,’Um} g GQ.

Because K —(AUC) is connected, |V (G1NG2)| = 1. Let w be the vertex in V(G1NG3).
Then K has a separation (Mj, Ms) such that V(M N My) = {zr—1,Yr—1, W, Ts, Ys },
M, =G U (Urgkgs Ry), and Gy C M,.
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Let ag,...,a; be vertices in that order on A and ¢y, ..., be vertices in that order
on C such that (al) ag = xp—1, a1 = x5, co = Yr—1, and ¢ = ys, (a2) fori=1,...,1—1,
{ai, i} is a 2-cut of M; —w, and (a3) for any « € V(a;—1Aq;) and y € V(¢;-1C¢), {z,y}
is not a 2-cut of My — w unless {z,y} = {a;—1,¢i—1} or {z,y} = {a;,¢;}. Let S denote
the set of edges of M7 with both ends contained in {a, cx,w}, k =0,...,L.

Let M{“ denote the subgraph of M; — S induced by those vertices x such that ev-
ery path in M; — w from x to {z,_1,y,—1,w,xs,ys} intersect {ar_1,ar,w,cx_1,ck}-
Because (2) does not hold for G and by (a3), Mf has no 3-separation (M’, M")
such that {ax_1,w,c,—1} < M’ and {ar,w,c,} < M". By (1) of (1.1),
(MF, (ax_1,w,cx_1), (ar, w,ct)) is a rung. In fact, by (a3), it is easy to show that
(MF, (ap—1,w, cx_1), (ap, w, ct), ax_1Aag, cx_1Ccy) is a good rung.

Again because (2) does not hold for G and by (a3), M; = (ULZ1 MF)+S. Therefore,
we see that (My, (xp—1,Vr, Ypr—1), (Ts,vs,ys), AN My, C N M) is a good ladder along w.

Let Ly = My UL, and let J; = J — (G; — w). Then (Ji,L;) is a separation
of K such that V(J;1 N L) = {wo,...,w—1,w,wy,...,w,} for some appropriate t,
(J1, w0, ..., We—1, W, Wy, ..., wy) is 3-planar, (L1, (a,b,c), (a’,b', ), A,C) is a good ladder
along a sequence whose reduced sequence is wq . .. w;_wwy . .. w,. Note that H' remains
unchanged, but v(L)U ({vi—1,vj} —{w}) C v(L1), and v;_1,v; ¢ v(L), contradicting (IT).

(b) If ¢ € V(A) (respectively, ¢ € V(C)) such that L contains a path from ¢ to
{vo,...,vn} internally disjoint from V(AU C) U {vo,...,vn}, then for every com-
ponent D of L', N(D)NV(A) C aAq or N(D)NV(A) C qAad’ (respectively,
N(D)NV(C)CcCqor N(D)NV(C) C qCc).

Suppose (b) is false. By symmetry, assume that L contains a path from ¢ € V(A) to
{vo,...,vm} internally disjoint from V(AU C) U {vy,..., v}, and assume that there is
a component D of L’ such that N(D) NV (aAq —q) # 0 and N(D)NV(qAa' — q) # 0.
Let u € N(D)NV(aAq — q) and v € N(D) NV (qAd’ — q).

Let A’ be an induced path from a to a’ in L* such that V(A4") C aAuU D UvAd'.
Then the component of G — (A’ U C') containing B is larger than H', contradicting (I).

(¢) If L* contains paths from distinct s,s’ € V(A) (in that order from a to a’) to
distinct ¢,¢ € V(C) (in that order from ¢’ to c¢), respectively, which are internally
disjoint from L, then L contains no path from V(sAs' — {s,s'}) UV (tCt' — {t,t'})
to {vo, ..., vy} internally disjoint from V(AU C) U {vo,...,vm}.

Let P, P’ be the paths in (c) from s, s’ to , ¢, respectively, which are internally disjoint
from L. If PN P’ # (), then there is a component D of L’ such that {s,s’,t,t'} C N(D),
and (c) follows from (b). So assume that PN P" = (.

Suppose that (c) fails, and assume by symmetry that L* has a path from V(sAs’ —
{s,8'}) to {vo,...,vy} internally disjoint from V(AU C) U {vg,...,vn}. Let A’ be an
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induced path in L* from a to ¢’ such that V(A’) C aAsU P UtC¢, and let C' be an
induced path in L* from ¢ to a’ such that V(C") C ¢cCt'UP'Us’ Aa’. Then the component
of G — (A’ U (") containing B is larger than H’, contradicting (I).

(d) Suppose that L* contains paths from s,s’ € V(A) (in that order from a to a')
to t,t’ € V(C) (in that order from ¢ to ¢’) which are internally disjoint from
L. If L contains a path from V(tCt' — {t,t'}) (respectively, V(sAs' — {s,s'}))
to {vo,...,vn} internally disjoint from V(A U C) U {vp,...,vn}, then there is a
vertex q € sAs’ (respectively, ¢ € tCt') such that, for every component D of L’,
N(D)NV(A) CaAqor N(D)NV(A) C gAad’ (respectively, N(D)NV(C) C ¢Cq
or N(D)NnV(C) C qC¢).

By symmetry, assume L contains a path from V(tCt' — {t,t'}) to {vo,..., v} in-
ternally disjoint from V(A U C) U {vo,...,vm}. Let rr' € V(A) with rAr’ C sAs'
and rAr’ minimal such that L* has paths R, R’ from r,7" € V(A) to t,t, respectively,
which are internally disjoint from L. By (c), a,s,r,r’,s’,a’ occur on A in that order.
We will show that there is some ¢ € V(rAr’) such that, for every component D of L',
N(D)NV(A) CaAgor N(D)NV(A) C qAd’.

We may assume that L’ has a component D; such that N(Dy) N V(aAr —r) #
and N(Dy) NV (rAd' —r) # 0; otherwise, ¢ := r would be the desired vertex. Let
p1 € V(aAr—r)NN(D;p) and ¢; € V(rAa’—r)NN(Dy), and let P; be a path in L* from
p1 to q1 through D and internally disjoint from L. Select D1, Py, p1,q; so that g1 Ad’ is
minimal and subject to this, p; Ag; is maximal. See Figure 1.

Then ¢; € rAr’ — r. For otherwise, ¢1 € r"Ad — /. By (¢), DiN(RUR') = 0. Let
A’ be an induced path in L* from a to a’ such that V(A’") C aAp; U P, U 1 Ad’, and let
C’ be an induced path from ¢ to ¢/ in L* such that V(C") C cCtURUrAr" UR' U'CC.
Then the component of G — (A’ U C") containing B is larger than H', contradicting ().

By (¢), "N Dy = (). By the minimality of rAr’, RN Dy = (). We may assume that
there are py € V(aAq1 — q1) and g3 € V(g1 Ad’ — q1) such that {ps, g2} € N(D3) for some
component Do of L; otherwise, g := ¢q; would be the desired vertex. Let P, be a path
in L* from ps to g2 through Ds and internally disjoint from L. Select Do, Ps, ps, g2 such
that ga Aa’ is minimal, and subject to this, poAgy is maximal. By the choice of D1, P;, p;
and ¢1, we conclude that ps € rAq; —q1. If ¢ € v’ Aa’ — 7', then we stop this process; and
if g9 € g1 Ar’ — g1, then we find D3, P3,p3, ¢3 in a similar way. Since G is a finite graph,
we have a sequence Py, P, ..., P, of paths with P; from p; to ¢; such that ¢; € " Aa’ —1”,
and for ¢ € {1,...,l — 1}, pi+1 € ¢;—14q¢; — q; and q; € p;+1Apir2 — pi+1, where qo = 7
and p;.1 = r’. Figure 1 illustrates the cases for [ = 3 and [ = 4.

By (c) and by the minimality of rAr’, (P; — {pi,¢:}) N(RUR') =0 fori € {1,...,1}.
By the choice of P;, all P;’s are internally disjoint, and P; N P; = 0 if |i — j| # 2.

If [ is odd, then let A’ be an induced path in L* from a to a’ such that V(A’) C
aAp1UPUq ApsUP3Ug3ApsU. . .UP,UqAd, and let C’ be an induced path in L* from c
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Figure 1: Paths P;,..., P,.

to ¢ such that V(C") C cCtURUrApsUPoUqgApsUPU. . .UP_1Uq_1Ar UR'UYCC.
If | is even, then let A’ be an induced path in L* from a to ¢ such that V(A") C
aApi UPUq ApsUP3UqgsApsU. . .UP,_1Uq_1Ar" UR'Ut'C{, and let C’ be an induced
path in L* from ¢ to a’ such that V(C") C cCtURUrApsUP,Uqa ApsUP,U. . .UPUg Ad’.
Clearly, the component of G — (A’ U C’) containing B is larger than H’, contradicting

(D).

(e) If R; is not connected and {x;—1,v;—1 }U{x;,v;} (respectively, {y;—1,vi—1}U{y;, v;i})
is contained in a component of R;, then v;_1 = v;.

Suppose v;_1 # v;. Assume by symmetry that {z;_1,v;—1} U {x;,v;} is contained
in a component U of R;. Then y;—1 = y; and |V(U)| > 4 because E(U) # () and R;
has no 3-separation (R’, R”) such that {z;_1,v;—1,y;—1} € R’ and {z;,v;,y;} C R". By
assumption that (2) does not hold for G, z;—1 # wx;;

Moreover, there is a collection U of pairwise disjoint subsets of V(U) —
{zi—1,vi—1,z;,v;} such that (U,U,x;—1,x;v;,v;—1) is 3-planar; otherwise, U contains
an ({z;—1,vi}, {vi—1,2;})-linkage (by (2.1)), and so, L;; has disjoint paths from a,v;_1, ¢
to v;,a’, , respectively, contradicting (a).

Note that U — A; is connected. We claim that {v;_1,v;} is contained in a block M of
U — A;. For otherwise, let (U;,Usy) be a l-separation in U — A; such that v;_; € U; and
v; € Ua. Then there are u; € V(A;)NN(Uj), j = 1,2, such that 2;_1,u2, u1, z; occur on A
in that order; as otherwise U has a 2-separation (U], U}) such that Uy U{x;—1} C U] and
Uy U{z;} CUj, and (U] U{y;}, Uy U{y;}) would be a 3-separation in R;, a contradiction.
Hence, U has an ({z;—1,v;}, {vi—1,2;})-linkage. This implies that L;; has disjoint paths
from a,v;_1,c to v;,d’,, respectively, contradicting (a).

We claim that X N V(M) = 0 for all X € U. Otherwise, let X € U such that
XNV(M) # 0. Then |[Ny(X)NV(M)| > 2 because M is 2-connected. Hence, [Ny (X)N
V(A)| < 1. Therefore G — Nyy(X) has a component containing no element of {a, b, c} U
{d’, ¥, '}, contradicting the assumption that (2) does not hold for G.

Thus M is a plane subgraph of p(U,U). Let by,...,bx be the vertices on the outer
cycle of M (in that clockwise order from by = v;—1 to by = v;) such that, for each j €
{1,...,k—1},b; € N(A) or b; is a cut vertex of U — A. Let R, = R;— (M —{bo,...,by}).
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By 3-planarity of U, it is easy to verify that (R}, (zi—1,vi—1,%i), (zi,vi,yi)) is a ladder
along a sequence whose reduced sequence is bg...b,. In fact, it is easy to see that
(R, (zi—1,vi—1,Y:), (23, vi,9i), Ai, Cy) is a good ladder (its rungs are not connected).

Let J1 = JUM and let Ly = L — (M — {bo,...,b;}). Then (Ji,L1)
is a separation in K such that V(L; N J1) = A{wo,...,w,} U {bo,...,bx},
(L1, wo,...,wj—1,bo,...,bk,w;,..., wy) is 3-planar (for some appropriate j such that
wj—1 = v, and w; = vg for some r < i —1 and s > i), (L1, (a,b,c),(d,V,), A, C)
is a good ladder along a sequence S, where wq...w;_1bg...bgw; ... wy, is the reduced
sequence of S. Note that H' remains the same and v(L) C v(L1) (since v;—1 # v;), but
J1 contains J as a proper subgraph, contradicting (III). This proves (e).

Because (2) does not hold for G, we have

(f) For any T'C V(L*) with |T'| < 3, every component of L* — T contains a vertex in
V(AUC)U{vg,...,vm}.

By (a)-(f), L*,L,L',A,C satisfy all conditions of (2.5). Hence, by (2.5),
(L*, (a,b,c), (a’,b',)) is a ladder along a sequence zpz . .. z, whose reduced sequence is
the reduced sequence of vg...v,,. Hence wg...w, is the reduced sequence of zj... 2.
Therefore, either G = L* or G has a separation (J,L*) such that V(J N L*) =
{wo, ..., wn}, (Jwo,...,wy,) is 3-planar, and (L*,(a,b,c),(a’,b',)) is a ladder along
20...2p, where 29 = b, zp = b, wy...w, is the reduced sequence of z ... Zp. O

Proof of (1.3). Suppose (G,{a,c},{a’,c'}, (b,b')) is an obstruction, and assume that,
for any T C V(G) with |T'| < 3, every component of G — T contains an element of
{a,b,c} U{d,V/,}. Then by (3.1), (1), (2) or (3) of (1.3) holds.

Now assume that (1), (2) or (3) of (1.3) holds. We wish to show that
(G,{a,c},{d',c}, (b)) is an obstruction.

If (1) of (1.3) holds, then (G,{a,c},{da’,c'}, (b, 1)) is an obstruction in the trivial
sense. If (2) of (1.3) holds, then (G, (a,b,c), (a’,V/,’)) is a ladder, and so, an obstruction.
So we may assume that (1) and (2) of (1.3) do not hold, and (3) of (1.3) holds. Then
G contains three disjoint paths from {a,b,c} to {a’,¥',c'}. Let A, B,C be disjoint paths
in G from {a,b,c} to {a’,¥',}, with b € B. We may assume that A, B,C are chosen so
that ' ¢ B; for otherwise, (G, (a,b,c), (a’,V',¢)) is an obstruction.

Let (J, L) be a separation of G such that V(JNL) = {wg,...,w,}, (J,wp,...,w,)is 3-
planar, and (L, (a,b,c), (a’, b, ) is aladder with rungs (R;, (zi—1, vi—1, Yi—1), (T, Vi, Yi)),
1=1,...,m, where zg = a, vo = b, yo=c¢, Ty, = a’, v, =V, Yy =, and wy ... w, is
the reduced sequence of vg ... v,,. We use induction on the number of rungs in L.

Since b/ ¢ B, B ¢ J. Hence, let wy € B with k maximum such that bBwy C J. Then
k < n; otherwise, b/ € B (since (J, wy, ..., wy,) is 3-planar). Let vs = wy with s minimum
and let vy = wgyq1 with ¢ maximum. Let L* be the union of Us<i<t R; and those edges
of L with both ends in some {z;,v;,y;}, s < i < t. Then (L*, (zs,vs,ys), (¢, v¢,9¢)) is
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a ladder along v;...v;. Since every path in G from {a,b,c} to {a/,¥, '} must intersect
V(bBwg) U{zs,ys}, ANL*, BN L* and C N L* are disjoint paths from {zg, wg,ys} to
{4, wgy1, Yt} Since (L*, (x5, vs,Ys), (T¢, 04, y1)) is a ladder, BN L* is a path from wy to
Wk+1-

Let L' denote the union of U;”zt 41 R and edges in L with both ends in some
{zj,vj,y;}, 7 =t+1,...,m. Then (L', (z¢, v, yt), (a',b',)) is a ladder along vy ... vp,.
Let J' = J + wpwgy1, and let the edge wrwii1 be added such that (J', wy,...,w,) is
3-planar. It is easy to see that AN (J'UL'), (BN (J' UL)) 4+ wiwii1, CN(J UL') are
disjoint paths in J' U L' from {b, z¢,y:} to {a’,b’,c'}. Note that (J', L") is a separation
in J'U L' such that V(J'NL") = {b,wgi1,...,wn}, (J',b,wky1,...,wy,) is 3-planar, and
(L, (x4, b,91), (a', b, ) is aladder along bvy . . . vy, where vy, = wy, =, and bwyq ... wy,
is the reduced sequence of bv;...v,,. Since L’ has fewer rungs than L, it follows from
induction that (B N (J' U L)) + wrwgsq is from b to b'. Hence, B is from b to b’. So
(G, {a,c},{d',d}, (b,b)) is an obstruction. 0

4 Connectivity

In this section, we prove (1.4), and give an example to show that (1.4) is best possible.

Proof of (1.4). Suppose that G is 8-connected and {a,b,c,a’,b',d} C V(G),
and assume that (G,{a,c},{a’,c'},(b,0')) is an obstruction. By (1.3), either (i)
(G, (a,b,c),(a’,b/,)) is a ladder along a sequence vg...v, (in this case, let J =
{wo, ..., w,} and L = G, where wy . ..w, is the reduced sequence of vg...v,,), or (ii)) G
has a separation (J, L) such that V(J N L) = {wo,...,w,}, (J,wo,...,w,) is 3-planar,
and (L, (a,b,c), (a',¥/,)) is a ladder with rungs along v ... vy, where wy ... w, is the
reduced sequence of vg ... Up,.

Then L — {wy,...,w,} # 0; otherwise, G = J is 3-planar, and so, is at most 5-
connected, a contradiction. Since (J,wo,...,w,) is 3-planar and since G is 8-connected,
J is a plane graph. Let (R, (z—1,vi—1,Yi-1), (i, vi,¥:)), i = 1,...,m, be the rungs of
L, where xg = a, v9o = b, yo =¢, Ty, = a', v, = V', and y,,, = .

(a) We claim that L is at most 6-connected.

This is obvious when m > 2. So assume that m = 1. Then (L, (a,b,¢), (a’,V',)) is
a rung. Since {a,c} # {d/,d'} and b # ¥, L is at most 6-connected.

By (a) and since G is 8-connected, J — {wq,...,w,} # 0, n > 7, and V(R;) =
{xi—1,vi—1,vi—1 } U{zmi,y;,v;} for i € {1,...,m}.
(b) We claim that vy # v1 and {x1,y1} = {x0,y0}, and vy—1 # vy and {xy, ym} =

{xm—laym—l}-
If {x1,y1} # {zo,y0}, then {vg,z1,v1,y1} is a cut set of G, a contradiction. So

{1,991} = {z0,y0}, and hence, v{ # wvo.
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SimilarIY7 Um—1 7& U and {$m7ym} = {xm—laym—l}-

(¢) We claim that, for every x € V(J) —{w1,...,wy—1}, x is adjacent to at most two
vertices in {wq,...,wy_1}.

Suppose that x is adjacent to at least three vertices of {wi,...,w,—1}. Let i,j €
{1,...,n—1} with i < j—2 such that w;, w; are neighbors of z. Let v;, = w; and v; = w;.
Then {vg, zk, yk, vi, T, Y, x} is a cut set of G, a contradiction.

Now, consider J' = J —{wy,...,w,—1}. Since J is a plane graph, J' is a plane graph.
Let z € V(J'). If x € {wp,wy}, then by (b) and (c) (since wy = vy and w,, = vy,), the
degree of z in J' is at least 3. If x ¢ {wg, w, }, then by (c¢), the degree of x in J' is at least
6. Thus the number of edges in J’ is at least w = 3|V (J")| — 3, contradicting
the planarity of J'. O

Next, we show that (1.4) is best possible by constructing 7-connected obstructions.
A near triangulation is a plane graph in which every face, with the possible exception of
the infinite face, is bounded by a triangle.

First, we construct a near triangulation J whose outer cycle C' contains an edge b1by
(with E(b1Cbsg) = {b1b2}) such that

(1) d(x) > 3 for all x € V(J),
(2) d(z) >T7forall z € V(J — C)U{by,ba},

(3) if T is a cut set of J with |T'| < 6, then |T| > 3 and every component of J — T
contains a vertex of C', and

(4) for each z € V(C) — {b1, b2}, there does not exist ' C V(J) with |T'| < 4 such that
every path from bsCz to xCby in J — b1bs intersects T'.

We start with a path Jy = Py consisting of a single edge b1bs. Suppose we have
constructed a near triangulation .J; and a path P; in J; for some ¢ > 0 such that PyNP; = ()
and Py U P; is contained in the outer cycle of J;. We construct a near triangulation L,
as follows. (See Figure 2 for an illustration with ¢ = 3.)

Let P;11 be a sufficiently long path (for example, at least 6 times as long as P;). In
the disjoint union of P;y; and L;, we add edges from each vertex of P; to at least six
consecutive vertices on P;11 so that Pj41 U Py is contained in the outer cycle of J;41,
dz) >T7ifx e V(J;),d(z) > 3if z € V(P;11) and z is not an end of P;;1, and d(x) = 2
if x is an end of Pjy;.

Let z and 2’ be the ends of P;. Add a sufficiently long path @ from x to z’ such
that @ is internally disjoint from J4. We add edges from each vertex of Py —{z,2'} to at
least six consecutive vertices on () such that the result is a near triangulation J, Q U Pqy
is contained in its outer cycle, and d(z) > 7if x € V(J4) and d(z) > 3if 2 € V(Q). Tt is
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straightforward to check that the resulting graph J satisfying (1)—(4) above. We relabel
the vertices in J so that C' = wows ... wywq is the outer cycle of J, where wyg = by = b
and w, = by = b'. See Figure 2. We may choose n to be odd.

Figure 2: A near triangulation.

Next, we construct a ladder along vg...v,, whose reduced sequence is wy...wy,,
where m = 2n — 3 and n > 6 is an odd integer, and describe how it is attached to J
along wy ... wy. See Figure 3.

Let v; = w; for ¢ = 0,1,2, and let vy,_9 = Wp_2, Vm_1 = Wp_1, and v, = wy. For
i=1,2,m—1,m, let ;o1 = x; and y;—1 = v;, and let R] be the complete graph on
{zi,yi,vi—1,v;}. For each i =2k + 1,3 <i<m—2, let z;_1 # x;, yi—1 # vi, and
Vi1 = v; = Wi41, and let R, be the complete graph on {x;_1,x;,v;,yi—1,y;}. For each
1 =2k+2with4d <i<m—3,let v;j_1 =, Yi—1 = ¥Yi, Vi—1 = Wit1 and v; = wi42, and
let R, be the complete graph on {z;,v;_1,v;,y;}. Let S be the set of 2-element subsets of
{l‘i, Vi, yl} for all 7 = 0, cee M. Let RZ‘ = R; — S. Then (RZ‘, (:L’Z'_l, Vi—1, yi_l), (IL‘Z', Vi, yl))
is a rung. Let L = (U;2; R;) +S. Then (L, (z0,v0,%0); (Zm, Um, Ym)) is a ladder.

Ty =T1 = X2 z3 Lm—3 Tm—9 = Tm—1 = Tm
vy = W Uy, = W,
0 RN V3 Um— <1
Ym—2 = Ym—1 = Ym
Yo=Y1="Y2 Y3 Ym-3

Figure 3: The ladder L.

Finally, let G be obtained from the disjoint union of J and L by identifying the vertices
wo, . .., Wy in both J and L. Now (J, L) is a separation in G, V(J N L) = {wo, ..., wy,},
(J,wo, . ..,wy) is 3-planar, and (L, (xg, vo, Y0), (Tm, Um, Ym)) is a ladder along vovy . .. Uy,
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where wy . .. w, is the reduced sequence of vy . .. vy,.

By (1.3), (G,{x0,v0},{Zm;Ym}, (vo,vm)) is an obstruction.

We claim that G is 7-connected. Suppose on the contrary that G is not 7-connected.
Then G contains a cut set 7" with |T'| < 6. Let X be a component of G — T. If
V(X)Nn{wo,...,w,} =0, then X C L — {wg,...,w,} (since |T| < 6 and by (3)), and
so, |T| > 7 (by the construction of L), a contradiction. So V(X) N {wo,...,w,} # 0.

If (V(X)NnV(L)) —{wp,...,wp} # 0, then |T NV (L)| > 7 (by the construction of
L), a contradiction.

Hence, V(X)N V(L) C {wp,...,w,}, and so, X is a component of J — (T'NV(J))
and the neighbors of V(X) N {wo,...,w,} in L must be contained in 7. By (3), |T' N
V(J)| > 3. If V(X)N{ws,...,w,—2} # 0, then |(T'N L) — {wy,...,w,}| > 4, and so,
TNV (J)| <2, a contradiction. So assume that V(X) NV (L) C {wo, w1, wp—1,wy}.
Furthermore, V(X) N V(L) C {wg,w1} or V(X)NV (L) C {wp—1,w,}; as otherwise,
(T NV(L)) — {wo,...,wy}| > 4, and so, [T NV (J)| < 2, a contradiction. So there
is some x € V(boCby) such that every path from boCx to £Cby in J — byby intersects
TNV(J). Since (T NV (L)) — {wo,...,w,}| > 2, and so, [T NV (J)| < 4, contradicting
4). O

Seymour pointed out that (1.3) can be used to solve the following problem: Let G be
a graph and {b,V', z,y} C V(G); determine if G contains a path from b to b’ and through
z and y in that order.

To see this, we consider two cases. If xy € E(G), then this problem reduces to the
problem for finding a ({b, 2}, {b’,y})-linkage in G, and so, can be solved using (2.1). So
assume that zy ¢ E(G). Let G’ be the graph obtained from G by replacing = with
vertices a’, ¢ and joining d’,c to all neighbors of z, and replacing y with vertices a,c
and joining a, c to all neighbors of y. It is easy to verify that G contains a path from b
to b’ through z and y in that order iff G’ contains three disjoint paths from {a,b,c} to
{d’, ¥, '} with no path from b to ¥'.

Another problem mentioned to me by Seymour is to characterize the connected graphs
containing cycles through four given vertices in a prescribed order. Using a similar
technique as above, this problem can be formulated as follows. Let G be a graph,
{ay,a2,b1,b2} C V(G), and {c1,co,d1,d2} C V(G). Characterize those G such that, for
any four disjoint paths from {ay,as,b1,b2} to {c1,co,d1,ds}, the two paths with an end
in {ay,as} have their other ends both in {c1,ce} or both in {dy,ds}. The planar case is
solved in ([4], Theorem 2.1).
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