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Abstract

Hajos conjectured that graphs containing no subdivision of K5 are 4-colorable. It
is shown in [15] that if there is a counterexample to this conjecture then any minimum
such counterexample must be 4-connected. In this paper, we further show that if G is
a minimum counterexample to Hajos’ conjecture and S is a 4-cut in G then G — S has
exactly two components.
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1 Introduction

All graphs considered in this paper are simple. The well known Kuratowski’s theorem states
that a graph is planar iff it contains no subdivision of K5 or K3 3. Thus the Four Color
Theorem can be stated as follows: Any graph containing no subdivision of K5 or K33 is
4-colorable. It is not hard to show that any 3-connected nonplanar graph other than Kj
contains a subdivision of K3 3. A straightforward procedure then determines when a graph
without containing a subdivision of K33 is 5-colorable or 4-colorable.

Therefore, it is natural to ask whether graphs containing no subdivision of K5 are 4-
colorable. In fact, Hajds (see [1]) conjectured that graphs containing no subdivision of
K41 are k-colorable, which is false for £ > 6 as shown in [1] (actually it fails for almost
all graphs, see Erdos and Fajtlowicz [3]). However, Hajds’ conjecture is true for k = 1,2, 3,
and remains open for the cases k = 4 and k = 5.

In this paper, we consider the k = 4 case of this conjecture that graphs containing no
subdivision of Kj are 4-colorable (which will be referred to simply as Hajds’ conjecture).
Thus, it is desirable to understand the structure of graphs containing no subdivision of
Ks5. Mader [7] proved that every graph on n vertices with at least 3n — 5 edges contains a
subdivision of K3, establishing a conjecture of Dirac [2]. Seymour [10] in 1977 and, indepen-
dently, Kelmans [4] in 1979 conjectured that every 5-connected non-planar graph contains
a subdivision of K5. Thus, if a counterexample to Hajés’ conjecture is 5-connected then,
by the Four Color Theorem, the Kelmans-Seymour conjecture implies Hajos’ conjecture.
Recently, the Kelmans-Seymour conjecture was proved [5,6] for graphs containing K, the
graph obtained from K4 by removing an edge.

In [15], it is shown that any minimum counterexample to Hajés’ conjecture must be
4-connected. By a minimum counterexample we mean a counterexample with the min-
imum number of vertices. In this paper, we provide further information about such a
counterexample.

Theorem 1.1 Suppose G is a minimum counterexample to Hajos’ conjecture and S is a
4-cut in G. Then G — S has exactly two components.

Theorem 1.1 is proved in Section 3, and the lemmas used in its proof are given in Section
2. It would be desirable to strengthen Theorem 1.1 such that one of the two components
of G — S is trivial (so that any minimum counterexample to Hajés’ conjecture is internally
5-connected).

We conclude this section with some notation and terminology. A separation in a graph G
consists of a pair of subgraphs G, G2 of G, denoted as (G1, G3), such that E(G; NG2) =0
and for ¢ = 1,2, E(G;) # 0 or V(G;) — V(G1 N Ga) # 0. The order of this separation
is |[V(G1 N G2)|, and (G1,G2) is said to be a k-separation if its order is k. Thus, a set
S C V(G) is a k-cut in G, where k is a positive integer, if |S| = k and G has a separation
(G1,G3) such that V(G1NGy) =S and V(G;) — S # 0 for i € {1,2}. If v € V(G) and {v}
is a 1-cut of GG, then v is said to be a cut vertex of G.

The ends of a path P are the vertices of the minimum degree in P, and all other vertices
of P (if any) are its internal vertices. A path P with ends w and v is also said to be from u
to v or between u and v. For a path P and x,y € V(P), we use Py to denote the subpath



of P between x and y. A collection of paths are said to be independent if no vertex of any
path in this collection is an internal vertex of any other path in the collection.

Let K be a subdivision of K5. The vertices of degree 4 in K are called the branch
vertices of K, and the branch set of K is simply the set of its branch vertices. Thus, a
subdivision of K35 is the union of 10 independent paths joining its branch vertices.

2 Lemmas

The following result is proved in [15] by Yu and Zickfeld.

Lemma 2.1 (Yu and Zickfeld) Suppose G is a graph that contains no subdivision of Ks,
is not 4-colorable, and subject to these conditions, |G| is minimum. Then G is /-connected.

This lemma is proved in [15] using the following result of Watkins and Mesner [14] on
cycles through three vertices. See Figure 1 for an illustration.

Lemma 2.2 (Watkins and Mesner) Let H be a 2-connected graph and let vy,ve,vs be
three distinct vertices of H. Then H has no cycle containing {vi,ve,vs} iff one of the
following statements holds.

(i) There exists a 2-cut T in H and, for u € {vi,ve,v3}, there exist pairwise disjoint
subgraphs Dy, of H — T such that uw € V(D) and each D, is a union of components
of H-T.

(i) For u € {vy,vq,v3}, there exist 2-cuts T,, of H and pairwise disjoint subgraphs D, of
H, such thatu € V(D,,), each D,, is a union of components of H—T,, T,,, N'T3,, Ty, =
{a1}, and Ty, —{a1}, Ty, —{a1},Tus — {a1} are pairwise disjoint.

(13i) For u € {vy,va,v3}, there exist pairwise disjoint 2-cuts Ty, in H and pairwise disjoint
subgraphs D,, of H—T, such that u € V(Dy), D, is a union of components of H—"T,,
and H — V(Dy, U D, U D,,) has precisely two components, each containing exactly
one vertex from T, for u € {vy,vq,v3}.
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Figure 1: The subgraphs D, in H, u € {vq, v2,v3}.

We need the following result about disjoint paths between two given pairs of vertices,
which is a direct consequence of a more general result of Seymour [11] (equivalent versions



can be found in [9,12,13]). To state this result, we introduce the following definition. Let
G be a graph and sy, s2,t1,t2 be distinct vertices of G. We say that G is (4, {s1, s2,t1,t2})-
connected if, for any k-cut S in G with k < 3, every component of G — S contains a vertex
from {sq,s9,t1,t2}. We say that (G, s1, S2,t1,t2) is planar if G can be drawn in a closed
disc with no edge-crossings and si, So, t1, t2 occur on the boundary of the disc in this cyclic
order.

Lemma 2.3 (Seymour) Let G be a graph and sy, s2,t1,ts be distinct vertices of G, and
assume that G is (4,{s1, S2,t1,t2})-connected. Then either G contains disjoint paths from
s1 to t1 and from sg to to, or (G, s1, Sa,t1,t2) is planar.

We will also use the k = 1 case of the following result of Perfect [8].

Lemma 2.4 (Perfect) Let G be a graph, u € V(G), and A C V(G — u). Suppose there

erist k independent paths from w to distinct aq,...,a, € A, respectively, and otherwise
disjoint from A. Then for any n > k, if there exist n independent paths Py,..., P, in G
from w to n distinct vertices in A and otherwise disjoint from A then Py,..., P, may be

chosen so that a; € V(F;) fori=1,... k.

3 Proof of Theorem 1.1

By assumption of Theorem 1.1, G contains no subdivision of K5, G is not 4-colorable, and,
subject to these conditions, |G| is minimum. By Lemma 2.1, G is 4-connected.

Suppose S = {vy,vq,v3,v4} is a4-cut in G, and C1, ..., Cy are the components of G— S,
with £ > 3. For i = 1,...,k, let 2; € V(C;) and H; := G[V(C;) U S] (the subgraph of G
induced by V(C;)US). By Menger’s theorem, H; contains four independent paths Pf from
x; tow;, j =1,2,3,4, respectively.

(1) For any 1 < s,t < k (with s =t when k = 3) and for any 1 <r <4, H;U H; — v, has
no cycle containing S — {v, }.

For, suppose C'is a cycle in HgU H;— v, containing S—{v,}. Let p,q € {1,... ,k}—{s,t} be
distinct (which exist as k > 3, and s = ¢ when k = 3). Now the paths Pjp, P]‘-l, j=1,2,3,4,
and the cycle C' form a subdivision of K5 in G with branch set (S — {v,}) U {xp,z,}, a
contradiction. This proves (1).

Next we show that
(2) k=3.

Suppose to the contrary that £ > 4. Then S is an independent set in Gj; for, otherwise,
assume v1vy € E(G), then PPUPJUP}UPY and vyvg form a cycle in H3U Hy —v4 containing
{v1,v2,v3}, which contradicts (1).

Moreover, for 1 <7 < k and 1 < j < 4, the degree of v; in H; is 1. For, suppose without
loss of generality that v; has degree at least 2 in Hy. Then, since G is 4-connected and S is
independent, H; — v4 has two independent paths from vy to ve, v3, respectively. These two
paths and P22 U P32 form a cycle in Hy U Hy — vy containing {v1, ve,v3}, contradicting (1).



For 1 < j <4, let fug» denote the unique neighbor of v; in H;. Let H] := H;/S be the
graph obtained from H; by identifying all vertices in S to a single vertex, denoted by wu.

We claim that H] contains no subdivision of K5. Otherwise, let K be a subdivision of
K5 in H]. If uw ¢ V(K), then K is a subdivision of K5 in G, a contradiction. If K uses
precisely two edges at u, say uv! and uvi, then K — u, v1v}, vovh, and PP U Py (for some
pe{l,...,k}—{i}) form a subdivision of K5 in G, a contradiction. Finally, if u is a branch
vertex of K, then K —u, vjv§ and the paths Pf, j=1,2,3,4, for some p € {1,...,k}—{i},
form a subdivision of K5 in GG, a contradiction.

Thus by the choice of G, each H! admits a 4-coloring, say ¢;, and we may assume that
ci(u), i =1,2,3,4, are the same. Let ¢ be defined as follows: ¢(x) = ¢;(x) if x € V(H;) — S,
and c(z) = ¢;(u) if z € S. Clearly, cis a 4-coloring of G as S is independent, a contradiction.
So we have (2).

(3) G[S] has at most one edge.

For, suppose G[S] has at least two edges. If G[S] contains a path of length 2, say vjvevs,
then Pll, P31 and vjvyvg form a cycle in Hy — vy containing {vy, ve, v3}, which contradicts
(1). So G[S] contains exactly two edges which form a matching. Without loss of generality,
let viv9, v3v4 € E(Q).

We claim that for any ¢ € {1,2,3} and j € {1,2,3,4}, v; has exactly one neighbor in
C;. For, suppose v3 has at least two neighbors in C5. Then by Menger’s theorem, Hy — v4
has two independent paths from vs to vy, vs, respectively. Now these paths and vyve form
a cycle in Hy — vy containing {v1,ve,vs}, a contradiction to (1).

Thus, for i € {1,2,3} and j € {1,2, 3,4}, let v;- denote the unique neighbor of v; in C;.
By the choice of G, each C; has a 4-coloring ¢;. We may choose the colorings ¢; (by renaming
colors if necessary) such that [{c;(v}) :i =1,2,3}| =1 and |{c;(v) :i =1,2,3}] < 2. Tt is
now easy to see that the 4-colorings ¢; (i = 1,2, 3) can be extended to a 4-coloring of G by
greedily coloring vy, v3, v2, v1 in this order. This is a contradiction and completes the proof

of (3).
(4) For each [ € {1,2,3}, {z € S :dp,(z) > 2}| < 2.

Suppose that (4) is not true. Without loss of generality, assume vy, vy, v3 all have at least
two neighbors in Hj.

We claim Hi — vy is 2-connected. For, suppose that H; — vy is not 2-connected. Let u
be a cut vertex in H; —vy. Then u ¢ S as Cy is connected. Further, since G is 4-connected,
each component of Hy — {u,v4} contains one of {v,v2,v3}. So let D denote a component
of Hy —{u,vs4} that contains exactly one vertex in {vi,ve,v3}, say vi. Then V(D) = {v1 };
as otherwise G — {u,v1,v4} would not be connected. This shows that viu,viv4 € E(G); in
particular, vy also has at least two neighbors in Hi. So by repeating the above argument
(for Hy — vy) on Hy — g, we force vov; € E(G) for some j € {1,3,4}. But this contradicts
(3).

By (1), Hy—v4 has no cycle containing {v1, ve,vs}. Hence, (i) or (ii) or (iii) of Lemma 2.2
holds. Recall the notation in Lemma 2.2 and Figure 1. Since G is 4-connected, D,,,
i = 1,2,3, are connected. Let Z = G — (D,, U Dy, U D,,), and we choose D,,, D,,, Dy,
to minimize Z. Then for (i) of Lemma 2.2 we have Z = G[T]. For (iii) of Lemma 2.2,



we let Zy, Zs be the components of Z, and for i = 1,2,3 we let V(Z1) N V(D,,) = {ai}
and V(Zy) N V(D,,) = {b;}. For (i) of Lemma 2.2, let T" = {a1,b1}, a1 = a2 = a3, and
by = by = bs. For (ii) of Lemma 2.2, let T,,, = {a;,b;} for i = 1,2,3, with a; = az = a3. It
is straightforward to check that for 1 <i # j <3, Z — {b1, b2, b3} contains a path A;; from
a; to aj and Z — {ay,a2,a3} contains a path B;; from b; to b;. Moreover, A;; is disjoint
from By forall 1 <i#j<3and 1 <k#I[<3.

Note that vy cannot have neighbors in two of D,,,D,,,D,,. For, suppose v4 has a
neighbor in D,, as well as a neighbor in D,,,. Then G[V(D,,) U {a1,b1,v4}] has a one of
the following: a path ()1 from wv4 to a; through vy and avoiding by, or a path Ry from vy
to by through vy and avoiding ay. (This can be done by applying Menger’s theorem to the
graph obtained from G[V(D,,) U {a1,b1}] by identifying a; and by, which is 2-connected.)
Similarly, G[V (D,,) U {asg, b2, v4}] has a path Q2 from vy to as through vy and avoiding bo,
or a path Ry from vy to by through vy and avoiding as. If @1, Q2 (respectively, Ry, Rs)
exist then Q1, Q2 (respectively, Ry, R2) and Ajy (respectively, Bys) form a cycle in Hy — v3
containing {vy, vy, v}, contradicting (1). Thus, without loss of generality we may assume
that @, Re exist, but neither Q2 nor R; exists. Since R; does not exist, G[V(D,,) U
{a1,b1,v4}] has a 2-separation (L1, Lo) such that ay € V(L1 N Lg), v1 € V(L1)—V(L2) and
{b1,v4} C V(L2). Since G is 4-connected, |V (L1)| = 3 and ay has a neighbor in Lo —{b1, v4}.
Thus, since D,, is connected, G[V (D,, )U{a1,v4}]—v1 has a path Q) from vy to a;. We then
have a cycle in H — vy containing {va,vs,v4} using the following paths: @}, Ra, A13, Bos,
and a path in G[V (D3) U {as, bs}| from as to bz through vs. This contradicts (1).

Thus we may assume by symmetry that neither D,, nor D,, contains a neighbor of v,.
Then, since G is 4-connected, V(D,,) = {v;} for i = 1,2.

Case (4.1). Lemma 2.2(i) occurs.

If Hy — {vy,v2} contains a path from vs to vy and containing {aj, b}, then such a
path, ajv1biv2aq, P12 U P22, and U?:1Pj3 form a subdivision of K5 in G with branch set
{ay,b1,v1,v9, 23}, a contradiction. So such a path in Hy — {vy,v2} does not exist. Then
H{ := Hy — {v1,v2} + {v,vvs,vvs}, where v is a new vertex, has no cycle containing
{a1,b1,v}. Thus, (i) or (ii) or (iii) of Lemma 2.2 holds for H{,a1,b1,v.

Suppose that Lemma 2.2(i) holds for Hf,ay,by,v. Then Hy — {v1,v2} is the union of
subgraphs Gy, , G, , Gusv,, With pairwise intersection {si, s2}, and has a 2-cut {s1, s2} such
that a; € V(Gq,) — {s1,52}, b1 € V(Gp,) — {s1,52}, and v3,v4 € V(Gysy,). Since G is
4-connected, V(Gq,) = {a1, s1, 52} and V(Gy, ) = {b1, 51, s2}. Now {s1, s2,v1,v2} is a 4-cut
in G, and G —{s1, s2,v1, v2} has three components, two of which are trivial, namely a; and
b1. By the choice of GG, G — a1 admits a 4-coloring, which can be extended to a 4-coloring
of GG by assigning the color of b; to a1, a contradiction.

Now assume that Lemma 2.2(ii) holds for H/,ay,b1,v. Then Hy — {v1,v2} is the union
of subgraphs G1,Ga,Ga,, Gy, , Gygn, and has 2-cuts {s1,sa2}, {s1,t2}, {s1,72} such that
S2,t9, 19 are pairwise distinct, a; € V(Gq,) — {s1, 2}, b1 € V(Gh,) — {s1,t2}, v3,04,71,72 €
V(Gusuy)s V(G1) = {51}, s1,52,t2,72 € V(G2), Gay, Gby, Gugu, are pairwise disjoint, V(Ga2N
Ga,) = {s1,82}, V(G2 N Gy,) = {s1,t2}, and V(G2 N Gygo,) = {s1,72}. Since G is 4-
connected, V(G,, ) = {a1, s1,s2} and V(Gp,) = {b1, s1,t2}. Suppose s; and {ra, sa,t2} are
contained in the same component of Gy. Let v € V(Gg) — {s1}. Since G is 4-connected, G
has four independent paths Ry, Rs, R3, R4 from v to si,r92, s9,to, respectively. Note that
Gsv, has two disjoint paths from {vs,v4} to {s1,72}. Now these two paths, R, Ra, Rs, Ry,



aivabisiay, saaq, toby, P22 U P32, and P23 U Pf form a subdivision of K5 in GG with branch set
{a1,b1,s1,v,v2}, a contradiction. Thus, s; and {rq, se,t2} are not contained in the same
component of Go. Then Gy — a1,Gy,, Gy, are triangles. We claim that G,,, contains
a path @ from s; to v3 or vy and passing through ry. For, otherwise, no path in Gy,
from s; to v4 contains ry. Then by Menger’s theorem, G,,,, has a cut vertex w separating
{s1,v4} from ry. Since G is 4-connected, the component of Gy, — w containing rs must
contain vs and has just two vertices (namely, 7o and v3), and G, has a path from s; to
vy and passing through ro. So without loss of generality, assume @ is from s; to v3. Now
G has a subdivision of K5 with branch set {a1, s1, S2,t2,72} consisting of G[{s1, s2,t2,r2}],
a181, 0189, a1v2b1ts, ajvy and P12 U P32, and (). This is a contradiction.

Thus, Lemma 2.2(iii) holds for H{, aq,b1,v. Then Hy—{v1,v2} is the union of subgraphs
G1,G2,Gq,, Gy, Gugp, and has pairwise disjoint 2-cuts {s1, sa}, {t1,t2}, {r1,72} such that
ap € V(Gal) — {81,82}, by € V(sz) - {tl,tQ}, V3,V4,T1,T2 € V(GU3U4)7 Gi NGy = @,
the graphs Gq,, Gp,, Gyge, are pairwise disjoint, and for i = 1,2, V(G; N Gq,) = {si},
V(GiNGy,) = {ti}, V(Gi N Gyge,) = {ri}. Since G is 4-connected, V(G,,) = {a1, s1, s2},
V(Gy,) = {b1,t1,ta}, V(Gi) = {ri, s, t;} for i = 1,2, and the graphs G,,, Gy, , G1, G2 are
triangles. Then {v1,ve,71,72} is a cut in G, and G[{a1, b1, s1, s2,t1,t2}] is a component of
G — {v1,v9,711,72}. By contracting G[{a1, by, s1,s2,t1,t2}] to a single vertex, say u, and
noticing that G[{a1, b1, s1, s2,t1,t2}] has four independent paths from a; to vy, ve,71,79,
respectively, we obtain a graph from G that contains no subdivision of K5 and hence
admits a 4-coloring, say c¢: V(G) — {1,2,3,4}. Without loss of generality, assume c(u) = 1
and c(r1) = 2. Let c(ay) = ¢(by) = 1. If ¢(rg) = 2 then let ¢(s1) = 3 = ¢(t2) and
c(s2) =4 = ¢(t1); so ¢ becomes a 4-coloring of G, a contradiction. Hence, we may assume
c(ry) = 3. By letting c¢(s1) = 3, c(t2) = 2, ¢(s2) =4 = ¢(t1), we extend ¢ to a 4-coloring of
G, a contradiction.

Case (4.2). Lemma 2.2(ii) occurs.

First, assume ay and {by, by, b3} are in different components of Z. Then a;b; ¢ E(G) for
i = 1,2,3. Thus, since G is 4-connected, G[V (D3) U {a1,bs}]| has two independent paths
from a; to ws,bs, receptively, and G[(V(Z) — {a1}) U {vs4}] has three independent paths
from by to bs, b3, v4, respectively. Now the above five paths, byviay, byvoay, P12 U P22, and
Pf’ (for j = 1,2,3,4) form a subdivision of K5 in G with branch set {ay,by,v1,v9, 23}, a
contradiction.

Hence, Z is connected. Suppose vy has no neighbor in Z —{ay, b1, b2, bs}. Then, since G
is 4-connected, for each i € {1,2}, Z has three independent paths Q%, Q%, Q% from b; to the
three vertices in {aq, b1, b, b3} —{b;}, respectively. If vyby € E(G) then G has a subdivision
of Ky with branch set {a1,b1,v1,v2, 23} using two of {Q},Q3,Q3} (which are from by to
a1,be), ajviby, ajvebe, PEU P2, vyby, a path in G[V(D3) U {a1}] from v to a;, and Pf’
(1 <j <4), acontradiction. Similarly, if v4be € E(G) we get a subdivision of K5 in G with
branch set {a1,ba,v1,v2, 23}, a contradiction. Thus v4b; ¢ E(G) for j = 1,2. Hence, v4 has
a neighbor in V(D3 —v3)U{a1,bs}. Since G is 4-connected, G[V (D3)U{aq,bs,v4}]| has two
disjoint paths from {v3,vs} to {a1,b3}. Now these two paths, Qi,Q%,Q3, ajviby,ajvobs,
P2UP}, and Pf’ (1 < j < 4) form a subdivision of K5 in G with branch set {aq, b1, v1, v, 23},
a contradiction.

Thus, let v € V(Z) — {a1,b1,b2,b3} be a neighbor of vy. We claim that there exist
distinct 7,5 € {1,2,3} such that Z has three independent paths @Q1,Q2,Q@s from v to



ay, by, bs, respectively. If Z — {by,bs, b3} does not contain a path from v to a; then, since
G is 4-connected, Z has a path from ay to {b1, b2, b3} and three independent paths from v
to by, b, bs, respectively; so the claim holds. If Z — {b1,bs, b3} contains a path from v to a;
then, since G is 4-connected, Z contains three independent paths from v to {ay, b1, be, b3};
so the claim follows from Lemma 2.4.

If {r,s} = {1,2}, then G has a subdivision of K5 with branch set {a;, v, vy, vs, x3} using
Q1,Q2,Q3, a1viby, ajvebe, P2 U P2, a path in G[V(Ds3) U {a;}] from v3 to a1, vug, and Pf’
(1 < j <4), a contradiction. So assume by symmetry between D; and Do that » = 1 and
s = 3. Then G has a subdivision of K5 with branch set {ay, v, v1,vs, 23} using Q1, Q2, @3,
aiv1by, a path in G[V(D3) U {a1,bs}] from a; to by through vs, ajve, P2 U P2, vvg, and Pf’
(1 <j <4), a contradiction.

Case (4.3). Lemma 2.2(iii) occurs.

Note that for each ¢ € {1,2}, if vy has no neighbor in Z; then, since G is 4-connected,
Z; is a triangle and G[V(D;) U {aj,b;}], j = 1,2, are triangles.

Suppose v4 has no neighbors in Z; U Z,. So Z1, Z; and G|V (D;)U{a;,b;}] (for j =1,2)
are triangles. Note that {as, b3, v1,v2} is a 4-cut in G and G[{a1, az, b1, b }] is a component
of G —{as, b3, v1,v2}. Contracting G[{ay,as,b1,b2}] to a single vertex u, we obtain from G
a graph that contains no subdivision of K5, and hence admits a 4-coloring. However this
4-coloring can be extended to a 4-coloring of G by assigning the color of u to a1, by and
greedily coloring as, by. This is a contradiction.

Now assume that vs has a neighbor v € V(Zi), but does not have a neighbor in
Zy. Then Zy and G[V(D;) U{a;,b;}] (j = 1,2) are triangles. Since G is 4-connected,
G[V(Ds3) U {as, bs}] has two independent paths from b3 to ag, vs, respectively, and Z; has
three independent paths from v to ai,as,as, respectively. These five paths, Zs, v;b;a;
(i = 1,2), vuy and Pj2 (j = 1,2,3,4) form a subdivision of K5 in G with branch set
{b1, b2, b3, v, z2}, a contradiction.

Similarly we get a contradiction if v4 has a neighbor in Z5, but does not have a neighbor
in Z1. So there exist z; € V(Z;) for i = 1,2 such that vyz; € E(G).

First, assume z1 ¢ {ai1,a2,a3} and zo ¢ {b1,ba,b3}. Since Hy — {vy,vq,v3,v4} = Cy is
connected, there exists r € {1,2,3} such that G[V(D,) U {a,, b, }] — v, contains a path Q,
from a, to b,. By the minimality of Z; U Zs, Z; has two disjoint paths from {z1,a,} to
{a1,a2,a3}—{a,}, say Ry, Ry from 21, a, to ap, aq, respectively, where {p, ¢} = {1,2,3}—{r}.
If G[V(Z3) U{v4}] has two disjoint paths from b, to v4 and from b, to by, then these paths,
Ry, Ry, Qy, z1v4, and paths in GV (D;) U{a;,b;}] (for j € {p,q}) from a; to b; through v;
form a cycle in Hy — v,, contradicting (1). So such paths do not exist in G[V(Z2) U {v4}].
Since G is 4-connected, G[V (Z3) U {v4}] is (4, {b1, ba, b3, v4})-connected; so by Lemma 2.3,
(G[V (Z2)U{va}], by, by, va, by) is planar. Then, by the minimality of Z1UZs, G[V (Z2)U{v4}]
has disjoint paths from v4 to b, and from b, to b,. Now these paths, R, Ra, @,, and paths
in G[V(D;) U{a;,b;}] (for j € {p,q}) from a; to b; through v; form a cycle in Hy — v,
contradicting (1).

Thus by symmetry we may assume that z; € {a,as,as} for every choice of z;. Hence
V(Z1) = {a1,a2,a3} by the minimality of Z (and since G is 4-connected). If vy is adjacent
to two of {a1,as2,as}, say ar and a; then we would get a cycle in H — v, (where m €
{1,2,3} — {k,1}) containing {vy, v, v4} using axvsa;, paths in G[D; + {a;,b;}] (for j = k,1)
between a; and b; through v;, and By (a path in Zs from by, to b;). This contradicts (1).



Thus, we may assume by symmetry that via; ¢ E(G); so vaay, € E(G) for some k € {2,3}
and vqas_ ¢ F(G). Hence, since G is 4-connected, G[V (D7) U {aq,b1}] is a triangle.

We claim that zo must be b,. For, suppose we may choose zy # b,. Then by the mini-
mality of Z; U Zy, Z5 contains disjoint paths Ry, Ry from {b1,b5_r} to 22, by, respectively.
By considering two cases by € V(Ry) or by € V(R3), we see that Ry, Ro, bjajas_g, agvsza,
and paths in G[V(D;) U {a;,b;}] (for j = 2,3) from a; to b; through v; form a cycle in
Hy — vy containing {vs, v3,v4}, a contradiction.

We further claim that vy is not adjacent to D5_j. For otherwise, since G is 4-connected,
we may assume that G[V (Ds_x)U{as_k, bs_k, v4}] has a path R from vy to as_j and through
Us_k, or from vy to bs_j through vs_j. Then we get a contradiction to (1) by finding a
cycle in Hy — vy containing {ve, v3,v4} using R, as_xa1b1bx Uagvy or bs_ibiaiar Ubguy, and
a path in G[V(Dy) U {ag, b }] from ay to by through vy.

Therefore, G|V (Ds_x U {as_k,bs_k}], Z1,Z> are triangles. Now {a,bg,v1,v5_1} is a
cut in G and G[{a1,b1,a5-,b5_k}| is a component of G — {ag, by, v1,v5_}. Contracting
G[{a1,b1,a5_k, bs_1}] to a single vertex u we obtain from G a graph containing no subdivi-
sion of K5, and hence admitting a 4-coloring, say c¢. Now ¢ can be extended to a 4-coloring
of G by coloring a; and bs_; with c¢(u), and then greedily coloring b; and as_j. This is a
contradiction and completes the proof of (4).

By (2) and (3) we may assume that v; and vy each have at least two neighbors in Hj,
and v1vg is the only possible edge in G[S]. Then by (4), v and vy each have degree 1 in Hj.
Let H be obtained from Hy U Hs by adding v1vy (if not already present) and identifying v
and v3. Let v denote the identification of vy and vs.

(5) H contains no subdivision of K.

Suppose to the contrary that K is a subdivision of K5 in H. Then v € V(K) as otherwise
K would be a subdivision of K5 in G.

Suppose v is not a branch vertex of K. Let vuj,vus denote the edges of K incident
with v. If there exists p € {2,3} such that v,u;,vpus € E(G) then K — v and ujvpus
form a subdivision of K5 in GG, a contradiction. So without loss of generality assume that
vouy,v3uy € E(G). Then K — v, P21 U P31, vou1 and wvgus form a subdivision of K5 in G, a
contradiction.

Thus v must be a branch vertex of K. Let vu;, i = 1,2, 3,4, be the edges of K incident
with v. If there exists p € {2,3} such that vyu; € E(G) for i = 1,2,3,4, then K — v and
vpu; (i =1,2,3,4) form a subdivision of K5 in G, a contradiction.

Suppose there exists p € {2,3} such that v, is adjacent to three of {u; : i = 1,2,3,4},
say ui,u2,u3, and vs_pus € E(G). Then K — v, P U P, vpu; (1 =1,2,3) and vs_pug form
a subdivision of K5 in G, a contradiction.

Thus, we may assume that v is adjacent to u; and wue, and vs is adjacent to us and
uq. Note that all branch vertices of K must be contained in V(C;) U {v,v1,v4} for some
I € {2,3}, say | = 3; for, otherwise both Cy and C5 would contain a branch vertex of K,
however H cannot have four independent paths between them (but K does), a contradiction.
Moreover, C3 contains at least two branch vertices of K, and |[{uy,u2,us,us} NV (C3)| > 2.
Let Q; denote the path in K between v and another branch vertex and containing vu; (but
no other branch vertex is internal to @Q;).



Suppose [{u, u2, us,us }NV(C5)| = 3. First, assume uy € V(Cy) and ug, uz, ug € V(Cs).
Note that @)1 must pass through {v;,v4} before entering V(C3) U {v1,v4}. We may assume
that Q1 enters C3 through v;. We can now produce a subdivision of K5 in G from K by
replacing vQ vy with Pl U P31, replacing vuy with P2 U P32 and vouo, and replacing vus
with vzus, and replacing vus with vzuy. This is a contradiction. Similarly, we derive a
contradiction for other cases when |[{uy, ug, ug,us} NV (Cs)| = 3.

Now suppose [{u1,ug, us,us} NV (C3)| = 2. First, assume uy,us € V(Cs) and us, ug €
V(Cs). Note that @1, Q2 must go through {v1,v4} before entering V(C3) U {v1,v4}. So we
may assume by symmetry that v; € V(Q1) and vy € V(Q2). We get a subdivision of Kj
in G from K by replacing vQivy with Pl U P}, replacing vQovy with P§ U P2, replacing
vug with vgug, and replacing vuy with vsug. This is a contradiction. Similarly, we derive a
contradiction if uj,us € V(C3) and ug, uq € V(Cy).

Therefore, we may assume without loss of generality that uy,us € V(Cq) and ug,uy €
V(Cs). Now (Qq,Qs3 must pass through {v;,vs} before entering V(Cs3) U {v1,v4}. So we
may assume v; € V(Q1) and vy € V(Q3). We obtain from K a subdivision of K5 in G by
replacing vQ1v; and vQ3v4 with le (1 < j < 4), replacing vug with voug, and replacing
vuy with vsuy. This is a contradiction and completes the proof of (5).

By (5), we see that H is 4-colorable. Let ¢: V(H) — {1,2,3,4} be a 4-coloring of H.
Without loss of generality we may assume c¢(v;) = 1 and ¢(v) = 2. We may also view c¢ as
a 4-coloring of Hy U Hs, with c(ve) = ¢(v3) = 2. We now extend this coloring to G. For
i = 3,4, let t; denote the neighbor of v; in Cj.

Case 1. c(vq) € {3,4}.

Without loss of generality, let c(vg) = 3. Let Hf := (Hy — {vs,v4}) + {v1v2, vot3}. If
H contains no subdivision of K5 then H| admits a 4-coloring ¢ : V(H}) — {1,2,3,4}.
Without loss of generality, we may assume that ¢/(v;) = 1 and ¢/(vy) = 2. Then ¢/(t3) # 2.
We may also assume ¢/(t4) # 3, otherwise we can exchange the colors 3 and 4 for ¢/. It is
easy to see that ¢ and ¢ combined gives a 4-coloring of G, a contradiction.

So Hj contains a subdivision of K5, say K. Let K’ be obtained from K as follows: if
v1ve € E(K) we replace vjve with P2UPZ, and if vots € E(K) we replace vots with Py U Pj
and wvst3. Then K’ is a subdivision of K5 in G, a contradiction.

Case 2. c(vg) = 2.

Let H| := (Hy — {vs,v4}) + {vive, vats, vats}. If H| has no subdivision of K5 then Hj
admits a 4-coloring ¢ : V(H{) — {1,2,3,4}. Without loss of generality, we may assume
that ¢(v1) = 1 and ¢/(vy) = 2. Then ¢/(t3) # 2 and (t4) # 2. It is easy to see that ¢ and
¢ combined gives a 4-coloring of G, a contradiction.

So Hj must contain a subdivision of K5, say K. Then vy € V(K) as otherwise K
would be a subdivision of K5 in G. If vovy,vats, vaty € E(K) then replacing them with
Pj2 (1 < j < 4), vsts, and vgty, we produce a subdivision of K5 in G, a contradiction.
Now suppose exactly one of {vovy, vats, vots} is in K. We get a contradiction by finding a
subdivision of K5 in G from K as follows: if vov; € E(K) we replace it with PZ U P2, if
vty € E(K) we replace it with P7 U P? and vsts, and if vaty € E(K) we replace it with
P22 U P42 and vygty. So exactly two of {vavy, vats, vats} are in K. Let K’ be obtained from K
as follows. If vyvy, vots € E(K) we replace vyv; with P12 UP22, and replace vot3 with P23 UPg’
and vsts. If vovy, vaty € E(K) we replace vov; with P12 U P22, and replace voty with P23 U Pf
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and vgty. If vots, vaty € E(K) we replace vots with P22 U P32 and wsts, and replace voty with
P23 U Pf’ and vyts. In each case we see that K’ is a subdivision of K5 in GG, a contradiction.

Case 3. c(vq) = 1.

Let H| := (Hy — {vs,v4}) + {v1v2, vats, v1t4}. If H| has no subdivision of K5 then
H{ admits a 4-coloring, say ¢ : V(H]) — {1,2,3,4}. Without loss of generality, we may
assume that /(v1) =1 and ¢/(v9) = 2. Then ¢ (t3) # 2 and /(t4) # 1. It is easy to see that
c and ¢’ combined gives a 4-coloring of G, a contradiction.

So H] contains a subdivision of K5, and we denote it by K. If Hs contains disjoint paths
Q1,Q2 from vy,ve to vy, vs, respectively, then we obtain a contradiction by constructing
a subdivision of K5 in G from K as follows: If v1ty € E(K) we replace vity with Q1 and
vaty, if vots € E(K) we replace vots with Q2 and wvsts, and if vive € E(K) we replace it
with PP U Psy. So Q1,Q2 do not exist in Ha; hence by Lemma 2.3, (Ha,v1,v2,v4,v3) is
planar. Similarly, (Hs,v1,v9,v4,v3) is planar. Thus, (Hs U H3) + v1vg is a planar graph,
and identifying vs, v3, v4 results in a planar graph H’. So H' contains no subdivision of K3,
and hence admits a 4-coloring. Now this 4-coloring of H' gives a 4-coloring ¢* of Hy U Hj
for which we may assume c¢*(v1) = 1, ¢*(ve) = ¢*(v3) = ¢*(v4) = 2. With ¢* replacing ¢, we
get back to Case 2. This completes the proof of Theorem 1.1. |
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