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Abstract

For a positive integer m, let f(m) be the maximum value t such that any graph with
m edges has a bipartite subgraph of size at least t, and let g(m) be the minimum value s
such that for any graph G with m edges there exists a bipartition V (G) = V1 ∪ V2 such
that G has at most s edges with both incident vertices in Vi. Alon proved that the limsup
of f(m)− (m/2 +

√

m/8) tends to infinity as m tends to infinity, establishing a conjecture
of Erdős. Bollobás and Scott proposed the following judicious version of Erdős’ conjecture:
the limsup of m/4+

√

m/32− g(m) tends to infinity as m tends to infinity. In this paper,
we confirm this conjecture. We also generalize Alon’s result to k-partitions, which should
be useful for generalizing the above Bollobás-Scott conjecture to k-partitions.
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1 Introduction

Let G be a graph and e ∈ E(G). We will use V (e) to denote the set of the vertices of G
incident with e. Let S, T ⊆ V (G). We write eG(S) := |{e ∈ E(G) : V (e) ⊆ S}|, (S, T )G :=
{e ∈ E(G) : V (e) ∩ S 6= ∅ 6= V (e) ∩ T}, and eG(S, T ) := |(S, T )G|. If S = {v}, then we
simply write eG(v, T ) for eG({v}, T ). For any integer k ≥ 2 and any k-partition V1, V2, ..., Vk

of V (G), let eG(V1, V2, ..., Vk) =
∑

1≤i<j≤k e(Vi, Vj). When understood, the reference to G in
the subscript will be dropped.

Again let G be a graph. We write e(G) := |E(G)|. For any integer k ≥ 2, let fk(G) denote
the maximum number of edges in a k-partite subgraph of G. For any integers k ≥ 2 and
m ≥ 1, let fk(m) := min{fk(G) : e(G) = m}. Let f(G) := f2(G) and f(m) := f2(m).

The problem for deciding f(G) is NP-hard, and there has been extensive work on approx-
imating f(G), see [3,13–15,19]. On the other hand, it is easy to prove that any graph with m
edges has a partition V1, V2 with e(V1, V2) ≥ m/2. Edwards [10,11] improved this lower bound
by showing

f(m) ≥ m

2
+

1

4

(

√

2m + 1/4 − 1

2

)

= m/2 +
√

m/8 + O(1).

This is best possible, as K2n+1 are extremal graphs. Erdős [12] conjectured that the limsup of

f(m) − (m/2 +
√

m/8)

tends to infinity as m tends to infinity. Alon [1] confirmed this conjecture with the following

Theorem 1.1 (Alon) There exist absolute constants c > 0 and M > 0 such that for every

even integer n > M , if m = n2/2 then

f(m) ≥ m/2 +
√

m/8 + cm1/4.

Bollobás and Scott [4] considered problems in which one needs to find a partition of a given
graph or hypergraph to optimize several quantities simultaneously. Such problems are called
judicious partitioning problems, and we refer the reader to [6–8, 16] for more problems and
references.

Let G be a graph and k a positive integer; we use gk(G) to denote the minimal number t
such that there exists a k-partition V (G) = V1 ∪ . . . ∪ Vk satisfying e(Vi) ≤ t for i = 1, ..., k.
For any positive integers k and m, let gk(m) := max{gk(G) : e(G) = m}. Let g(G) := g2(G)
and g(m) := g2(m).

The problem of determining g(G) is known as the Bottleneck Graph Bipartition Problem

and is shown to be NP-hard, see [17]. On the other hand, Bollobás and Scott [5] showed that
for any positive integer m

g(m) ≤ m

4
+

1

8
(
√

2m + 1/4 − 1/2) = m/4 +
√

m/32 + O(1).

This bound is sharp, as K2n+1 are extremal graphs. Bollobás and Scott [6] (also see [16])
proposed the following judicious version of Erdős’ conjecture.
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Conjecture 1.2 (Bollobás and Scott) The limsup of

m/4 +
√

m/32 − g(m)

tends to infinity as m tends to infinity.

The main goal of this paper is to prove the following result which confirms Conjecture 1.2.
Theorem 1.1 plays an important role in our proof.

Theorem 1.3 There exist absolute constants d > 0 and N > 0 such that for every even

integer n > N , if m = n2/2 then

g(m) ≤ m/4 +
√

m/32 − dm1/4.

Bollobás and Scott [7] (also see [6]) extended Edwards’ bound to k-partitions of graphs
and proved that the vertex set of any graph with m edges can be partitioned into V1, . . . , Vk

such that

e(V1, . . . , Vk) ≥
k − 1

k
m +

k − 1

2k
(
√

2m + 1/4 − 1/2) + O(k),

with equality when G is the complete graph of order kn+1. Bollobás and Scott [5] also showed
that the vertex set of any graph G with m edges can be partitioned into V1, . . . , Vk such that
for i ∈ {1, 2, . . . , k},

e(Vi) ≤
m

k2
+

k − 1

2k2
(
√

2m + 1/4 − 1/2).

Recently, Xu and Yu [18] showed that a partition V1, . . . , Vk can be found that satisfies both
inequalities simultaneously, generalizing an earlier bipartition result of Bollobás and Scott [5].

It is natural to ask whether Theorems 1.1 and 1.3 can be extended to k-partitions. Here
we present the following generalization of Theorem 1.1, which we think should be useful for
extending Theorem 1.3 to k-partitions.

Theorem 1.4 For any integer k ≥ 2, there exist positive constants c(k) = O(1/
√

k) and

N(k) = O(k3) such that for every even integer n > N(k), if m = n2/2 then

fk(m) ≥ k − 1

k
m +

k − 1

2k

√
2m + c(k)m1/4.

We organize this paper as follows. In Section 2, we prove Theorem 1.3. In Section 3, we
prove Theorem 1.4 by refining Alon’s original proof of Theorem 1.1. In Section 4, we offer
some concluding remarks.

2 Bipartitions

In this section, we prove Theorem 1.3. Our proof is divided into several cases according to
values of f(G) − e(G)/2. Since we will be using maximum bipartite subgraphs to find good
judicious partitions, we need a result from [2] which establishes a connection between f(G) and
g(G); a similar connection between fk(G) and gk(G) can be found in Bollobás and Scott [9].
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Lemma 2.1 (Alon, Bollobás, Krivelevich and Sudakov) Let G be a graph with m edges and

f(G) = m/2+δ. If δ ≥ m/30 then there exists an absolute constant D such that, when m ≥ D
there exists a bipartition V (G) = V1 ∪ V2 satisfying

max{e(V1), e(V2)} ≤ m

4
− m

100
.

If δ ≤ m/30, then there exists a partition V (G) = V1 ∪ V2 such that

max{e(V1), e(V2)} ≤ m

4
− δ

2
+

10δ2

m
+ 3

√
m.

Lemma 2.1 implies Theorem 1.3 for graphs G with e(G) = m and f(G)−m/2 = δ ≥ m/30.
The following easy consequence of Lemma 2.1 proves Theorem 1.3 for graphs G with e(G) = m
and f(G) − m/2 ≥ m/104.

Lemma 2.2 There exists an absolute constant M1 > 0 such that the following holds. If G
is a graph with m edges and f(G) = m/2 + δ, m ≥ M1, and δ ≥ m/104, then there exists a

bipartition V (G) = V1 ∪ V2 such that for i = 1, 2,

e(Vi) ≤
m

4
− m

4 × 104
.

Proof. Let G be a graph with m edges and f(G) = m/2 + δ, and assume δ ≥ m/104. By
Lemma 2.1, we may assume that m/104 ≤ δ ≤ m/30 (so we will require M1 ≥ D) and that
there exists a partition V (G) = V1 ∪ V2 such that for i = 1, 2,

e(Vi) ≤
m

4
− δ

2
+

10δ2

m
+ 3

√
m.

Let h(δ) := −δ/2 + 10δ2/m. Differentiating with respect to δ, we have h′(δ) = −1/2 +
20δ/m. So h′(δ) ≥ 0 when δ ≥ m/40, and h′(δ) ≤ 0 when δ ≤ m/40. Thus, since m/104 ≤
δ ≤ m/30,

h(δ) ≤ max{h(m/104), h(m/30)} = max

{

−1

2

m

104
+

m

107
,−m

60
+

m

90

}

= −1

2

m

104
+

m

107
.

Hence, for i = 1, 2,

e(Vi) ≤
m

4
+ 3

√
m − 1

2

m

104
+

m

107
.

Clearly, there exists constant M1 ≥ D > 0 such that when m ≥ M1,

3
√

m − 1

2

m

104
+

m

107
≤ − m

4 × 104
.

Hence e(Vi) ≤ m/4 − m/(4 × 104).

In view of Lemma 2.2, it suffices to prove Theorem 1.3 for graphs G with f(G) − m/2 ≤
m/104. Hence we need to find special vertices that we could use to modify existing bipartitions.
This will be done in the next lemma and Lemma 2.5, using an approach similar to ones
in [2, 5, 9].
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Lemma 2.3 Let G be a graph with m edges, and assume f(G) = m/2 + δ, where δ ≤ m/104.

Suppose V (G) = V1 ∪ V2 is a partition such that e(v, V1) ≤ e(v, V2) for every v ∈ V1, and

e(V1) ≥ m/4 − δ/2. Then there exists v ∈ V1 such that

e(v, V1) ≤
√

m/2 + 3
√

δ and e(v, V2) ≤ (1 + 20
√

δ/m)e(v, V1).

Proof. Let
T = {v ∈ V1 : e(v, V1) >

√

m/2 + 3
√

δ}
and

S = {v ∈ V1 : e(v, V2) >
(

1 + 20
√

δ/m
)

e(v, V1)}.

We will show that
∑

v∈V1
e(v, V1) >

∑

v∈S∪T e(v, V1) from which the existence of the desired
vertex v follows. To this end, we bound

∑

v∈T e(v, V1) and
∑

v∈S e(v, V1).
Since e(v, V1) ≤ e(v, V2) for all v ∈ V1, we have

e(V1) =
1

2

∑

v∈V1

e(v, V1) ≤
1

2

∑

v∈V1

e(v, V2) =
1

2
e(V1, V2) ≤

f(G)

2
=

m

4
+

δ

2
.

On the other hand,

2e(V1) =
∑

v∈V1

e(v, V1) ≥
∑

v∈T

e(v, V1) >
(

√

m/2 + 3
√

δ
)

|T |.

Therefore

|T | <
2e(V1)

√

m/2 + 3
√

δ
≤ m/2 + δ
√

m/2 + 3
√

δ
<
√

m/2 − 3

2

√
δ,

where the final inequality holds because δ ≤ m/104. Hence

∑

v∈T

e(v, V1) ≤ e(V1) + e(T ) < e(V1) +
1

2
|T |2 < e(V1) +

1

2

(

√

m/2 − 3

2

√
δ

)2

.

Since δ ≤ m/104,
∑

v∈T

e(v, V1) < e(V1) +
m

4
− 3

4

√

mδ/2.

Note that e(V1, V2) =
∑

v∈S e(v, V2) +
∑

v∈V1−S e(v, V2); so

e(V1, V2) ≥
(

1 + 20
√

δ/m
)

∑

v∈S

e(v, V1) +
∑

v∈V1−S

e(v, V1) = 2e(V1) + 20
√

δ/m
∑

v∈S

e(v, V1).

Therefore, since e(V1) ≥ m/4 − δ/2 and e(V1, V2) ≤ f(G) = m/2 + δ,

∑

v∈S

e(v, V1) <
1

20

√

m/δ(e(V1, V2) − 2e(V1)) ≤
1

20

√

m/δ

(

m

2
+ δ − 2

(

m

4
− δ

2

))

=
1

10

√
mδ.

Combining the above bounds on
∑

v∈T e(v, V1) and
∑

v∈S e(v, V1), we have

∑

v∈S∪T

e(v, V1) ≤
∑

v∈S

e(v, V1) +
∑

v∈T

e(v, V1) < e(V1) +
m

4
− 3

8

√

mδ/2.
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Since e(V1) ≥ m/4 − δ/2, we have

∑

v∈V1

e(v, V1) = 2e(V1) ≥ e(V1) +
m

4
− δ

2
> e(V1) +

m

4
− 3

8

√

mδ/2 >
∑

v∈S∪T

e(v, V1),

where the second equality holds because δ ≤ m/104. So V1 − (S ∪ T ) 6= ∅ and the desired
vertex exists.

The following result says that there exists constant C > 0 such that Theorem 1.3 holds for
graphs G with m edges and

√

m/8 + Cm1/4 ≤ f(G) − m/2 ≤ m/104.

Lemma 2.4 Let c be the constant in Theorem 1.1, let d = c/4, and let C := 2(70+ d). There

exists an absolute constant M2 > 0 such that the following holds. If G is a graph with m edges,

f(G) = m/2 + δ, m ≥ M2, and
√

m/8 + Cm1/4 ≤ δ ≤ m/104, then there exists a partition

V (G) = V1 ∪ V2 such that for i = 1, 2,

e(Vi) ≤ m/4 +
√

m/32 − dm1/4.

Proof. Let G be a graph with m edges and f(G) = m/2+δ, and assume that
√

m/8+Cm1/4 ≤
f(G) − m/2 ≤ m/104. Let V (G) = U1 ∪ U2 be a partition such that

e(U1, U2) = f(G) =
m

2
+ δ.

Without loss of generality we may assume e(U1) ≥ e(U2). Note that e(v, U1) ≤ e(v, U2) for
every v ∈ U1; otherwise, e(U1 − {v}, U2 ∪ {v}) > e(U1, U2) = f(G), a contradiction. Hence

e(U1) =
1

2

∑

v∈U1

e(v, U1) ≤
1

2

∑

v∈U1

e(v, U2) =
1

2
e(U1, U2) =

m

4
+

δ

2
.

We now define a process to move vertices from U1 to U2, using Lemma 2.3, such that in
the end we get the desired partition.

• Initially, we set V 0
1 := U1, V

0
2 := U2. Let V i

1 ∪ V i
2 denote the partition of V (G) after the

ith iteration.

• If e(V i
1 ) ≤ m/4 − δ/2 + (

√

m/2 + 3
√

δ)/2, set V1 := V i
1 and V2 := V i

2 , and stop.

• If e(V i
1 ) > m/4− δ/2 + (

√

m/2 + 3
√

δ)/2 then by Lemma 2.3, there exists ui ∈ V i
1 such

that

e(ui, V
i
1 ) ≤

√

m/2 + 3
√

δ and e(ui, V
i
2 ) ≤

(

1 + 20
√

δ/m
)

e(ui, V
i
1 ).

Set V i+1
1 := V i

1 − {ui}, V i+1
2 := V i

2 ∪ {ui}, and repeat the above steps for V i+1
1 , V i+1

2 .

Note that, after i iterations (for each i), we always have e(v, V i
1 ) ≤ e(v, V i

2 ) for every v ∈ V i
1 ;

so Lemma 2.3 may be applied to V i
1 , V i

2 . Let V1 = V k
1 , V2 = V k

2 denote the final partition,
after k iterations. Then

e(V1) ≤
m

4
− δ

2
+

1

2

√

m/2 +
3

2

√
δ.
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Moreover, since V1 is obtained from V k−1
1 by moving uk−1 to V k−1

2 , we have

e(V1) >
m

4
− δ

2
− 1

2
(
√

m/2 + 3
√

δ).

Since e(V1) = e(U1) −
∑k−1

i=0 e(ui, V
i
1 ), we have

k−1
∑

i=0

e(ui, V
i
1 ) = e(U1) − e(V1) < e(U1) −

m

4
+

δ

2
+

1

2
(
√

m/2 + 3
√

δ).

Hence, since e(U2) = m − e(U1, U2) − e(U1) = m/2 − δ − e(U1) and e(ui, V
i
2 ) < (1 +

20
√

δ/m)e(ui, V
i
1 ), we have

e(V2) = e(U2) +
k−1
∑

i=0

e(ui, V
i
2 )

≤ m

2
− δ − e(U1) + (1 + 20

√

δ/m)

k−1
∑

i=0

e(ui, V
i
1 )

≤ m

2
− δ − e(U1) + (1 + 20

√

δ/m)

(

e(U1) −
m

4
+

δ

2
+

1

2

√

m/2 +
3

2

√
δ

)

=
m

4
− δ

2
+

1

2

√

m/2 +
3

2

√
δ + 20

√

δ/m

(

e(U1) −
m

4
+

δ

2
+

1

2

√

m/2 +
3

2

√
δ

)

≤ m

4
− δ

2
+

1

2

√

m/2 +
3

2

√
δ + 20

√

δ/m

(

δ +
1

2

√

m/2 +
3

2

√
δ

)

(since e(U1) ≤ m/4 + δ/2)

=
m

4
− δ

2
+
√

m/8 + (3/2 + 5
√

2)
√

δ + 20
δ3/2

√
m

+ 30
δ√
m

.

Therefore,

max{e(V1), e(V2)} ≤ m

4
+
√

m/8 − δ

2
+ (3/2 + 5

√
2)
√

δ + 20
δ3/2

√
m

+ 30
δ√
m

.

Let

h(δ) := −δ

2
+ (3/2 + 5

√
2)
√

δ + 20
δ3/2

√
m

+ 30
δ√
m

.

Differentiating with respect to δ, we have

h′(δ) = −1

2
+ (3/2 + 5

√
2)

1

2
√

δ
+

30√
m

√
δ +

30√
m

.

Since C = 2(70 + d) is an absolute constant and because
√

m/8 + Cm1/4 ≤ δ ≤ m/104, it is
easy to see that there exists an absolute constant M2 > 0 such that if m ≥ M2 then h′(δ) < 0
and

√

m/8 + Cm1/4 <
√

m.
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Thus, h(δ) is a decreasing function when m ≥ M2. Hence, if m ≥ M2 then

max{e(V1), e(V2)}
≤m

4
+
√

m/8 + h(δ)

≤m

4
+
√

m/8 + h(
√

m/8 + Cm1/4)

=
m

4
+
√

m/8 −
√

m/8 + Cm1/4

2
+ (3/2 + 5

√
2)

√

√

m/8 + Cm1/4

+
20√
m

(

√

m/8 + Cm1/4
)3/2

+ 30

√

m/8 + Cm1/4

√
m

<
m

4
+
√

m/32 − C

2
m1/4 + 20m1/4 + 20m1/4 + 30m1/4 (since

√

m/8 + Cm1/4 <
√

m)

=
m

4
+
√

m/32 − dm1/4 (since C = 2(70 + d)),

completing the proof of this lemma.

The next result is similar to Lemma 2.3 which is needed to prove Theorem 1.3 for graphs
G with m edges and f(G) − m/2 ≤

√

m/8 + Cm1/4.

Lemma 2.5 Let c be the constant in Theorem 1.1 and d,C be the constants in Lemma 2.4.

There exists an absolute constant M3 > 0 such that the following holds. If

• G is a graph with m ≥ M3 edges,

• f(G) = m/2 + δ,

•
√

m/8 + cm1/4 ≤ δ ≤
√

m/8 + Cm1/4,

• V (G) = V1 ∪ V2 is a partition such that e(v, V1) ≤ e(v, V2) for every v ∈ V1, and

e(V1) ≥ m/4 +
√

m/32 − dm1/4

then there exists v ∈ V1, such that

e(v, V1) ≤
√

m/2 +
c

6

√
δ and e(v, V2) ≤

(

1 +
c

4

√

δ/m
)

e(v, V1).

Proof. Let G be a graph with m edges and assume that f(G) = m/2+δ, with
√

m/8+cm1/4 ≤
δ ≤

√

m/8 + Cm1/4. Let V (G) = V1 ∪V2 be a partition such that e(v, V1) ≤ e(v, V2) for every
v ∈ V1, and e(V1) ≥ m/4 +

√

m/32 − dm1/4. Let

T =
{

v ∈ V1 : e(v, V1) >
√

m/2 +
c

6

√
δ
}

and
S =

{

v ∈ V1 : e(v, V2) >
(

1 +
c

4

√

δ/m
)

e(v, V1)
}

.

Since e(v, V1) ≤ e(v, V2) for all v ∈ V1, we have

e(V1) ≤
1

2
e(V1, V2) ≤

f(G)

2
=

m

4
+

δ

2
.

8



On the other hand,

2e(V1) ≥
∑

v∈T

e(v, V1) >
(

√

m/2 +
c

6

√
δ
)

|T |.

Thus

|T | <
2e(V1)

√

m/2 + c
6

√
δ
≤ m/2 + δ
√

m/2 + c
6

√
δ
.

Since
√

m/8 + cm1/4 ≤ δ ≤
√

m/8 + Cm1/4, there exists an absolute constant L1 > 0 such
that when m ≥ L1,

|T | <
m/2 + δ

√

m/2 + c
6

√
δ

<
√

m/2 − c

12

√
δ.

Hence
∑

v∈T

e(v, V1) ≤ e(V1) + e(T ) < e(V1) +
1

2

(

√

m/2 − c

12

√
δ
)2

.

So there exists an absolute constant L2 > 0 such that when m ≥ L2,

∑

v∈T

e(v, V1) ≤ e(V1) +
m

4
− c

24

√

mδ/2.

Since e(V1, V2) =
∑

v∈S e(v, V2) +
∑

v∈V1−S e(v, V2),

e(V1, V2) ≥
(

1 +
c

4

√

δ/m
)

∑

v∈S

e(v, V1) +
∑

v∈V1−S

e(v, V1) = 2e(V1) +
c

4

√

δ/m
∑

v∈S

e(v, V1).

Therefore
∑

v∈S

e(v, V1) ≤
4

c

√

m/δ(e(V1, V2) − 2e(V1)).

Since e(V1) ≥ m/4 +
√

m/32 − dm1/4 and e(V1, V2) ≤ m/2 + δ,

∑

v∈S

e(v, V1) ≤
4

c

√

m/δ
(m

2
+ δ − 2

(m

4
+
√

m/32 − dm1/4
))

=
4

c

√

m/δ(δ −
√

m/8 + 2dm1/4)

≤ 4

c
(C + 2d)

√

m/δm1/4 (because δ ≤
√

m/8 + Cm1/4).

Again, because e(V1) ≥ m/4 +
√

m/32 − dm1/4,

∑

v∈V1

e(v, V1) = 2e(V1) ≥ e(V1) + m/4 +
√

m/32 − dm1/4.

Since δ = Θ(
√

m), there exists an absolute constant L3 > 0 such that when m ≥ L3,

√

m/32 − dm1/4 >
4

c
(C + 2d)

√

m/δm1/4 − c

24

√

mδ/2.

9



Let M3 = max{L1, L2, L3}. Then when m ≥ M3,

∑

v∈V1

e(v, V1) >
∑

v∈S∪T

e(v, V1),

which implies that V1 − (S ∪ T ) 6= ∅.

Proof of Theorem 1.3. Let c,M be the absolute constants in Theorem 1.1, and let
M1,M2,M3 be the absolute constants in Lemmas 2.2, 2.4 and 2.5. Let d = c/4, M ′ :=
max{M1,M2,M3}, N ′ := ⌈(2M ′)1/2⌉, and N = max{N ′,N ′′,M}, where N ′′ is an absolute
constant to be determined later.

Let m = n2/2, where n is an even number and n ≥ N ; so n ≥ M and m ≥ Mi for i = 1, 2, 3,
and hence we may apply Theorem 1.1 and Lemmas 2.2 and 2.4 and 2.5.

Let G be a graph with m edges and f(G) = m/2 + δ. By Theorem 1.1, Lemma 2.2 and
2.4, we may assume that

√

m/8 + cm1/4 ≤ δ ≤
√

m/8 + Cm1/4.

Let V (G) = U1 ∪ U2, with e(U1, U2) = f(G) = m
2 + δ and e(U1) ≥ e(U2). Then e(v, U1) ≤

e(v, U2) for every v ∈ U1; otherwise, e(U1−{v}, U2∪{v}) > e(U1, U2) = f(G), a contradiction.
We now describe a process similar to that in the proof of Lemma 2.4, to obtain the desired

partition.

• Set V 0
1 := U1, V

0
2 := U2, and let V (G) = V i

1 ∪ V i
2 be the partition obtained after i

iterations.

• If e(V i
1 ) ≤ m/4 +

√

m/32 − dm1/4, then set V1 := V i
1 and V2 := V i

2 , and stop.

• If e(V i
1 ) > m/4+

√

m/32−dm1/4 then by Lemma 2.5, there exists a vertex ui ∈ V i
1 such

that

e(ui, V
i
1 ) ≤

√

m/2 +
c

6

√
δ and e(ui, V

i
2 ) ≤

(

1 +
c

4

√

δ/m
)

e(ui, V
i
1 ).

Set V i+1
1 := V i

1 − {ui}, V i+1
2 := V i

2 ∪ {ui}, and repeat the above steps for V i+1
1 , V i+1

2 .

Note that, in each iteration of the above procedure, we always have e(v, V i
1 ) ≤ e(v, V i

2 ) for
every v ∈ V i

1 ; thus Lemma 2.5 may be applied for V i
1 , V i

2 . Let V1 = V k
1 , V2 = V k

2 be the final
partition, obtained after k steps. Then

e(V1) ≤ m/4 +
√

m/32 − dm1/4,

and
e(V1) > m/4 +

√

m/32 − dm1/4 −
(

√

m/2 +
c

6

√
δ
)

.

Since e(v, U1) ≤ e(v, U2) for every v ∈ U1,

e(U1) ≤
1

2
e(U1, U2) =

m

4
+

δ

2
.

10



Since e(V1) = e(U1) −
∑k−1

i=0 e(ui, V
i
1 ), we have

k−1
∑

i=0

e(ui, V
i
1 ) = e(U1) − e(V1) < e(U1) − m/4 −

√

m/32 + dm1/4 +
√

m/2 +
c

6

√
δ.

Then, since e(V2) = e(U2) +
∑k−1

i=0 e(ui, V
i
2 ), e(ui, V

i
2 ) ≤

(

1 + c
4

√

δ
m

)

e(ui, V
i
1 ) and e(U1) ≤

m/4 + δ/2, we have

e(V2) ≤
m

2
− δ − e(U1) +

(

1 +
c

4

√

δ

m

)

k−1
∑

i=0

e(ui, V
i
1 )

<
m

2
− δ − e(U1) +

(

1 +
c

4

√

δ/m
)(

e(U1) −
m

4
−
√

m/32 + dm1/4 +
√

m/2 +
c

6

√
δ
)

=
m

4
− δ + 3

√

m/32 + dm1/4 +
c

6

√
δ +

c

4

√

δ/m
(

e(U1) −
m

4
+ 3
√

m/32 + dm1/4 +
c

6

√
δ
)

≤ m

4
− δ + 3

√

m/32 + dm1/4 +
c

6

√
δ +

c

4

√

δ/m

(

δ

2
+ 3
√

m/32 + dm1/4 +
c

6

√
δ

)

.

Since
√

m/8 + cm1/4 ≤ δ ≤
√

m/8 + Cm1/4, there exists an absolute constant N0 > 0 such
that dm1/4 + (c/6)

√
δ <

√

m/32 when n ≥ N0. Hence,

e(V2) <
m

4
− δ + 3

√

m/32 + dm1/4 +
c

6

√
δ +

c

4

√

δ/m

(

δ

2
+ 4

√

m

32

)

=
m

4
+ 3
√

m/32 + dm1/4 − δ +

(

c

6
+

c√
32

)√
δ +

c

8
√

m
δ3/2.

We now consider

h(δ) := −δ +

(

c

6
+

c√
32

)√
δ +

c

8
√

m
δ3/2.

Differentiating h(δ) with respect to δ, we get

h′(δ) = −1 +

(

c

6
+

c√
32

)

1

2
√

δ
+

3c

16
√

m

√
δ.

Since
√

m/8 + cm1/4 ≤ δ ≤
√

m/8 + Cm1/4, there exists an absolute constant N1 such that
whenever n ≥ N1, h′(δ) < 0 and

√

m/8 + cm1/4 <
√

m. Thus, we take N ′′ := max{N1,N0}
in defining N . So h(δ) is a decreasing function when n ≥ N . Hence, for n ≥ N ,

h(δ) ≤ h(
√

m/8 + cm1/4)

≤ −(
√

m/8 + cm1/4) +

(

c

6
+

c√
32

)
√

√

m/8 + cm1/4 +
c

8
√

m

(

√

m/8 + cm1/4
)3/2

< −(
√

m/8 + cm1/4) +

(

c

6
+

c√
32

)

m1/4 +
1

8
cm1/4 (since

√

m/8 + cm1/4 <
√

m)

= −
√

m/8 +

(

−1 +
1

6
+

1√
32

+
1

8

)

cm1/4

11



Therefore,

e(V2) ≤
m

4
+ 3
√

m/32 + dm1/4 + h(δ)

≤ m

4
+ 3
√

m/32 + dm1/4 −
√

m/8 +

(

−1 +
1

6
+

1√
32

+
1

8

)

cm1/4

<
m

4
+
√

m/32 − dm1/4 (since d = c/4).

This completes the proof of Theorem 1.3.

3 k-Partitions

In this section we generalize the proof of Alon in [1] to prove Theorem 1.4. We need the
following lemma which appears in several articles, for example, as Lemma 2.1 in [1].

Lemma 3.1 Let G = (V,E) be an s-colorable graph with m edges. Then for any positive

integer k ≤ s,

fk(G) ≥ t(s, k)
(s
2

) m, where t(s, k) =
∑

1≤i<j≤k

⌊

s + i − 1

k

⌋⌊

s + j − 1

k

⌋

.

We will be using Lemma 3.1 for t(ks, k). Note that

t(ks, k) = s2

(

k

2

)

and t(ks, k)/

(

ks

2

)

=
k − 1

k
+

k − 1

k

1

ks − 1
.

Another result we need is due to Bollobás and Scott [7].

Lemma 3.2 (Bollobás and Scott) Let k ≥ 2 be an integer and let G be a graph with m edges.

Then there exists a partition V (G) = V1 ∪ . . . ∪ Vk such that

e(V1, ..., Vk) ≥ k − 1

k
m +

k − 1

2k
(
√

2m + 1/4 − 1/2) + O(k),

where the O(k) term is (−k2 + 4k − 4)/(8k).

Proof of Theorem 1.4. Fix k ≥ 2, and let ǫ = 1
16

√
k
, c(k) = 21/4

8 ǫ, and N(k) = 322k3. (We

do not attempt to optimize these constants.) Let n be an even integer such that n ≥ N(k).
Consider an arbitrary graph G with m = n2/2 edges. Let s denote the unique integer satisfying
n − ǫ

√
n + 1 < ks ≤ n − ǫ

√
n + k + 1.

Claim 1. We may assume that χ(G) ≥ ks + 1.

12



For, suppose G is ks-colorable. Then

fk(G) ≥ t(ks, k)
(

ks
2

) m (by Lemma 3.1)

=
k − 1

k
m +

k − 1

k

m

ks − 1

≥ k − 1

k
m +

k − 1

2k

n2

n − ǫ
√

n + k
(since m = n2/2 and ks ≤ n − ǫ

√
n + k + 1)

≥ k − 1

k
m +

k − 1

2k

(

n +
ǫ

2

√
n
)

(since n ≥ N(k) = 322k3 and ǫ = 1/(16
√

k))

≥ k − 1

k
m +

k − 1

2k

√
2m +

1

8
ǫ(2m)1/4 (since m = n2/2 and (k − 1)/(4k) ≥ 1/8).

This proves Claim 1.

Let H ⊆ G such that χ(H) = χ(G) and H is vertex-critical. Then

δ(H) ≥ χ(G) − 1 ≥ ks ≥ n − ǫ
√

n.

Since e(H) ≤ n2/2, |V (H)| ≤ 2e(H)/δ(H) ≤ n + 2ǫ
√

n. Then there are at least n − 4ǫ
√

n
color classes of size 1 in any proper coloring of H using χ(G) colors. So there exists a complete
subgraph R of G with |V (R)| := n − r ≥ n − 4ǫ

√
n.

Note that r ≤ 4ǫ
√

n and

e(R) =

(

n − r

2

)

=
n2

2
− (2r + 1)

n

2
+

r(r + 1)

2
.

Hence,
√

e(R) =
n − r + 1/2√

2
+ O(1) ≥ √

m − ǫ
√

8n + O(1),

where the O(1) term is 1/(2
√

2) − 1/8. Let W := V (G) − V (R). Then

e(W ) + e(R,W ) = m − e(R) = r(n − r) +
n

2
+

r2 − r

2
.

Claim 2. We may assume that e(W ) ≤ n/(8k).
Otherwise, assume e(W ) ≥ n/(8k). By Lemma 3.2, there exist k-partitions W =

⋃k
i=1 Wi

and V (R) =
⋃k

i=1 Ri such that

e(W1, ...,Wk) ≥ k − 1

k
e(W ) +

k − 1

2k

√

2e(W ) + O(k)

≥ k − 1

k
e(W ) +

k − 1

4k

√

n/k + O(k),

and e(R1, ..., Rk) ≥ k − 1

k
e(R) +

k − 1

2k

√

2e(R) + O(k)

≥ k − 1

k
e(R) +

k − 1

2k

√
2m − k − 1

2k
4ǫ
√

n + O(k).
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For any permutation π ∈ [k], we define e(π) :=
∑k

i=1 e(Wi, Rπ(i)); then

∑

π∈[k]

e(π) = (k − 1)! e(W,R).

Thus there exists a permutation π ∈ [k] such that e(π) ≤ (k− 1)! e(W,R)/k! = e(W,R)/k. So

e(W1 ∪ Rπ(1), ...,Wk ∪ Rπ(k))

=e(W,R) − e(π) + e(W1, ...,Wk) + e(R1, ..., Rk)

≥k − 1

k
e(W,R) +

k − 1

k
e(W ) +

k − 1

4k

√

n/k +
k − 1

k
e(R) +

k − 1

2k

√
2m − k − 1

2k
4ǫ
√

n + O(k)

=
k − 1

k
m +

k − 1

2k

√
2m +

k − 1

k
(2m)1/4

(

1

4
√

k
− 2

16
√

k

)

+ O(k)

≥k − 1

k
m +

k − 1

2k

√
2m +

1

8
√

k
(2m)1/4 + O(k).

Note that the O(k) term here is 2(−k2 + 4k− 4)/(8k) + 1/(2
√

2)− 1/8. Since m > n2/2 >
(322k3)2/2, we see that

e(W1 ∪ Rπ(1), ...,Wk ∪ Rπ(k)) ≥
k − 1

k
m +

k − 1

2k

√
2m + c(k)m1/4.

So the assertion of the theorem holds with the partition W1 ∪Rπ(1), ...,Wk ∪Rπ(k), completing
the proof of Claim 2.

Let v1, v2, ..., vn−r be the vertices of R and let di := |N(vi) ∩ W | for 1 ≤ i ≤ n − r, where
d1 ≤ d2 ≤ ... ≤ dn−r. Since R is complete, a balanced k-partition of V (R) (i.e., the sizes
of parts differ by at most 1) gives fk(R). So let V (R) =

⋃k
i=1 Ri be a k-partition such that

⌊n−r
k ⌋ = |R1| ≤ |R2| ≤ ... ≤ |Rk| = ⌈n−r

k ⌉, and let R1 = {v1, ..., v⌊n−r
k

⌋}. Then

e(R1, ..., Rk) ≥ k − 1

k
e(R) +

k − 1

2k

√

2e(R) + O(k),

where the O(k) term is (−k2 + 4k − 4)/(8k). Let

D :=

∑

1≤i≤n−r di

n − r
=

e(W,R)

n − r
, and D0 := D − ⌊D⌋.

Then, since e(W ) + e(R,W ) = r(n − r) + n/2 + (r2 − r)/2, we have

D0 =
n/2 + (r2 − r)/2 − e(W )

n − r
.

Since r ≤ 4ǫ
√

n, n ≥ N(k) and e(W ) ≤ n/(8k), we conclude that

min{D0, 1 − D0} ≥ n

5(n − r)
.

Hence, D differs from an integer by at least n
5(n−r) .
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Claim 3. e(W,R2 ∪ ... ∪ Rk) ≥ k−1
k e(W,R) + n

5k .
To see this, let us consider two cases. If d⌊n−r

k
⌋ ≥ D then d⌊n−r

k
⌋ ≥ D+ n

5(n−r) by integrality;

so Claim 3 follows as

e(W,R2 ∪ ... ∪ Rk) =
∑

i>⌊n−r
k

⌋

di ≥
k − 1

k
(n − r)

(

D +
n

5(n − r)

)

=
k − 1

k
e(W,R) +

k − 1

5k
n.

Otherwise, d⌊n−r
k

⌋ ≤ D; then d⌊n−r
k

⌋ ≤ D − n
5(n−r) by integrality. Hence

e(W,R1) =
∑

i≤⌊n−r
k

⌋

di ≤
n − r

k

(

D − n

5(n − r)

)

≤ 1

k
e(W,R) − n

5k
;

so e(W,R2 ∪ ... ∪ Rk) ≥ k−1
k e(W,R) + n

5k , completing the proof of Claim 3.

Now, consider the k-partition W ∪R1, R2, ..., Rk of V (G). Since e(R1, . . . , Rk) ≥ k−1
k e(R)+

k−1
2k

√

2e(R) + O(k) and by Claim 3, We have

e(W ∪ R1, R2, . . . , Rk)

=e(R1, R2, . . . , Rk) + e(W,R2 ∪ . . . ∪ Rk)

≥k − 1

k
e(R) +

k − 1

2k

√

2e(R) +
k − 1

k
e(W,R) +

n

5k
+ O(k)

≥k − 1

k
m − k − 1

k
e(W ) +

k − 1

2k

√
2m − k − 1

2k
4ǫ
√

n +
n

5k
+ O(k) (as

√

e(R) ≥ √
m − ǫ

√
8m + O(1))

≥k − 1

k
m +

k − 1

2k

√
2m − k − 1

k

√
2m

8k
− k − 1

2k
4ǫ(2m)1/4 +

√
2m

5k
+ O(k) (by Claim 2)

≥k − 1

k
m +

k − 1

2k

√
2m + c(k)m1/4.

The last inequality holds, since n ≥ N(k) ≥ 322k3 and the O(k) term is around (−k2 + 4k −
4)/(8k).

4 Concluding remarks

In [1], Alon mentioned that the technique used to prove Theorem 1.1 may be applied to improve
the lower bound on f(m) for other values of m, and the reason why m = n2/2 is used is to
make the proof concise. Therefore, our upper bound on g(m) holds for certain other values
of m as well. Alon [1] also indicated that it would be interesting to find the precise value of
f(m) for every integer m; the same applies to g(m).

Theorem 1.3 is best possible up to the constant d. To see this, let m = n2+1
2 . The lower

bound on f(m) remains unchanged since the proof in [1] works for values of m which differ
from n2/2 by a constant; so our proof also gives the same upper bound on g(m). Let G be
the vertex-disjoint union of Kn and Kk, where n is odd, k is even, and n = k(k − 1) − 1. Let
m := e(G) =

(n
2

)

+
(k
2

)

. An easy calculation shows that

g(G) =

(n+1
2

2

)

+

(k
2

2

)

=
m

4
+
√

m/32 − (2m)1/4

4
+ O(1).
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This shows that for m = n2+1
2 , g(m) ≥ m/4 +

√

m/32 − (2m)1/4/8 + O(1).
In our proof of Theorem 1.3, d = c/4, where c is the constant from Theorem 1.1. The

calculation in the end of the proof of Theorem 1.3 requires that d− c + O(1) ≤ −d, where the
O(1) term may be made arbitrarily small when m is sufficient large. So one can show that for
any ǫ > 0, there exists an integer N = N(ǫ) such that when n ≥ N ,

g(m) ≤ m

4
+
√

m/32 −
( c

2
− ǫ
)

m1/4.

We do not know if one can get rid of the ǫ.
Our proofs of Lemmas 2.3 and 2.4 may be modified to show that if G is graph with m edges,

f(G) = m/2+δ, and δ ≤ αm, then for sufficiently large m, there is a partition V (G) = V1∪V2

such that

max{e(V1), e(V2)} ≤ m

4
− δ

2
+
√

m/8 + β
√

δ + γ
δ3/2

√
m

,

where α is an absolute constant and β, γ are constants depend on α only. When δ = O(mt),
where t < 2

3 , this bound is better than Lemma 2.1, since
√

m/8 dominates
√

δ, δ3/2/
√

m
(while 3

√
m dominates 10δ2/m in Lemma 2.1).

Another conclusion we may draw from the proofs of Lemmas 2.3 and 2.4 is that: If f(G) ≥
m/2+

√

m/8+α, where α = Θ(mt) and 1
4 < t < 1

2 , then g(G) ≤ m/4+
√

m/32+O(m1/4)−α/2.
We conclude our discussion with the following natural question: Is it also true that the

limsup of
m

k2
+

k − 1

2k2
(
√

2m + 1/4 − 1/2) − gk(m)

tends to infinity when m tends to infinity? Theorem 1.4 and results of Bollobás and Scott
in [9] seem to be relevant.
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