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Abstract

For a positive integer m, let f(m) be the maximum value ¢ such that any graph with
m edges has a bipartite subgraph of size at least ¢, and let g(m) be the minimum value s
such that for any graph G with m edges there exists a bipartition V(G) = V4 U Va2 such
that G has at most s edges with both incident vertices in V;. Alon proved that the limsup
of f(m)—(m/2+ +/m/8) tends to infinity as m tends to infinity, establishing a conjecture
of Erdés. Bollobas and Scott proposed the following judicious version of Erdés’ conjecture:
the limsup of m/4+ /m/32 — g(m) tends to infinity as m tends to infinity. In this paper,
we confirm this conjecture. We also generalize Alon’s result to k-partitions, which should
be useful for generalizing the above Bollobas-Scott conjecture to k-partitions.
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1 Introduction

Let G be a graph and e € E(G). We will use V(e) to denote the set of the vertices of G
incident with e. Let S,T C V(G). We write eq(S) := [{e € E(G) : V(e) C S}, (S,T)¢g :=
{e € E(G) : V(e)NS # 0 # V(e)nT}, and eq(S,T) := [(S,T)g|. If S = {v}, then we
simply write eg(v,T) for eq({v},T). For any integer k > 2 and any k-partition Vi, Va, ..., Vi
of V(G), let eq:(Vi, Vo, ..., Vi) = > 1< j<p €(Vi, Vj). When understood, the reference to G in
the subscript will be dropped.

Again let G be a graph. We write ¢(G) := |E(G)|. For any integer k > 2, let fx(G) denote
the maximum number of edges in a k-partite subgraph of G. For any integers & > 2 and
m > 1, let fr.(m) := min{fx(G) : e(G) = m}. Let f(G) := f2(GQ) and f(m) := fa(m).

The problem for deciding f(G) is NP-hard, and there has been extensive work on approx-
imating f(G), see [3,13-15,19]. On the other hand, it is easy to prove that any graph with m
edges has a partition Vi, Vo with e(Vy,V3) > m/2. Edwards [10,11] improved this lower bound

by showing
F(m) > % + i <\/2m Y14 %) = m/2 + \/m/3 + O(1).

This is best possible, as Ko, 1 are extremal graphs. Erdds [12] conjectured that the limsup of

f(m) = (m/2++/m/8)
tends to infinity as m tends to infinity. Alon [1] confirmed this conjecture with the following

Theorem 1.1 (Alon) There exist absolute constants ¢ > 0 and M > 0 such that for every
even integer n > M, if m = n?/2 then

f(m) >m/2+/m/8 + em!'/%.

Bollobéas and Scott [4] considered problems in which one needs to find a partition of a given
graph or hypergraph to optimize several quantities simultaneously. Such problems are called
gudicious partitioning problems, and we refer the reader to [6-8,16] for more problems and
references.

Let G be a graph and k a positive integer; we use gi(G) to denote the minimal number ¢
such that there exists a k-partition V(G) = Vi U... UV, satistying e(V;) < ¢ for i = 1,..., k.
For any positive integers k and m, let gp(m) := max{gr(G) : e(G) = m}. Let g(GQ) := g2(G)
and g(m) := ga(m).

The problem of determining ¢(G) is known as the Bottleneck Graph Bipartition Problem
and is shown to be NP-hard, see [17]. On the other hand, Bollobas and Scott [5] showed that
for any positive integer m

1
g(m) < % + (V2 1A =1/2) = m/4+ /m[52+ O(1).
This bound is sharp, as Ko,4+1 are extremal graphs. Bollobds and Scott [6] (also see [16])
proposed the following judicious version of Erdés’ conjecture.



Conjecture 1.2 (Bollobds and Scott) The limsup of

m/4++/m/32 — g(m)
tends to infinity as m tends to infinity.

The main goal of this paper is to prove the following result which confirms Conjecture 1.2.
Theorem 1.1 plays an important role in our proof.

Theorem 1.3 There exist absolute constants d > 0 and N > 0 such that for every even
integer n > N, if m = n?/2 then

g(m) < m/4+\/m/32 — dm*/*.

Bollobas and Scott [7] (also see [6]) extended Edwards’ bound to k-partitions of graphs
and proved that the vertex set of any graph with m edges can be partitioned into Vi,...,V}
such that

E—1 E—1

with equality when G is the complete graph of order kn+1. Bollobés and Scott [5] also showed
that the vertex set of any graph G with m edges can be partitioned into V4, ..., Vy such that

forie {1,2,...,k},
V) < ot 5 (am T 17A - 172),

Recently, Xu and Yu [18] showed that a partition Vj,..., Vi can be found that satisfies both
inequalities simultaneously, generalizing an earlier bipartition result of Bollobds and Scott [5].

It is natural to ask whether Theorems 1.1 and 1.3 can be extended to k-partitions. Here
we present the following generalization of Theorem 1.1, which we think should be useful for
extending Theorem 1.3 to k-partitions.

Theorem 1.4 For any integer k > 2, there exist positive constants c(k) = O(1/Vk) and

N (k) = O(k®) such that for every even integer n > N (k), if m = n?/2 then

k—1
k

k—1
fr(m) > m+ V2m + c(k)ym!/*.
We organize this paper as follows. In Section 2, we prove Theorem 1.3. In Section 3, we
prove Theorem 1.4 by refining Alon’s original proof of Theorem 1.1. In Section 4, we offer
some concluding remarks.

2 Bipartitions

In this section, we prove Theorem 1.3. Our proof is divided into several cases according to
values of f(G) — e(G)/2. Since we will be using maximum bipartite subgraphs to find good
judicious partitions, we need a result from [2] which establishes a connection between f(G) and
9(@); a similar connection between fi(G) and gi(G) can be found in Bollobas and Scott [9].



Lemma 2.1 (Alon, Bollobds, Krivelevich and Sudakov) Let G be a graph with m edges and
f(G) =m/246. If § > m/30 then there exists an absolute constant D such that, when m > D
there exists a bipartition V(G) = Vi U Vy satisfying

max{e(V7),e(V2)} < % - %
If 6 < m/30, then there exists a partition V(G) = Vi UV such that
m 6 1052
Lemma 2.1 implies Theorem 1.3 for graphs G with e(G) = m and f(G)—m/2 = § > m/30.
The following easy consequence of Lemma 2.1 proves Theorem 1.3 for graphs G with e(G) = m
and f(G) —m/2 > m/10*,

max{e(Vi), e(Va)} <

Lemma 2.2 There exists an absolute constant M1 > 0 such that the following holds. If G
is a graph with m edges and f(G) = m/2 4+ 35, m > My, and § > m/10%, then there exists a
bipartition V(G) = V1 U Vy such that fori=1,2,

m m

) < 0 .
V)= 7~ a0

Proof. Let G be a graph with m edges and f(G) = m/2 + 6, and assume § > m/10*. By
Lemma 2.1, we may assume that m/10* < § < m/30 (so we will require M; > D) and that
there exists a partition V(G) = V; U V5 such that for i = 1,2,

5 106”
e(Vi) < n_Z O—+3\/
4 2
Let h(§) := —4/2 + 1052 /m. Differentiating with respect to J, we have h'(§) = —1/2 +

200 /m. So K/ (8§) > 0 when § > m/40, and R/(§) < 0 when § < m/40. Thus, since m/10* <
5 < m/30,

1m m m m 1 m m
h(6) < max{h(m/10%), h(m/30)} = max {—51—04 + 107 " 50 + %} =570 + 107"
Hence, for i = 1,2,
(V) < 43V~ 34+ 1
Clearly, there exists constant M7 > D > 0 such that when m > My,
m m
B = 2104 107 = T Ix10m
Hence e(V;) <m/4 —m/(4 x 10%). |

In view of Lemma 2.2, it suffices to prove Theorem 1.3 for graphs G with f(G) — m/2 <
m/10%. Hence we need to find special vertices that we could use to modify existing bipartitions.
This will be done in the next lemma and Lemma 2.5, using an approach similar to ones
in [2,5,9].



Lemma 2.3 Let G be a graph with m edges, and assume f(G) =m/2+ &, where § < m/10%.
Suppose V(G) = V4 U Vy is a partition such that e(v, V1) < e(v,Va) for every v € Vi, and
e(Vi) > m/4 — /2. Then there exists v € Vi such that

e(v, V1) < /m/2 +3V5 and e(v, Va) < (1 +20+/5/m)e(v, V).

Proof. Let
T={veVi:ewV)>Vm/2+3V6}
and

S={veVi:e(Vy) > (1+2o\/T) (v, V1)}

We will show that > . e(v,V1) > > cqure(v, Vi) from which the existence of the desired
vertex v follows. To this end, we bound ) re(v, V1) and ) cge(v, V7).
Since e(v, V1) < e(v, V3) for all v € V;, we have

1 1 1 fG
e(V1) = B Z e(v, V1) < 3 Z e(v,Va) = §e(V1,V2) < =
veVy veVy
On the other hand,

2e(Vh) = Z e(v, Vi) > Z e(v, V1) (\/ +3f> IT).

veV] veT

SN—
N

A
4

Therefore

2¢e(V1) m/2+§ — 3
Tl < Vm +3\f<\/ SEEN /2= 5V,

where the final inequality holds because 6 < m/ 10%. Hence

Ze(v,vl) <e(Vh)+e(T)<e(V7)+ ]T\2 <e(Wh)+ <\/ — —\/_>

veT
Since § < m/10%,
3

3 (v, V) < e(Vi) + % — ZV/mij2.
veT

Note that e(Vi,V3) = 3 ,cqe(v,V2) + X cys_g (v, Va); 50

e(Vi, V) > (1 +20y/3/m ) Sew Vi) + S e(v, Vi) = 2e(Vi) +201/5/m S e(v, V7).
vES veV]—S vES
Therefore, since (V1) > m/4 —§/2 and e(V1,Va) < f(G) =m/2 + 4,
1 1 ) 1

5 e 14) < g VITB(EA 1) = 2604)) < g/ (Bro-2(% 7)) = v

Combining the above bounds on ) . e(v, V1) and }° g e(v, V1), we have

3
> Vi) S Y e i)+ Y e(w i) < eVi) + 5 — 2v/md/2.

4
veSUT vES veT
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Since e(V7) > m/4 — /2, we have

Z e(v, Vi) =2e(Vq) > e(V1) + % - g > e(V1) + \/ 5/2 > Z e(v, V1),

veV] veSUT

where the second equality holds because § < m/10%. So Vi — (SUT) # () and the desired
vertex exists. i

The following result says that there exists constant C' > 0 such that Theorem 1.3 holds for
graphs G with m edges and \/m/8 + Cm!'/* < f(G) — m/2 < m/10%.

Lemma 2.4 Let c be the constant in Theorem 1.1, let d = ¢/4, and let C := 2(70+d). There
exists an absolute constant Mo > 0 such that the following holds. If G is a graph with m edges,
f(G) =m/24 6, m > My, and \/m/8 + Cm'* < § < m/10*, then there exists a partition
V(G) = V1 U Vs such that fori=1,2,

e(V;) <m/4+ /m/32 — dm!/*

Proof. Let G be a graph with m edges and f(G) = m /240, and assume that \/m/8+Cm!/* <
f(G) —m/2 <m/10% Let V(G) = Uy UU; be a partition such that

(U1, Us) = f(G) = % + 0.

Without loss of generality we may assume e(Uy) > e(Us). Note that e(v,Uy) < e(v, Us) for
every v € Uy; otherwise, e(U; — {v},Us U{v}) > e(Uy,Uz2) = f(G), a contradiction. Hence

1 1 1 m 0
e(lh) = 5 > e(v,Uh) < 3 D e(v,Us) = €U U2) = - + 5.
vely vel;

We now define a process to move vertices from U to Us, using Lemma 2.3, such that in
the end we get the desired partition.

e Initially, we set V) := Uy, V) := Us. Let Vi UV denote the partition of V(G) after the
ith iteration.

o If (Vi) <m/4—5/2+ (\/m/2+3V5)/2, set Vi := V{ and V, := Vi, and stop.

o If e(V}) > m/4 — /2 + (/m/2 + 3V/6)/2 then by Lemma 2.3, there exists u; € V{ such
that

e(ui, Vi) < /mj24+3Vs and  e(u;, Vy) < <1+20\/5/ > e(ug, V1).

Set Vit =V} — {u;}, V™' := V§ U {u;}, and repeat the above steps for V! V1,

Note that, after i iterations (for each ), we always have e(v, V') < e(v, V4) for every v € V;
so Lemma 2.3 may be applied to V{, V3. Let Vj = Vlk,Vg = V2k denote the final partition,
after k iterations. Then



Moreover, since V7 is obtained from Vlk_1 by moving ug_1 to V2k_1, we have

(Vi) >~ g _ %(\/m/Q 1 3V3).

Since e(V1) = e(Uy) — zi;:—()l e(u;, V1), we have

k—1
> e(ui, Vi) = e(Uh) — e(V1) < e(Uh) — T g+ %(\/m/2 +3V9).
=0

Hence, since e(Uz) = m — e(Uy,Us) — e(U1) = m/2 — § — e(Uy) and e(u;, V§) < (1 +
§/m)e(u;, Vi), we have

k—1
e(Vo) = e(Us) —I—Zeul,VQ
=0

k—1
§%—5—6(U1 (1+204/0/m) ;e u;, Vi)
< 5 —0—elUs +20\/T< (U1) —%+g+ 2+ 2 f)
=%g \/—+xf+20\/T<U1—@++\/—+xf>
S% g+ svVm/2+ - f+20\/5/ <5—|— vm/2+ f) (since e(U1) <m/4+6/2)
=7- g Vm/8 + 3/2+5f)f+20\//_ \f_
Therefore,
§3/2
max{e(V}), (V2}<—+\/ 8——+ 3/2+5\f)\f+20\/_ 30\/%.
Let 5 532 5
h(0) = =5 +(3/2+ 5V2)V6 + 20\/—m + 30\/—%
Differentiating with respect to §, we have
) = -2+ (372 45V —m + L 54 2
2 25 |V \/_

Since C' = 2(70 + d) is an absolute constant and because \/m/8 + Cm'/* < § < m/10%, it is
easy to see that there exists an absolute constant My > 0 such that if m > My then h/(§) < 0

and /m/8 + Cm'/* < \/m.



Thus, h(9) is a decreasing function when m > Mjy. Hence, if m > My then

max{e(V1), e(V2)}
<24 V/m /34 (o)
SE +v/m/8 4 h(y/m/ 8+C’m1/4)
———I-\/ +C'm 3/2—1—5\/5 \/\/m 8 + C'mt/4
AU 1/4 \/ —i—Cm
+ (\/ 8+Cm ) \/_
m/32 — —mY* 4 20m** + 20m* + 30mt/*  (since /m/8 + Cm!/* < /m)

:Z ++/m/32 — dm 1/4 (since C' = 2(70 + d)),

completing the proof of this lemma. |
The next result is similar to Lemma 2.3 which is needed to prove Theorem 1.3 for graphs
G with m edges and f(G) —m/2 < \/m/8 + Cm!/*.

Lemma 2.5 Let ¢ be the constant in Theorem 1.1 and d,C be the constants in Lemma 2.4.
There exists an absolute constant Ms > 0 such that the following holds. If

e (G is a graph with m > M3 edges,

e f(G)=m/2+9,

o /m/8+cemtt <5< \/m/8+Cm!/!

o V(G) = Vi UV is a partition such that e(v, Vi) < e(v,Va) for every v € Vi, and
e(Vi) > m/4 + /m/32 — dm!/*

then there exists v € V1, such that
e(v,V1) < \/m/2+ - \/_ and  e(v,V3) < <1+ \Vo/m ) (v, V7).

Proof. Let G be a graph with m edges and assume that f(G) = m/2+4, with /m/8+cm!/* <
§ < \/m/8+Cm!'/*. Let V(G) = V1 UV; be a partition such that e(v, V) < e(v, Va) for every
v eV, and (V1) > m/4 + /m/32 — dm!/*. Let

T:{vevlz (v, V1) \/—+ f}

and

S:{veVl: e(v, Vo) > (1+ \/T) vVl}

Since e(v, V1) < e(v, V) for all v € V1, we have

f(G) _m
4

e(V1) < e(V1, Vo) < —/— = —+

2

N
| s



On the other hand,
2e(V1) > Z e(v,Vq) > (\/ 2+~ f) IT).
veT

Thus
26(V1) < m/2 +90

Vm2+§V8 T \/mj2+ §VE
Since \/m/8 4+ em'/* < 6 < \/m/8 + Cm1/4, there exists an absolute constant L; > 0 such
that when m > L,

7] <

m/2+ 9
1< e g < VR

Ze(v,vl) <e(Vi)+e(T) <e(Vh)+ (\/ — 1—02\/5)2

veT

Hence

So there exists an absolute constant Lo > 0 such that when m > Lo,

;e(v,Vl) <e(Vi) + Z - i mo 2.

Since e(V1,V2) = > cqe(v, Va) + > ey, _g e(v, Va),

e(Vi,Va) > <1+ Vo/m )Z (v, V1) + Z 6(21,‘/1):26(‘/1)4-2\/5/77126(’0,‘/1).

veS veV]—S veS

Therefore

S e(w, V1) < %\/m/(S(e(Vl,Vg) — 2(WY)).

veS

Since e(V1) > m/4 + /m/32 — dm!/* and e(Vy, Vo) < m/2 + 6,
> e(w, 1) < % m/é( +5—2< + m—dml/‘l))
vesS
= 55— /m 8 + 2dm'/Y)
~(C + 2d)\/m/ém'/*  (because § < V/m/8 4+ Cm!/h).
Again, because e(Vy) > m/4 + \/m/32 — dm!/*

Z e(v,V1) = 2e(Vi) > e(V1) + m/4 + \/m/32 — dm'/*

veV]

(‘:»-lk(‘:

Since § = ©(y/m), there exists an absolute constant Ls > 0 such that when m > Lg,

V/m/32 — dm** > %(C+2d)\/m/5m1/4 - i mo/2.



Let M3 = max{Lq, Lo, L3}. Then when m > Ms,

Z e(v,Vp) > Z e(v, V1),

veW, veSUT

which implies that V; — (SUT) # 0. |

Proof of Theorem 1.3. Let ¢, M be the absolute constants in Theorem 1.1, and let
My, Ms, M3 be the absolute constants in Lemmas 2.2, 2.4 and 2.5. Let d = ¢/4, M' =
max{ My, My, M3}, N’ := [(2M")'/?], and N = max{N’, N” M}, where N” is an absolute
constant to be determined later.

Let m = n?/2, where n is an even number and n > N; son > M and m > M, fori = 1,2, 3,
and hence we may apply Theorem 1.1 and Lemmas 2.2 and 2.4 and 2.5.

Let G be a graph with m edges and f(G) = m/2 4+ §. By Theorem 1.1, Lemma 2.2 and
2.4, we may assume that

Vm/8 +emt* <6 < \/m/8 4+ Cm!/*

Let V(G) = Uy U Uy, with e(U1,Uz) = f(G) = & + 6 and e(U;) > e(Uz). Then e(v,U;) <
e(v, Us) for every v € Uy; otherwise, e(U; —{v},UsU{v}) > e(U1,Us) = f(G), a contradiction.

We now describe a process similar to that in the proof of Lemma 2.4, to obtain the desired
partition.

e Set V) := Uy, Vy := Uy, and let V(G) = Vi U V{ be the partition obtained after 4
iterations.

o If e(V}) < m/4 ++/m/32 — dm'/*, then set V; := Vi and V4 := VJ, and stop.

o If e(V}) > m/4++/m/32 —dm'/* then by Lemma 2.5, there exists a vertex u; € V{ such
that

e(ui, Vi) < v/m/j2 + - f and  e(u;, Vy) < (1 + — \/5/ ) e(uq, Vi).
Set Vit =V} — {u;}, V™' := Vj U {u;}, and repeat the above steps for V! VL,

Note that, in each iteration of the above procedure, we always have e(v, V{) < e(v, V§) for
every v € V}; thus Lemma 2.5 may be applied for Vi, Vi. Let Vi = V¥, Vo = Vi be the final
partition, obtained after k steps. Then

e(Vi) < m/4+/m/32 — dm!/*

and

e(Vh) > m/4+ /mf32 — dm' = (Vm[2+ £V5).

Since e(v,Uy) < e(v,Us) for every v € Uy,

N >

e(Ul) < €(U1,U2) =

oy
4

N —

10



Since e(V7) = e(Uy) — Zk Y e(ug, Vi), we have

ol
—

e(us, Vi) = e(Uy) — e(Vh) < e(Uy) —m/4 — /m/32 + dm** + \/m/2 + %\/5

i
o

i

Then, since e(V2) = e(Us) + z;:ol e(ui, V3), e(u;, Vi) < <1 + < \/7> e(u;, V) and e(Uy) <
m/4+ /2, we have

k—1
e(V)gm—é—e(U)%—( ) e(ui, Vi)
<%—5—e(U1 <1+ W)( (U) ———\/T+dm1/4+\/—+ f)
:%—5+3\/T+dm1/4+ Vo4 - \/T( (U) ——+3\/T+dm1/4+ \f)
S%—6+3\/T+dml/4+ —V5+ - W( +3v/m/32 + dm'/* + ~ xf)

Since y/m/8 + emt/4 <5< \/m/8+ Cm1/4, there exists an absolute constant Ny > 0 such
that dm!/* + (¢/6)V/d < \/m/32 when n > Ny. Hence,

e(Va) < m —5+3\/m/32+dm1/4+g\/g+§,/5/m <g+4 /3];)
~m 1/4 c 32
= — +3y/m/32 + B
1 +3y/m/32 4+ dm 0 (6 _>\/_—|— _5

‘We now consider

h(é) =0 + <6 + E) \/(_54- m&s/z.

Differentiating h(d) with respect to d, we get

1 3c
h’é:—1+<f+ C> + V.
©) 6" vm) avs ey
Since \/m/8 + emt/t < § < vm/8 + C’ml/4, there exists an absolute constant N7 such that
whenever n > Ny, #'(8) < 0 and \/m/8 4+ em!'/* < \/m. Thus, we take N” := max{Ny, Ny}
in defining N. So h(9) is a decreasing function when n > N. Hence, for n > N,

8) < h(y/m/8 + em'/*)
—(v/m/8 4 cm? \/%) \/\/m—/8+cm1/4 + ﬁ (\/m—/8+cml/4>3/2

/1 ( N
—(v/m/8 +em'*) + (g + \/%> /4 4 EEcm (since /m/8 + cm'/* < \/m)
=—/m/8+ st st
< V32 8>

11



Therefore,

+3v/m/32 + dm* + h(5)
11 1
+3vm/324+dm"* — /m/8+ [ -1+ =+ —+ =) em!/*
/32 + dm*/ m/—|—< +6+\/§+8>cm
< Z +/m/32 —dm!*  (since d = ¢/4).

e(V2) <

%IS %IS

This completes the proof of Theorem 1.3.

3 k-Partitions

In this section we generalize the proof of Alon in [1] to prove Theorem 1.4. We need the
following lemma which appears in several articles, for example, as Lemma 2.1 in [1].

Lemma 3.1 Let G = (V, E) be an s-colorable graph with m edges. Then for any positive
integer k < s,

fk(G)zt(S’k)m, where 1(s,k) Z Fﬂ‘—lJ {s+j—1J‘

(;) 1<i<j<k k k

We will be using Lemma 3.1 for t(ks, k). Note that

k ks k—1 k-1 1
— o2 —
t(ks, k) =s <2> and t(k:s,k:)/<2> =t st

Another result we need is due to Bollobds and Scott [7].

Lemma 3.2 (Bollobds and Scott) Let k > 2 be an integer and let G be a graph with m edges.
Then there exists a partition V(G) =V U... UV} such that

k—1 k—1
e(Viy oy Vi) > Mt o (V2m+1/4—-1/2) + O(k),
where the O(k) term is (—k? + 4k — 4)/(8k).

Proof of Theorem 1.4. Fix k > 2, and let € = Ti/%’ c(k) = 28/46 and N (k) = 322k3. (We

do not attempt to optimize these constants.) Let n be an even integer such that n > N (k).

Consider an arbitrary graph G with m = n?/2 edges. Let s denote the unique integer satisfying
n—e/n+1l<ks<n—e/n+k+1.

Claim 1. We may assume that x(G) > ks + 1.

12



For, suppose G is ks-colorable. Then

t(ks, k
fe(G) > (:8’ ) (by Lemma 3.1)

(%)

k-1 +k:—l m

TS
_ _ 2

zkk1m+k2k1n—e7\z/ﬁ—|—kz (since m =n?/2 and ks <n —ey/n+k+1)
k—1 k—1 € . 9,3

> o <n+§\/ﬁ> (since n > N(k) = 322k% and € = 1/(16V'k))
-1 k—1 1

Zkk m+ 5% \/2m—|—§e(2m)1/4 (since m = n?/2 and (k — 1)/(4k) > 1/8).

This proves Claim 1.
Let H C G such that x(H) = x(G) and H is vertex-critical. Then
S(H) > x(G)—1>ks>n—eyn.

Since e(H) < n?/2, |V(H)| < 2e(H)/6(H) < n + 2ey/n. Then there are at least n — 4e\/n
color classes of size 1 in any proper coloring of H using x(G) colors. So there exists a complete
subgraph R of G with |[V(R)| :=n —r > n — 4ey/n.

Note that r < 4e/n and

e(R) = <n_r> =n—2—(2r+1)g+r(r+1)_

Hence,

Ve(R) = L\/—glﬂ +0(1) > vm —eV8n+ 0(1),

where the O(1) term is 1/(2v/2) — 1/8. Let W := V(G) — V(R). Then
2

e(W)—l—e(R,W):m—e(R):r(n—r)—i-g—i-r 2—r

Claim 2. We may assume that e(W) < n/(8k).
Otherwise, assume e(W) > n/(8k). By Lemma 3.2, there exist k-partitions W = Ule Wi

and V(R) = Ule R; such that

r - Leow) + k2—_]€1\/26(W) + O(k)

k—1
: e(W) + T\/n/k‘ + O(k),

e(Wb ey Wk) >

—Le(R) + %\/26(3) +O(k)
k—1 k—1 k—1

r om —
I TAT

and e(Ry, ..., R) >

4ey/n + O(k).



For any permutation m € [k], we define e(m) := Zle e(Wi, Rr(iy); then

> e(m) = (k—1)! e(W,R).
wek]
Thus there exists a permutation 7 € [k] such that e(7w) < (k—1)! e(W, R)/k! = e(W, R)/k. So
e(W1 U Ry(1), -, Wi U Reqy)
( ) ( ) +€(W1,.. Wk)—l—e(Rl,.. Rk)

k- k-1 k-1 k-1
> i _
z— e(W,R)+ p e( 4k ) + 5% v2m 5% dey/n + O(k)
k-1 k-1 1 2
R o B gy <———>+Ok
k 2k k (2m) Wk 16vVE *)
Skl R s L o)A s o)
= m o m W m .

Note that the O(k) term here is 2(—k* + 4k — 4)/(8k) + 1/(2v/2) — 1/8. Since m > n?/2 >
(322k3)2 /2, we see that

k—1 k—1
e(Wh URﬂ(l),...,Wk URﬂ(k)) > 2 m + o v2m—|—c(k‘)m1/4
So the assertion of the theorem holds with the partition W1 U Ry (y), ..., Wi U Ry (1), completing
the proof of Claim 2.

Let vy,vg, ..., v, be the vertices of R and let d; := |N(v;) " W] for 1 <i < n — r, where
dy < dy < ... < d,_,. Since R is complete, a balanced k-partition of V(R) (i.e., the sizes
of parts differ by at most 1) gives fi(R). So let V(R) = Ule R; be a k-partition such that
| ] = |R1| < |Ro| < ... < |Ry| = ["FF], and let Ry = {Ul,...,UL%J}. Then

k—1 kE—1
G(Rl,...,Rk) > L B(R) + W\/ 2€(R) +O(l€)
where the O(k) term is (—k? + 4k — 4)/(8k). Let

. d;
D — ZISZS’H—T‘ — e(W7 R)’ and DO = D _ LDJ

n—r n—r

Then, since e(W) + e(R,W) =r(n —7) + n/2 + (r? —r)/2, we have

n/2+ (r? —r)/2 — e(W).

n—r

Dy =

Since r < 4ey/n,n > N(k) and e(W) < n/(8k), we conclude that

n

5(n—r)

min{Do, 1-— DO} >
Hence, D differs from an integer by at least ﬁ

14



Claim 3. e(W, Ry U...URy) > 2Le(W, R) + £&.
To see this, let us consider two cases. If dLn ry 2 D then dLn ry 2 D+ 5( o) by integrality;
so Claim 3 follows as

e(W,RyU..URy) = ) _ d>

n—r) <D—|—L> = k_le(VV,R)+k_ln.
>|_7L 'f'J

5(n—r) k 5k

Otherwise, dt% | < D:; then dt% | < D - by integrality. Hence

5(nn—r)

(“ﬁ) RURE

so e(W,Ry U ...URy) > %e(VV, R) + £, completing the proof of Claim 3.

Now, consider the k-partition WURy, Ry, ..., Ry, of V(G). Since e(Ry, ..., Ry) > 5te(R)+
k—_kl\/ 2e(R) + O(k) and by Claim 3, We have

e(W,Ry) =

Z<TL7‘J

G(WURl,RQ,...,Rk)
=e(Ry,Ra,...,Rr) +e(W,RyU ... U Rk)
kE—1 E—1 kE—
> R _
2= e(R) + oF 2e(R) 5 (W R) + 5I<: + O(k)
E—1 E—1 E—1 k— n
> M e(W)+WV2m_W4E\/E+5_k+O(k) (as \/e(R) > /m — ev/8m + O(1))
k-1 k-1 k—1v2m k-1 s V2m ,
> V2m — - /4
2—m + o% 2m gk 5% 4e(2m)* /" + —— o + O(k) (by Claim 2)
Zk_ 1m—|- b 1\/2m+c(k:)m1/4
k 2k
The last inequality holds, since n > N (k) > 32%k3 and the O(k) term is around (—k? + 4k —
4)/(8k). ]

4 Concluding remarks

In [1], Alon mentioned that the technique used to prove Theorem 1.1 may be applied to improve
the lower bound on f(m) for other values of m, and the reason why m = n?/2 is used is to
make the proof concise. Therefore, our upper bound on g(m) holds for certain other values
of m as well. Alon [1] also indicated that it would be interesting to find the precise value of
f(m) for every integer m; the same applies to g(m).

Theorem 1.3 is best possible up to the constant d. To see this, let m = . The lower
bound on f(m) remains unchanged since the proof in [1] works for values of m which differ
from n?/2 by a constant; so our proof also gives the same upper bound on g(m). Let G be
the vertex-disjoint union of K,, and K}, where n is odd, k is even, and n = k(k — 1) — 1. Let
m:=e(G) = () + (g) An easy calculation shows that

2

n2+1
2
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This shows that for m = "22“, g(m) >m/4+/m/32 — (2m)/4/8 + O(1).

In our proof of Theorem 1.3, d = ¢/4, where ¢ is the constant from Theorem 1.1. The
calculation in the end of the proof of Theorem 1.3 requires that d — c+ O(1) < —d, where the
O(1) term may be made arbitrarily small when m is sufficient large. So one can show that for
any € > 0, there exists an integer N = N (€) such that when n > N,

g(m) < 2 +/m[32 - (5 —€)m!/.

We do not know if one can get rid of the e.

Our proofs of Lemmas 2.3 and 2.4 may be modified to show that if G is graph with m edges,
f(G) =m/2+44, and 6 < am, then for sufficiently large m, there is a partition V(G) = V3 UV,
such that

53/2

‘1‘\/7”—/8‘1‘ﬁ\/<_5+7\/—m7

where « is an absolute constant and 3,~ are constants depend on « only. When § = O(m?),
where ¢ < 2, this bound is better than Lemma 2.1, since \/m/8 dominates v/, 532 ) /m
(while 3,/m dominates 1052 /m in Lemma 2.1).
Another conclusion we may draw from the proofs of Lemmas 2.3 and 2.4 is that: If f(G) >
m/2++/m/8+a, where « = O(m') and 1 < t < 3, then g(G) < m/4++/m/324+0(m"/*)—a/2.
We conclude our discussion with the following natural question: Is it also true that the

limsup of
k-1
g + W(\Qm—i- 1/4 —1/2) — gx(m)

tends to infinity when m tends to infinity? Theorem 1.4 and results of Bollobas and Scott
in [9] seem to be relevant.

| >

max{e(V1),e(Va)} < %
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